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PREFACE 


In the revision the authors have attempted to preserve 
the features which have met with approval from many 
teachers, and, indeed, to perfect them in the light of ex- 
perience. There is little change in the subject matter. A 
few topics have been added, which will increase the interest 
of the student. What changes have been made are in re- 
arrangement. This has been done with the purpose of pro- 
viding a more consistent development and of introducing 
at the proper time the topics which are more novel and 
difficult. 

The authors may be pardoned for calling attention to the 
fact that the new material of the first edition has now be- 
come standard. Courses in analytic geometry now include, 
as a matter of course, chapters on transcendental curves, 
parametric equations, graphs, and empirical equations. 

Many teachers prefer to make the course in solid analytic 
geometry somewhat brief. The present arrangement has 
been made for their accommodation. But for those teachers 
who desire to give a comprehensive course as preparation 
for the caleulus the necessary material has been included. 

The problems have been thoroughly revised. Some 
groups are preceded by the caption ‘‘For individual study 
or assignment.”’ These problems are, as a rule, too. difficult 
for general assignment and are provided for the exceptional 
student as an opportunity and a challenge. 
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NEW ANALYTIC GEOMETRY 


CHAPTER I 


FORMULAS AND TABLES FOR REFERENCE 


1. Occasion will arise in later chapters to make use of 
many of the following formulas and theorems proved in 
geometry, algebra, and trigonometry. 


GEOMETRY 


1. In the formulas, r denotes radius, a altitude. B area of base, and 
s slant height. ; 

Cirele. Circumference = 2 mr. Area = tr?. 

Prism. Volume = Ba. Pyramid. Volume = 4 Ba. 

Right circular cylinder. Volume = rr2a. Lateral surface = 2 ra. 
Total surface = 2 ar(r +a). 

Right circular cone. Volume =} mr2a. Lateral surface = mrs. Total 
surface = mr(r +s). 

Sphere. Volume = $ mr?. Surface = 4 mr?, 


ALGEBRA 


2. Quadratic. Ax? + Br +C=0. 

Solution. 1. By factoring: Factor Ax? + Bx+C, set each factor 
equal to zero, and solve for 2. 

2. By completing the square: Transpose C, divide by the coefficient 
of x?, add to both members the square of half the coefficient of x, and 


extract the square root. 
; —B+VB2—4AC 
3. By theformula 2#= arg oe 


Nature of the roots. The expresston B2 — 4 AC beneath the radical in 
the formula is called the discriminant. The two roots are real and un- 
equal, real and equal, or imaginary, according as the discriminant is 


positive, zero, or negative. 
1 
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8. Logarithms. . 
log ab=loga+logb. loga"=nloga. log 1=0. 


log & = log a — log b. log Va == log a. logza=1. 


TRIGONOMETRY 


4. Right triangle. The functions of an acute angle A are defined 
as follows: 


4 __ opposite side __ hypotenuse , 
hep a hypotenuse Gs opposite side 
__ adjacent side __ hypotenuse 
CE hypotenuse ” sco adjacent side’ 
__ opposite side __ adjacent side 
a adjacent side Sgr opposite side 
Theorem. In a right triangle a side is equal to the B 


product of the hypotenuse and the sine of the angle 

opposite to that side, or to the product of the hypot- 

enuse and the cosine of the angle adjacent to that c . 
side. : 


5. Angles in general. An angle XOA is considered 
as generated by a line rotating from OX toOA. The 
angle is positive when the line rotates cownterelock- 
wise, and negative when it rotates clockwise. The fixed line OX is called 
the initial line, the line OA the terminal 
line. (See figure below.) 


“A b & 


6. Measurement of angles. There are 
two common methods of measuring angu- 
lar magnitude; that is, there are two unit 
angles. 

Degree measure. The unit angle is 335 
of a complete revolution, and is called a 
degree. 

Circular measure. The unit angle is an angle whose subtending arc 
is equal to the radius of that are, and is called a radian. 

The relation between the unit angles is given by the equation 


180 degrees = 7 radians (7 = 3.14159: - -); 


or also, by solving this, 


1 degree = ai = .0174--- radian; 1 radian = 180 _ 57.29 ++ - degrees. 
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From the preceding definition we have 
subtending arc _ 
radius 
These equations enable us to change from one measurement to an- 
other. 


number of radians in an angle = 


7. Relations. 


cotz=—l_; sec x = ——; cepa 
sin x 
i 
tan ¢ = 32 a ot 2 = A8z, 
cos x sin x 


sin? x + cos*a« = 1; 1 4-tan?% =sec?z; 1-+ cot? x = csc? a. 


8. Formulas for reducing angles. 


Angle 


— 2 
90° — 2 
90° + 2 

180° — x 
180° ++ x 
270° — x 
270° + x 
360° — x 


cosine 


tangent 


cotangent 


secant 


cosecant 


cos x 
sin x 
—sin x 
— cos x 
OSs x 
—sin x 
sin x 
cos 7 


—tan2z 
cot x 
— cot x 
— tanec 
tan x 
cote 
= cot:c 
— tan x 


—cot x 
tan x 
— tan 2x 
—cotz 
cot x 
tan x 
— tan 2x 
— cot x 


sec x 
csc & 
— csc zr 
— sec x 
— sec x 
— csc x 
csc & 
sec x 


— csc x 
sec © 
sec & 
cse x 

— csc x 

— sec x 

— sec x 

— csc x 


9. Functions of (x + y) and (x — y). 
sin (x + y) =sin x cos y + cos & sin y. 
sin («& — y) =sin x cos y — cos x sin y. 
cos («7 + y) = cos x cos y — sin x sin y. 
cos (« — y) = cos x cosy + sin x sin y. 


tan x — tan y 


tanz+tany — 7 
1+ tan x tan y 


tan (x -—y) = 
1 —tanz tan y ( Y) 


tan (t+ y)= 
10. Functions of 2 x and 3 Xe 


2 tan x : 
1 — tan? x 


ee 1—cosx ee 1+ cosz, Cie 1 — cos x 

sin == i COSY. x — ue COR eran EIN 

tiaNesaa ae ND ang Nitta 
x 


=3+4 cos22. 


sin22=2sinxcosx; cos2x=cos?x—sin?x; tan2x2= 


sin? « = 4 — 4 cos2 2%; cos? 
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11. Relations for any triangle. Law of cosines. In any triangle the 
square of a side equals the sum of the squares of the two other sides 
diminished by twice the product of those sides by the cosine of their in- 
cluded angle; that is, at=b? +c? —2be cos A. 


Area of a triangle. The area of any triangle equals one half the prod- 
uct of two sides by the sine of the included angle; that is, 


area = 4 ab sin C = 3 besin A = 3 casin B. 


2. Natural values. Special angles. 


'Anglein| Anglein 
Radians | Degrees 


0 02 


Angle in 
Radians 


Quadrant 


First . 


Second . 


Third 


Fourth . 
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4, Natural values of trigonometric functions. 


5. Greek alphabet, 


LETTERS NAMES 
Alpha 
Beta 
Gamma 
Delta 
Epsilon 
Zeta 
Eta 
Theta 


OMNEEPHA tp 
Ss 7r9. Yr Da 


HFomaz~eryrr 
SS) Sse? £3 


LETTERS 


l 


NAMES 
Tota 
Kappa 
Lambda 


Omicron 
Pi 


Angle in| Angle in 

Radians | Degrees 
-000 0° -000 1.000 -000 90° 1.571 
.017 ne .017 1.000 017 89° 1.553 
-035 2° -035 .999 0385 88° 1.536 
-052 3° -052 .999 052 87° 1.518 
-070 4° -070 .998 .070 86° 1.501 
.087 5° -087 .996 .088 85° 1.484 
175 10° 174 -985 176 80° 1.396 
762 15° .259 .966 .268 75° 1.309 
849 20° 342 .940 .364 70° 1.222 
436 25° 423 .906 466, 65° 1.134 
-524 30° -500 .866 COU 60° 1.047 
-611 35° .574 .819 -700 55° -960 
.698 40° 643 -766 -839 50° 873 
-785 45° -107 -107 1.000 45° -785 

coe sta one Angle in| Angle in 


Degrees | Radians 


LETTERS NAMES 


P p- Rho 

> os Sigma 
T oa; Tau 

YT v_ Upsilon 
bd gd Phi 

Xe Yee Chil 

WwW wy Psi 

Q @w Omega 


CHAPTER II 


CARTESIAN COORDINATES 


6. In analytic geometry problems are solved by employ- 
ing coordinates, equations, and the processes of algebra. 


7. Rectangular Cartesian * codrdinates. Let XX’ and 
YY’ be perpendicular lines in a plane intersecting at O. 
The distance of a point from YY’ is called its abscissa; from 
XX’, its ordinate. The position of a point in the plane is 
determined from these distances by observing the rule of 
signs: The abscissa of a point P 
is positive when P 1s to the right 
of YY’, negative when to the left. 
The ordinate of P 1s positive when 
P is above XX’, negative when 
below. 

The abscissa a and ordinate b of P are its codrdinates, 
and are written in a parenthesis (a, b), the abscissa pre- 
ceding the ordinate. The lines XX’ and YY’ are the axes 
of codrdinates: XX’, the x-axis (or the axis of abscissas) ; 
YY’, the y-axis (or the axis of ordinates). The point O is 
the origin. 

The work of plotting points in a rectangular system is 
much simplified by the use of codrdinate or plotting paper, 
constructed by ruling off the plane into equal squares, the 
sides being parallel to the axes. 

In the figure several points are plotted, the unit of length 


* So called after René Descartes (1596-1650), who first introduced the idea 
of codrdinates into the study of geometry. 
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being assumed equal to one division on each axis. The 
method is simply this: 

Count off from O along X’X a number of divisions equal 
to the given abscissa — to the right when the abscissa is 
' positive, to the left when negative. From the point so 


ie 
Roe SAR BRA Se 
HSS eeae Sees Sea anes 
ay SO a se ee eee 
ap 


an 
ele Site. | feel el ele (Be. Fel 
: 


determined count off a number of divisions equal to the 
given ordinate, up or down according as the latter is posi- 
tive or negative. 

Rectangular axes divide the plane into four portions 
called quadrants; these are numbered as in the figure, in 
which the proper signs of the codrdinates 
are also indicated. 

As distinguished from rectangular coor- 
dinates, the term oblique codrdinates is em- 
ployed when the axes are not perpendicular ~ 
(see figure on page 8). The codrdinates of 
P are now the lines MP and NP drawn 
parallel to the axes. The abscissa is NP (= OM), and the 
ordinate is MP. The rule of signs given above applies to 
this case also. 
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In the following problems assume rectangular coordinates 
unless the contrary is stated : 


Any point P in the plane determines two numbers, the coordinates 
of P. Conversely, given two real numbers a’ and 0’, then a point P’ in 
the plane may always be 
constructed whose codrdi- 
nates are (a’, b’). For lay 
off OM' =a’, ON’ =0’, and 
draw lines parallel to the 
axes through M’ and N’. 
These lines intersect at P’ 
(a’, 6’) Hence 


Every point determines a 
pair of real numbers, and, 
conversely, a pair of real 
numbers determines a point. 


The imaginary numbers 
of algebra have no place in 
this representation, and for this reason elementary analyte. geometry 
is concerned only with the real numbers of algebra. 


PROBLEMS es 


1. Plot accurately the points (6,2), (— 2, 6), (3, — 3), (4, 0);(0, —2), 
(— 4, — 8). 
2. What is the locus of a point which moves (1) so that its abscissa 
is always — 3? (2) so that its ordinate is always 4? 
8. Draw the triangle whose vertices are as follows: 
(a) (8, 4), (0, <j 4), (2, 4). 
(b) als tia i). (= 4, 3), & 6, re 2). 
(ce) (8, 5), (8, 10), (0, 2.5). 
(d) (2, 0), (—1, V8), (— 1, — V8). 
(e) (6, d), (e, d), (a, 0). 
4, Find the areas of triangles (c), (d), (e) of Problem 3. Ans. (d) 3 V3. 
5. Draw the quadrilateral whose vertices are as follows: 
(a) (0, coat 4), (6, 2), (0, 4), (— 6, 2). 
(b) (0, 0), (4, 5), (8, 0), (7, 3). 
(c) (a, b), (= a, b), (a, = b), (— cy — b). 


6. What is the locus of a point (1) whose abscissa is equal to the 
ordinate? (2) whose abscissa is equal to the negative of the ordinate? 
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7. By means of geometric constructions locate accurately the points 
(W208), (/322),.(/5,.V.6). 

8. The base of an equilateral triangle whose side is 6 inches coin- 
cides with the x-axis and its mid-point is at the origin. What are the 
codrdinates of its vertices? (Two cases.) 

9. A square whose side is 6 inches has its diagonals lying along 
the codrdinate axes. What are the codrdinates of its vertices? 

Ans. (3 V2, 0), (0, 3V2), (— 3 V2, 0), (0, —8 V2). 

10. What kind of quadrilateral has its vertices at (2, 4), (0, 4), 
(0, — 4), (2, —4)? What is its area? 

11. If two sides of a rectangle are of lengths a and b, and coincide 
with the x- and y-axes, respectively, what are the codrdinates of its 
vertices? (Four cases.) 

12. If (0, 0), (0, 6), (a, c) are the codrdinates of three vertices of a 
parallelogram, what are the coodrdinates of the fourth vertex? 

Ans. (a, b+), (a, e—b), (— a, b—c). 

13. Plot the points whose oblique coérdinates are as follows, where 
the angle between the axes is 45°: (— 38, 2), (4,2), (— 4, — 3), (V2, V3), 
(4,2 +4+ V2). 

14. Draw the quadrilaterals of Problem 5 if the angle between the 
axes is 60°. 

15. If the length of a side of an equilateral triangle is b, one vertex 
(0, 0), and one side along the y-axis, what are the codrdinates of the 
other vertices? (Four cases.) 

16. What are the codrdinates of the point which is symmetric to 
(a, b) with respect to the x-axis? the y-axis? the origin? 

17. A square of side 2 a has one vertex at (0, 0) and one diagonal 
along the positive «-axis. What are the codrdinates of its other vertices? 

Ans. (a V2, a V2), (2a V2, 0), (a V2, —a V2). 

18. One vertex of an equilateral triangle of side b is at the origin and 
an altitude is along the y-axis. What are the codrdinates of the other 
vertices? (Two cases.) 


8, Directed line. We mark a point /M on the x-axis to the 
right of O when OM is determined by a positive number, 
and to the left when it is determined by a negative number. 
Accordingly we assign to X’X a positive direction to the 
right. Then X’X becomes a directed line; namely, a straight 
line upon which an origin, a unit of length, and a positive 
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direction have been assumed. An arrowhead is usually 
placed upon a directed line to indicate the positive direction. 


——_—_—_—ssS San nn ee eee eee 
B A O A B 


If A and B are any two points of a directed line such that 
OAl=aF FOB =i; 
then the length of the segment AB is always given by 
b—a. 
For all positions of two points A and B on a directed line, 
the length AB is given by 


(1) AB = OB— OA, 
where O is the origin. 
(1) (I) (It) (Iv) 
OG'43. 46 oe4n QO ea elo veces: I= 6ie—odo 


OPTAR EB | TB = Oras FARO ‘Be Bt AsO ae 


The definition above is illustrated in each of the four 
figures. 2a 
I. AB= OB—0A=6—3=+48. 
Il. AB=OB—OA=—4--3=-7. © 
Ill. AB= OB—OA =+5-—-(— 3)=+8. 
IV. AB= OB— OA =— 6— (— 2) = —4. 
On a directed line it is obvious that 
(2) AB=— BA. 
(8) AB is positive if the direction from A to B agrees with 
the positive direction on the line, and 
negative if in the contrary direction. 


9. Lengths. Theorem. The length | 
of the line joining two points P,(x1, y1), 
P2(X2, ye) 1s given by the formula 


q) l=v (x, = Kaya cur (y, a Ys). 


Proof. Draw lines through P; and 
Pz parallel to the axes to form the right triangle P,SP2. 
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Then P2S = OM — OM2= 41 — 22, 
SP, = MiP; — MoP2=y1 — Ye, 
PP, =~ P28’ + SP; 

and hence b= WV (a — x2)? + (yr — ye)?. Q.E.D. 

Formula (I) will give the length for all positions of P; and 
Pz. In the figure below, for example, assign to Po a 
positive direction to the right, and to SP, the upward 
direction. Then, in the figure and by (1) Art. 8, 

P2S = MoM, = OM, = OM2 = %1 — %2, 
SP; = NeN; = ON; — ON2g = Yi — Yo, 

and the proof proceeds as before. Y 

The fact that formula (1) 
is true for all positions of the 
points P; and P2 is of funda- 
mental importance. The ap- 
plication of this formula to X’ 
any given problem is there- 
fore simply a matter of direct 
substitution. In deriving such 
general formulas it is most convenient to draw the figure so 
that all the quantities asswmed as known shall be positive. 


Aken / P(X, jh) 


EXAMPLE 
Find the length of the line joining the points (1, 3) and (— 5, 5). 
Solution. Call (1,3) Pi,and (— 5,5) Pe. 
Then 2, =1, yi = 3, 
and te=— 5, Yo.= 5; 
and, substituting in (I), we have 
[= V(1 + 5)? + (8 — 5)? 
= V40= 6.32. Ans. 


Itshould be noticed that we are simply 
finding the hypotenuse of a right triangle 


be checked by measurement, using a 
strip of cross-section paper. 
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10. Point dividing a line segment in a given ratio. Let P, 
and P2 be points on a directed line and P or P’ a third 
point. Then P divides PiPz2 in the ratio 


Pie 
PP2 


In the left-hand member note that P is written last in the 
numerator and first in the denominator. When P is on the 
segment P,;P2 (internal . 
division), P,P and PP2 By i Ps £ 
have like directions and r is positive. When P is outside 
PiP2, as at P’ (external division), P,P’ and P’P2 have 
opposite directions and r is negative. 

Examples. 1. If P bisects P; Pe, then P} P= PP2andr=1. 

2. If P is two thirds of the distance from P; to P2, then 
(22 — 23P Ps, and 7 = 2. 

3. If P is outside P,P: and twice as far from P; as from 
Po, then P}P =—2 PP2,andr=—2. . 

Introducing coérdinates, we next prove the ) 


Theorem. The codrdinates (x, y) of the point dividing the 
line joining Pi(x1, y1) and Po(x2, ye) wn the ratio 
per 
PP, 
are given by the formulas 
_ XT 1X, _YWtTYs 
aoe eee hte 1l+r 


Proof. The ordinates M;P1, MP, and M2Pz2 will intercept 
proportional segments on the transversals P,P. and OX; 
that is,* 

(1) MiM _ PiP _ 
MMz2 PP2 


(II) 


* Care must be taken to read the segments on the transversals (since we are 
dealing with directed lines) so that they all have positive directions. 
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But MM =O0OM —-OM,=2-%, 
MM2= 0OM2— OM =22— 2. 
Substituting in (1), 2=—“=r, 
HS i 

Clearing of fractions and solving for x, we have x as 
in (II). 

Similarly, by drawing the abscissas of P,, P, and Ps to 
the axis of y, we may prove the formula for y. Q.E.D. 


Corollary. Mid-point. The coérdinates (x, y) of the mid- 
point of Pi(a1, yi) and Po2(xe, ye) are found by taking the 
averages of the given abscissas and ordinates; that is, 

(111) X= 3%, +%)) Y=3G1 +Ye)- 

For if P is the mid-point of P;P2, r = 1 and (II) becomes 

CLE): 
EXAMPLE 
The line joining Pi(+ 1, — 6) and P2(3, 0) is produced beyond P,; 


to P so that P is four times as far from Pez as from P . Find the 
codrdinates of P. 
Solution. By the statement, 
ge eh - 
PP2 4 : 
Also w1=—1, yi=—6, %2=3, yo=0. 
Hence, applying (II), 


pes 203 Jed oh 
a: 3 
ar — 
jee eee a 8 
1-3 ry 


Hence P is (— 24, — 8).. Ans. 
The result is checked by plotting. 


11. Application to theorems in geometry. It is often easy 
to prove propositions from plane geometry by introducing 
coordinates. 
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EXAMPLE 


Show that the line joining the mid-points of the nonparallel sides of 
a trapezoid is parallel to the bases and equal to half their sum. 

Proof. In this figure the x-axis is drawn along a base and the y-axis 
through a vertex. We read the codrdinates of the vertices as follows, 
letting MC =h; 


O0(0,0), A(a,0), Cle,h), Be+e,h). 


Hence, by (III), the mid-points H, F are 
E(4¢,4h), F[3(a+b +c), 4 A]. Since the 
ordinates are equal, HF is parallel to OA, 
and its length is the difference of the ab- 
scissas, or (a + 0). Q.E.D. 

As a rule draw one axis of codrdinates along a line of the figure and 
take O a point of the figure on this line. 


PROBLEMS 


1. Find the perimeters of the following triangles: 


(a) (3, 0), (5, 2), MG 6). ~ Ans. 14.51. 
(b) (2, i); Cs 3), (5, ee 4). al 
(ce) (8, 8), (— 8, 4), (— 4, —3). xs*®S Ans. 22.38. 
d)i(— 1, 4),(— 4,2), @, —4). : : 
(e) (2, — 3), (— 6, — 38), (5, 4). Ans. 28.66. 


2: Determine whether the following triangles are scalene, isosceles, 
or equilateral : 
(a) (2, 6), (6, 2), (e 3, p< 3). 
(b) (= 3, es 6), (= 6, 5), (= 3, 5). 
(c) (3, 0), (= 3, 0), (0, —3 V3). 
CIGOHEE 2 ONG Sp Ve 
(e) (3, 0), (6, 4), (— 1, 8). 


3. Do the points (3, 2), (1, 2 V3), (— 2, 3), (— 2 V2, — V5) lie on 
a circle with the origin as center? 


4. What is the value of b in (0, 4) if this point is 10 units distant 
from (0, — 2)? Ans.b=+8. 


5. Find the mid-points of the sides of the triangles in Problem 1. 


6. If one end of a line is (— 1, 2) and its mid-point is (2, 1), what 
_ are the codrdinates of the other end? é Ans. (5, 0). 
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7. Find the codrdinates of the point which is two thirds of the dis- 
tance from the first to the second point in each of the following: 


(a) (= 2, ints iY) (3, 2). Ans. (13, ye 
(b) (8, — 4), (— 1, 5). 
(ec) (0, 0), (— 21, 6). Ans. (— 14, 4). 


(d) (2, 6), (8, 9). 

8. Show, using coérdinates, that the mid-point of the hypotenuse 
of a right triangle is equidistant from the three vertices. 

9. Show analytically that the lines joining the mid-points of the 
adjacent sides of any quadrilateral form a second quadrilateral whose 
perimeter is equal to the sum of the diagonals of the first. 

10. The lines joining (1, 1) to the points (8, 7) and (5, — 8), respec- 
tively, are extended through the latter points to three times their 
lengths. Find the codrdinates of the points thus reached. 

Ans. (7, 19), (18, — 11). 

11. What are the codrdinates of the two points which divide the line 
joining (5, 10) and (— 2, 3) in the ratio 3:4? 

12. Do the diagonals of the quadrilateral with vertices (2, 1), (7, 1), 
(9, 3), (4, 3) bisect each other? 

13. Show that the points (2, 3), (4, 1), (8, 2), and (6, 4) are the vertices 
of a parallelogram. 

14. Show analytically-that 

(a) the diagonals of a rectangle are equal; 

(b) the diagonals of any parallelogram bisect each other ; 

(c) the line joining the mid-points of two sides of any triangle is equal 
to half the third side. 

15. Find the vertices of a triangle if (— 1, 1), (4, — 1), and (— 2, — 5) 
are the mid-points of its sides. Ans. (5, 5), (— 7, — 8), (3, — 7). 

16. In what ratio does the point (— 4, 3) divide the line segment join- 
ing (1, — 2) and (— 6, 5)? 

17. What algebraic equation expresses the fact that a point (x, y) is 
7 units distant from (8, — 2)? Ans. x? + y?—-—62x+4y—386=0. 

18. What algebraic equation expresses the fact that 

(a) the point (x, y) is equidistant from (8, 5) and 
(—2,—4)? 

(b) the point (x, y) is twice as far from (8, 5) as 
from (— 2, — 4)? 

19. Find the coérdinates of the point of intersec- 
tion of the medians of the triangle whose vertices are 
(x1, Y1), (2, Y2), ("3, Ys). This point is the centroid of 
the triangle. (See figure.) Ans. 4(x1 + %2 +23), 4(y1 + Y2 + Ys). 


Ag 
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20. Show analytically that 


(a) the lines joining the mid-points of the opposite sides of any quad- 
rilateral bisect each other; 

(b) the line joining the mid-points of two opposite sides of any 
quadrilateral and the line joining the mid-points of the diagonals of 
the quadrilateral bisect each other. 


21. Show analytically that the sum of the squares of the distances 
of any point from two opposite vertices of any rectangle is equal to the 
sum of the squares of its distances from the other two vertices. 


22.. Show analytically that the line from a vertex of a parallelogram 
to the mid-point of one of the opposite sides intersects the opposite 
diagonal at a point dividing each line in the ratio 1:2. 


12. Inclination and slope. The angle between two inter- 
secting directed lines is defined to be the 
angle made by their positive directions. In 
the figures this angle is marked @ (Greek 0 
“theta”). Evidently @ may have any value 
from 0 to 180° inclusive. 0 
If the directed lines are parallel, the angle 
between them is 0 or 180°, according as 
the positive directions agree or do not agree... . 
When it is desired to assign a positive direction to a line 
intersecting X’X, we shall always assume WH, 


the upward direction as positive. / 0=0 

The inclination of a line is the angle be- ~~~ 
tween the axis of x and the line when the 2 
latter is given the upward direction. eae! 


This amounts to saying that the inclination is the angle above the 
x axis and to the right of the given line, 
as in the figure. 


The slope of a line is the tan- 
gent of its inclination. The slope 
may be any real number, since 
the tangent of an angle in the 
first two quadrants may be any 
number, positive or negative. 
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_ The slope of a line parallel to X’X is zero, and for a line 
parallel to Y’Y the slope is infinite. 

The inclination of a line will be denoted by the Greek 
letter a, a1, ete. (‘‘alpha,” etc.) ; its slope by m, m1, etc., so 
that m = tan a, m, = tan ay, ete. 


Theorem. The slope m of the line passing through two 
points P1(21, Yi), P2(x2, y2) ws given by 
Yi — Ye 
(IV) mare 
Proof. In the figure P2S is parallel to OX. Then in the 
right ZS Paine since Z PiPss =; 
we have ve 
1 
(1) m=tana= Pos” 
But 
SPi = MiP; — MoP2= 41 — ¥23 
and 
P28 = OM, — OM» = 21 — Xo. 
Substituting these values in (1) gives (IV). Q.E.D. 
The student should derive (IV) when a is obtuse. 
To construct a line passing through a given point Pez whose slope is a 


positive fraction a we mark S a point 06 units to the right of Pe, and P; 


a point a units above S, and draw P2P;. If the slope is a negative 
fraction — 7 , then plot S a point 6 units to the left of Pe. 


13. Test for parallel or perpendicular lines. 


Theorem. If two lines are parallel, their slopes are equal; 
if perpendicular, their slopes are negative reciprocals; and 
conversely. 

Proof. Let a, and a be the inclinations and m; and mez 
the slopes of the lines. 

If the lines are parallel, 

a; = a2. .. Mm = M2. 
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If the lines are perpendicular, as in sae figure, 


az = 90° + ay. 
Hence m2= tan a = tan (90° + a1) 


By trigonometry (8, p. 3), 
tan (90° + Q) =— ae = fal as 
Q.E.D. 


io — 

my . 

The converse is proved by retracing the steps with the 
assumption, in the second part, that az is greater than ay. 


EXAMPLES 


Draw the triangle with vertices A(3, 4), B(— 2, — 1), C(4, 1) 


1. Show that A ABC is a right triangle. 
Solution. Let m1 = slope of BC. By (IV), taking B as (x, y:), C as 


(X2, Y2), 1 1 1 
hie Cesar aay 
Similarly, if m2=slope of CA and 
mz = slope of AB, we find mz = — 3 and 
m3 = 1. Since m and mz are negative re- 
ciprocals, ZC is 90°. 
2. Find the inclinations of the sides 
Solution. From Example 1, 
tan ai = 4, tan az = — 8, tanaz3=1 


a3 = 45°. Ans. 


Hence, by tables, 
Q2 = 108° 26’, 


ar— 1827267, 
In finding a2 we have 

tan (180°— a2) = — tanae = 8. [By 8, p. 8] 

180° — 71° 34’ = 108° 26’. 


Hence 
180° — a2 = 71° 34’, and az = 


14. Angle formulas. 
Theorem. The angle @ between two directed lines is deter- 
mined by = 
Loy Sais 
tan 6 = Ta mms’ 


(V) 
where m, is the slope of the line with the greater inclination. 
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Proof. In the figures a; = 6+ ae; 
hence 6 = a1 — a2, 
and 


tan a; — tan ae J 
1+ tan a; tan ae 


tan 6 = tan (ai — ae) = [By 9, p. 3] 


Substituting tan a; = m, tan a2 = me, wehave (V). 9.£.D. 
If the inclinations are known, we may use the equation 
(Va) 0 = a — a, 
where a is the greater inclination. 


EXAMPLES 


1. Find & A and B of the right A ABC of the figure. 


Solution. From Example 2, Art. 13, we have a; = 18° 26’, az = 108° 26’, 
a3 = 45°. Hence, by (Va), 
ZB=a3 — a, = 26° 34’; 
AG a2 — a3 = 68° 26’. Ans. 
2. Find Z B by (Y). 


Solution. By Example 1, Art. 18, 
m3 =1, m =%. Then 


Dyas 


Hence 2 B = 26° 34’, as before. Ans. 


PROBLEMS 
1. Find the slope of the line through the points 
(a) (4, 5), (7, 8); (d) (a, b), (¢, — d); 
(b) (4, 7), (— 8, — 5); (e) (— 3, — 7), (— 5, 4); 


(c) (2.5, 3.4), (— 8, 5.2); (f) (8, 8), (5, 5). 
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2. Find the inclination of the line through the following points: 

(a) (2, —2), (4, 2). Ans. m=2, a=68° 26’. 

(b) (1, 1), (5, — 5). Ans. m=— 1.5, a= 128° 41’, 

(c) (5, 8), (8, —4). (d) (4, 8), (—2,—2). (e) (2, 3), (—6, 7). 

83. What are the slope and inclination of any line parallel to the x-axis? 
the y-axis? 

4. Find the slope and inclination of a line perpendicular to the line 
passing through the given points in each of the following: 

(a) (1, 2), (— 1, 8). (e) (3, 1) /(—2; 7). 

(b) (5, rr 2), (5, 4). (d) (5, 4), (4, Oy 


5. By means of slopes determine which of the triangles with the fol- 
lowing vertices are right triangles: 


(a) (= 2, 9), (10, ie 10% (12, cat 5). (c) (0, > il), (8, ye 4), (2, ibis 
(b) (2, 1Dy. (3, an 2); (— 4, a Ih) (d) (6, iH). (- 4, a ))) ais a 4). 
6. Which of the following sets of three points are on a line? 
(a) (6, 6), (4, 7); (2, 8). (c) (3, i 2); (5, 10) (10, 0). 
(b) (1, 5), (0, 2), (2, 8). (d) (18, — 2), (5, 5), (—1, 6). 
(e) (a4, 5+), (6,¢+4a), (ec, a+). 

7. Find the angles of the following triangles ae 
(a) (0, 1), (8, 4), (2, — 1). (ec): (6, — 6), (6, 3), (2, 2). 
(DG —4), tle) Go — 0). (d) (0, — 2),(4, 2), (0, 6). 

Ans. 39° 6’, 58° 50’, 87° 4’. i Ans. 45°, 45°, 90°. 


8. Show that each of the following sets of points are vertices of a 
parallelogram : 


(a) (2, 3), (4, 1), (8, 2), (6, 4). (b) (— 4, —2), (2, 0), (8, 6), (2, 4). 
9. Show analytically that 


(a) the diagonals of any square are perpendicular to each other; 


(b) if the diagonals of a rectangle are perpendicular to each other, the 
rectangle is a square; 


(ce) the diagonals of a rhombus bisect each other at right angles. 


15. Areas. In this section the problem of determining the 
area of any polygon, the codrdinates of whose vertices are 
given, will be solved. We begin with the 

Theorem. The area of a triangle whose vertices are the 
origin, Pi(ai, yi), and Po(x2, ye) is given by the formula 
(VI) area of A OP, Po = 3(x1Y2 — XeY3)- 
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Proof. In the figure, the quadrilateral OM,P1P2 is com- 
posed of AOP;P2 and AOM;P,, or, also, of AOM2P2 and 
trapezoid Mz2M,P,P:2. Hence, in areas, 

(1) aN OP\P2 = AOMePe2 + trapezoid M2MiPiP2—A OM;P1. 

But A OM2P2= 4 OM2: MoP2 = x2y23 
trapezoid . 2M1P;Pe2 (aes) 

= 3(M2P2+ MiPi)- MeM, P(ayy,) 
= $(y2+ yi) (ai — 22) ; 
A OM,P; = 4 OM: MiP, = 3 ay. 
Substituting in (1), 
A OP1P2 = § t2y2 + 3 (yo + Y1) (a1 — te) — 5 UY: 
= 4(r1y2 — X2y1). Q.E.D. 


EXAMPLE 


Find the area of the triangle whose vertices are the origin, (— 2, 4), 
and (— 5, — 1). 

Solution. Denote (— 2;4) by Pi, (— 5, — 1) 
by Pe. Then 

m1 =-2, Uae te=— 5, Y2=-—1. 

Substituting in (VI), 

area = 3[—2-—1-—(-—5)-4J=11. 

Then area = 11 unit squares. Ans. 

If, however, the formula (VI) is applied by denoting (— 2, 4) by Po, 
and (— 5, — 1) by Pi, the result will be — 11. , 


The two figures for this example are drawn below and 
Ulustrate the 


Rule. Passing around the 
perimeter in the order of the 
vertices O, P1, Po, if the area is 
on the left, as in Fig. 1, then 
(VI) gives a positive result; af 
the area is on the right, as in Fig. 2, then (V1) gives a nega- 
tive result. 
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We apply (VI) to any triangle by regarding its area as 
made up of triangles with the origin as a common vertex. 


Theorem. The area of atriangle whose vertices are Pi(«1, y1), 
P2(a2, Y2), P3(x3, ys) 18 given by 
(VII) area AP,PoP3=3(%1Y2— X21 +XeY3—XsYotXsY1—X1Ys)- 


This formula gives 4 positive or negative result according as 
the area lies to the left or right in passing around the perimeter 
in the order P,P2P3. 

Proof. A OP, P2=4(x1y2 — X21), [By (VI)] 
(2) A OP2P3 = 4 (xoys = x3Y2); and 

A OP3P; = §(%3Y1 — £1Y3)- 
Fig. 1, origin within the triangle. By inspection, 
area A P;P2P. 
ae SV NORa Re amine sae Py Ft 
+ AOP3P. | | 

Equations (2) give these areas : 
each with a positive sign. Adding, ogee Py 
we have (VII). Hig Fig. 2 

Fig. 2, orzgin without the triangle. By inspection, 

area A P\P2P3 = AOP;P2 + AOP2P3 — A OPP. 


The last equation in (2) gives the area of A OP,P3 with 
a negative sign. Adding, we have (VII). Q.E.D. 
An easy way to apply (VII) is given by the following 


Rule for finding the area of a triangle. 

First step. Write down the vertices in two columns, “1 Yi 
abscissas in one, ordinates in the other, repeating the %2 Y2 
coérdinates of the first vertex. v3 Ys 

Second step. Multiply each abscissa by the ordinate “1 Y1 
of the next row, and add results. This gives x1y2+ xoy3 + r3y1. 

Third step. Multiply each ordinate by the abscissa of the 
next row, and add results. This gives yix2 + yoxs + y3%1. 
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Fourth step. Subtract the result of the third step from that 
of the second step, and divide by 2. This gives the required 
area, namely, formula (VII). 


Formula (VII) may readily be memorized by remarking 
that the right-hand member is a determinant of simple form, 
namely, 


M1 «Yi 1 
area A P}P2P3=4)|%2 yo i. 
x3 y3 1 


In fact, when this determinant is expanded by the usual 
rule, the result, when divided by 2, is precisely (VII). 

It is easy to show that the above rule applies to any poly- 
gon if the following caution be observed in the first step: 


Write down the coordinates of the vertices in an order agree- 
ing with that established by passing continuously around the 
perimeter, and repeat the coordinates of the first vertex. 


EXAMPLE 


Find the area of the quadrilateral whose vertices are (1,6), (— 3, — 4), 
(2, = 2), (— 1, 3). 


Solution. Plotting, hy have the figure from which we ef 
choose the order of the vertices as indicated by the arrows. _3 _4 
Following the rule: oe ee 

First step. Write down the vertices in order. fi 6 


Second step. Multiply each abscissa by the 
ordinate of the next row, and add. This gives 
1x84+(-1x-—4)+(—3 x—-—2)4+2x6=25. 

Third step. Multiply each ordinate by the 
abscissa of the next row, and add. This gives 
6x—1+3x-—-—84+(-—4x2)4+(-2x1)=— 26. 

Fourth step. Subtract the result of the third 
step from the result of the second step, and 
divide by 2. 


.. Area = 


eae = 25 unit squares. Ans. 


The result has the positive sign, since the 
area is on the left. 
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PROBLEMS 


1. Find the areas of the triangles whose vertices are given below: 


(a) (2, 3), (5, Oy. (4, aoa 2). 

(b) (1, 3), (— 5, — 2), (7, 1). 

(c) (5, 5), (— 6, 7), (— 7, — 2). Ans. 50.5. 
(d) (8, 3), (6, 2), (8, — 2). 

(e) (e& 6, Oy (— iG = 2), (2, - 4). 

(f) (a, 2), (0, ¢), (6, 2). ee 
(g) (3, 0), (0, 3 V8), (6, 3 V8). Ans. 9 V3. 


2. Find the areas of the quadrilaterals whose vertices are given below : 


(a) (2, — 1), (5, 6), (8, 8), (— 4, 4). 

(b) (0, 2), (7, 1), (12, 4), (5, 5). 

(c) (— 2, 3), (— 3, — 4), (5, — 1), (2, 2). Ans. 31. 
(ah) OF 0) 59 (5510), (OF 11073): Ans. 41. 
(e) (7, 0), (10, 8), (0, 5), (0, 0). 


8. Show that the quadrilateral formed by joining the mid-points of 
the adjacent sides of any quadrilateral of Problem 2 has an area equal 
to half the area of that quadrilateral. 


4. Show that the lines joining the mid-points of the sides of the tri- 
angle whose vertices are (4, 6), (2, —4), (— 4, 2) divide the triangle 
into four triangles equal in area. 


5. If the area of a triangle with given vertices is.zero, the vertices lie 
on a straight line. By this means show that the following sets of points 
are in each case on a line: RS 


(a) (<< 2, 4), (10, 2), (4, a 1). 

(b) (e 3, 10), (7, —s 10), (5, 7 6). 
(c) (4, 0), (25, 8), (4, 5). 

(d) (2, ie 3), (14, 6), (6, 0). 

(e) (a,b +c), (b,¢+4), (c,a+6). 
(f) (a, c+ a), © ¢, 0), (= a, ce — a). 


6. Use Problem 5 to write determinants which have the value zero. 


ie Using coordinates, find the area of a regular hexagon of side 6 with 
its center at the origin and one diagonal along the x-axis. Check your 
result by finding the areas of certain triangles. 


CHAPTER III 
CURVE AND EQUATION 


16. Equation of a curve (locus of a point). In plane geom- 
etry a circle is defined as the locus of a point which is at a 
given distance from a fixed point. In analytic geometry 
many other curves * are defined as loci, as we shall see later. 

Assume that a certain curve is defined as the locus of a 
point which satisfies a given condition. We wish to find 
the “equation” of this curve. Introduce axes of coérdinates 
and assume the point P(x, y) on the locus. Then the given 
condition will lead to an equation involving the variables x 
and y, called the equation of the curve. The following ex- 
ample illustrates this. 

EXAMPLE 

Find the equation of the locus of a point whose distance from 
(— 1, 2) is always equal to 4. 

Solution. Assume that P(x, y) is any point on the nor 

Denoting (—1, 2) by C, the given 
eee we oe cd a 

(1) PC =4. 

By the length formula (I), p. 10, 

PC =V@4iP + wo. 

Substituting in (1), 

Verity 2=4. 

Squaring and reducing, 

w+y?+2e2—-—4y-—11=0. 

This is the required equation, namely, the equation of the circle 
with center (— 1, 2) and radius 4. 


* The word ‘“‘curve”’ will hereafter signify any continuous line, straight or 
curved. 
25 


26 NEW ANALYTIC GEOMETRY 


DEFINITION. The equation of a curve is the equation in 
x and y which is satisfied by the ecodrdinates of every point 
on the curve, and by those of no other point. 

To find the equation of a curve we may proceed by the 


Rule. First step. Assume that P(e, y) 7s any point on the 
curve. 

Second step. Write down the given condition applied to P. 

Third step. Express this condition in codrdinates and 
simplify. The final equation, containing x, y, and the given 
constants of the problem, will be the required equation. 

This rule will suffice for many curves. When the condi- 
tion is in a form not expressible in lengths involving P, the 
solution may not be so simple. In Chapter XI are many 
problems cf a more general nature. 

The point P(x, y) should be plotted in a general position 
conforming to the condition, — not, for example, on one of 
the axes. 

Referring to the example above, it is clear that the 
equation found is satisfied by the codrdinates.of every 
point on the circle, since for every such point PC = 4. 
Conversely, if the codrdinates of a point P do satisfy the 
equation, retracing the steps would lead ‘to the conclusion 
that PC = 4, and hence that P is on the circle. Thus we 
may verify in each case the requirements of the definition 
above. 


PROBLEMS 
1. Find the equation of the line parallel to the y-axis and } 
(a) at a distance of 6 units to the left; Ans. x=—6, 


(b) at a distance of 3 units to the right; 
(e) at a distance of 4 units to the left of the point (8, 3); 
(d) at a distance of 5 units to the right of (— 2, 2). 
2. Find the equation of a line parallel to the x-axis and ~ 
(a) at a distance of 5 units above it; 
(b) at a distance of 3 units below it; 
(c) at a distance of 5 units below (38, — 4); 
(d) at a distance of 7 units above (— 6, 4). 
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3. What is the equation of the,x-axis? the y-axis? 
4. What is the equation of the line parallel to the line x = 5 and 


(a) 4 units to the left of it? 
(b) 7 units to the left of it? 
(c) 3 units to the right of it? 


5. Find the equation of the line perpendicular to the line y = 3 and 
(1) 2 units to the left of (6, 2); (2) 4 units to the right of (— 6, 1). 


6. What is the equation of the locus of a point that moves so as to be 
(1) equidistant from the lines y = — 2 and y= 8? (2) equidistant from 
the lines 7 = 2 and x =6? 


7. (1) If a square of side a has its center at the origin and a side 
perpendicular to one of the codrdinate axes, what are the equations of 
its sides? 

(2) If a square of side a has one vertex at the origin and one side 
along the positive y-axis, what are the equations of the sides? (Two 
cases.) 


8. Find the equation of the line passing through 


(a) (8, 4) with a slope 2; Ans. 2%—y—2=0. 
(b) (— 8, 5) with a slope 8; 
(c) (0, 5) with a slope 2; Ans.2%—-3y+15=0. 


(d) (a, 6) with a slope — }. 
9. Find the equation of the line passing through 
(a) (0, 3) with an inclination 45°; 
(b) (— 4, — 2) with an inclination 30°; 
(ce) (— a, b) with an inclination 135°; Ans.x+y+a—b=0. 
(d) (2, 8) with an inclination 120°; 
(e) (— 4, 5) with an inclination 150°; Ans. +V3y+4—-5V3=0. 
(f) (—1, — 8) with an inclination 90°. 


10. Find the equation of the line passing through 
(a) (4, 5) and (0, 0); (c) ec 1, 6) and (6, 2); 
(b) (0, — 8) and (5, 2); (d) (— 4, 8) and (7, 8); 

(e) (2,2) and (—4, —4); Ans. x=y. 

(f) (1, — 5) and (— 83, 1). Ans.3x+2y+7=0. 
11. What is the equation of the locus of a point which is always 
(a) at a distance of 4 units from (0, 3)? Ans.x?+ y¥2—-6y—T=0. 
(b) at a distance of 6 units from the origin? 
(c) at a distance of 5 units from (8, 2)? 

Ans. x? + y?—-6x—-—4y—-12=0. 

(d) at a distance of c units from (a+c¢,a—c)? 
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12. Find the equation of the following circles: 


(a) With center (6, — 5) and radius 4. 
(b) With center (3, 4) and radius 5. Ans. 2?+y?-—6x—8y=0. 
(c) With center (— a, 2 a) and radius 3 a. 


12. Find the equation of the locus of a point equidistant from 


(a) (— 8, — 8) and (2, 4); (c) (0, 4) and (5, 0); 
(b) (— 4, 8) and (8, 2); Ans. 10x—8y—-9=6. 
Ans. Tx—y+6=0. (d) (a, b) and (— a, — b). 


14. Show analytically that the line found in each case in Problem 13 
is the perpendicular bisector of the line joining the given points. 


15. Find the equation of the circle for which the line joining (5, 6) 
and (8, — 4) is a diameter. Ans. x2 + y?—8x—-—2y—-9=0. 

16. Find the equation of the circle with venter (— 3, 4) and passing 
through the origin. 


17. Locus of aa equation. When the equation of a curve 
has been found or is given, two problems suggest themselves, 
namely : 

1. To draw (or pilot) the curve. 

2. To discuss the equation and thereby determine proper- 
ties of the curve (see Art. 18). 


DEFINITION. The locus of an equation in two variables 
representing codrdinates is the curve (or group of curves) 
passing through all points whose codrdinates: satisfy that 
equation, and no other points. 

From this definition follows at once 


Theorem I. If the form of an equation be changed by trans- 
position, by multiplication by a constant, etc., the locus is 
entirely unaffected. 


We may now state the 


Rule for plotting the locus of a given equation. 

First step. Solve the given equation for y in terms of x (or, 
af easier, for x in terms of y). 

Second step. By this formula compute values of the vari- 
able for which the equation has been solved by assuming suc- 
cessive values for the other variable. 
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Third step. Plot the points corresponding to the values so 
determined and draw a smooth curve through them. 


Since there is no limit to the number * of points which 
may be computed in this way, it is evident that the locus 
may be drawn as accurately as may be desired by simply 
plotting a sufficiently large number of points. 


Notes. If any doubt exists as to the order in which the points should be 
joined, connect them in the order of increasing values of the variable for whicb 
values have been assumed. 


EXAMPLES 
1. Draw the locus of the equation2x—3y+6=0. 
Solution. 1. Solving for y, y=32+2. 
2. Assume values for x and compute y, arranging results in the form 
of the accompanying table: 
Thus, if gel, y=s-1t2=2 
if 


Eee 
Sze 


i 
Bessel ei 
ar) 


Plotting and connecting the points gives the figure, a straight line. 


* An equation in the variables x and y is not necessarily satisfied by the 
codrdinates of any points. For coérdinates are real numbers, and the form of 
the equation may be such that it is satisfied by no real values of x and y. For 
example, the equation 22 +y2+1=0 


is of this sort, since, when x and y are real numbers, x? and y? are necessarily 
positive (or zero), and consequently x? + y2 +1 is always a positive number 
greater than or equal to 1, and therefore not equal to zero. Such an equation 
therefore has no locus. The expression “‘the locus of the equation is imagi- 
nary” is also used. 

An equation may be satisfied by the coédrdinates of a finite number of points 
only. For example, x? + y? = 0 is satisfied by x = 0, y = 0, but by no other real 
walues. In this case the group of points, one or more, whose coérdinates sat- 
Iy the equation is called the locus of the equation. 
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2. Plot the locus of the equation y = x2 —2x2—8. 


Solution. Computing y by assuming values of x, we find the table 
of values below: 


tad 


aonPwWNr OS 


aa 
i) 


[fol Ty 

Ny 
The figure shows the curve, vase 
a parabola. The proof that the REDS eames 
locus is a parabola is given later. 


5 


8. Plot the locus of the equation x? + y2+6x7—16=0. 
Solution. Solving for y, 
y=+V16—62—22. 


Compute y by assuming 


values of 2. Suez ctansees 


x 


REE 


Ha sil ll hn a 
BRS M EG GARI 


AAnNFPWNrR SO 


For example, if#=—1,y=+ V16+6—1=V21=446; 
if x=3,y=+V16—-—18-9=4 V-11, 


an imaginary number. 


The figure shows the curve, a circle. The proof that the locus is a 
sircle is given later. 
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PROBLEMS 

1. Plot the locus of each of the following equations: 
(a)2y+5=0. (Cl) Aesop sh 
(b) x +y=0. (j)t=ye—3y. 
(ec)ea—38y+5=0. (k) y=2? —62?+11 24-6. 
(d) y=22+8. 1) y=xt — x2 — 2, 
(e)y¥=4x?4 7. (m) «2+ y2 —9x=0. 
(f) w—-—4y+2x24-8=0. (n) 7?+y2?+6y—16=0. 
(g) yw=x+4+3. (0) a? + y? = 16. 
(h) y= 23. (p) 3 y =a. 


2. Using one set of axes, construct the graphs of 2x—38y—4=0 
and 8x%+2y+2=0, and estimate the codrdinates of the point of 
intersection. How may these codrdinates be round exactly by algebra? 


8. Using the same axes, construct the loci of the equations 2 y = x? 
and 2 y=2? — 4, How do the graphs differ? 

4. Using one set of axes construct the graphs of y = x? and y = 4 2?. 
How do these graphs differ? 


5. Which of the curves of Problem 1 pass through the origin? What 
is the necessary condition for an algebraic equation to represent a curve 
passing through the origin? 


6. Show that the locus of Ay? + By + C =0 is one line or two lines 
parallel to the x-axis according as A = B2 — 4 AC is zero or positive. 
What about the locus if A < 0? 


7. Show that the locus of Ax? + 2 Bry + Cy? = 0 is a pair of inter- 
secting lines, one line, or a point according as A = B2 — AC is positive, 
zero, or negative. 


18. Discussion of an equation. The method explained of 
plotting a curve gives no knowledge except that the curve 
passes through all the points whose codrdinates are deter- 
mined. Joining these points gives a curve more or less 
like the true locus. Serious errors may be made in this 
way, however, since the nature of the curve between any two 
successive points plotted 1s not known. This objection is 
somewhat obviated by determining, from a discussion of 
the given equation before plotting, properties of the locus. 
These depend upon the form of the equation. 
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1. Intercepts on the axes. 


The intercepts of a curve on the x-axis are the abscissas 
of the points of intersection of the curve and XX’. 

The intercepts of a curve on the y-axis are the ordinates 
of the points of intersection of the curve and YY’. 


Rule to find the intercepts. 

Substitute y = 0 and solve for real values of x. This gives 
the intercepts on the x-axis. 

Substitute x = 0 and solve for real values of y. This gives 
the intercepts on the y-axis. 


The truth of the rule is obvious. 


2. Symmetry. 

DEFINITION. Two points, P and Q, are (1) symmetric 
with respect to an axis when 
the latter bisects the line PQ 
at right angles, and (2) sym- 
metric with respect to a point 
O when O is the midpoint 
of PQ. 

In the figure, P and Q are 
symmetric with respect to OX, P and Rwith reapeck to OY, 
P and S with respect to O. 

Consider now the following 


EXAMPLE 
Discuss the symmetry of the locus of 
(yl og 2+4y= 16. 


Solution. The equation contains no odd powers of x or 
y; hence it may be written in any one of the forms 


(2) (x)?+4(— y)? = 16, replacing (2, y) by (x, — y); 
(8) (—2x)?+4(y)? = 16, replacing (x, y) by (— x, y); 
(4) (-- x)? + 4(— y)? = 16, replacing (x, y) by (— x, — y). 
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The transformation of (1) into (2) corresponds in the 
figure to replacing each point P(x, y) on the curve by the 
point Q(z, — y). But the points P and Q@ are symmetric 
with respect to XX’, and (1) and (2) have the same locus. 
Hence the locus of (1) is unchanged if each point is replaced 
by the symmetric point with respect to XX’. Therefore 
the locus 1s symmetric with respect to the x-axis. Similarly, 
from (8), the locus is symmetric with respect to the y-axis, 
and from (4) the locus 1s symmetric with respect to the origin, 
for the points P(x, y) and S(— x, — y) are symmetric with 
respect to the origin, since OP = OS. 

In plotting the equation we take advantage of our know]l- 
edge of the symmetry of the curve by limiting the calcula- 
tion to points in the first quadrant, as in the 
table. We plot these points, mark off the points 
symmetric to them with respect to the axes and 
the origin, and then draw the curve. The locus 
is called an ellipse. 

The facts brought out in the example are 
stated in 


Theorem II. Symmetry. If an equation 1s unaffected by 
replacing y by — y, the locus is symmetric with respect to the 
X-axis. 

If an equation is unaffected by changing x to — x, the locus 
is symmetric with respect to the y-axis. 

If an equation is unaffected by changing both x and y to — x 
and — y, the locus is symmetric with respect to the origin. 

Note. If two of the tests hold, the third will also. 


Theorem II may be made to assume a somewhat differ- 
ent form if the equation is algzbraic in x and y. In this 
ease the locus is called an algebraic curve. Then from 
Theorem II follows 


Theorem III. Symmetry of an algebraic curve. If no odd 
powers of y occur in an equation, the locus 1s symmetric with 
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respect to XX’; af no odd powers of x occur, the locus is sym- 
metric with respect to YY’. If every term is of even* degree, 
or every term of odd degree, the locus is symmetric with respect 
to the origin. 


3. Extent of a curve. 


Coodrdinates are real numbers. Hence all values of x 
which give imaginary values of y must be excluded in the 
calculation. Similarly, all values of y which lead to imag- 
inary values of x must be excluded. Determination of such 
values leads to knowledge of the extent of the curve. 


EXAMPLES 
1. What values of x or y, if any, must be excluded in plotting the 


locus of 
eeee ue 
Hy penne 


x? +4 y?=16? 
Solution. Solving for x in terms 

Ct 
ie 2 ee tie 
| | =o] rie 


of y, and also for y in terms of x, 
(5) #2=+2V4—%2, 
(6) y=+3V16 — 22. 


From the radical in (5) we see : 
that all values of y numerically greater than 2 will make 4 — y? negative, 
and hence make x imaginary. Hence all values of y greater than 2 or 
less than — 2 must be excluded. 

Similarly, from the radical in (6), it is clear that values of x greater 
than 4 or less than — 4 must be excluded. 

The curve lies entirely within the rectangle bounded by the four lines 


~=4, x= —4, y=2, y=-2, 
and is therefore a closed curve. 
In determining points on the locus, we need assume for y values 


only between 0 and 2, as on page 83, or values of x between 0 and 4 
inclusive. 


2. What values, if any, of x or y are to be excluded in determining 
the locus of 


—4%+15=0? 


* A constant term is to be regarded as of zero (even) degree, as 16 in (1), p. 32. 
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Solution. Solving for x in terms of y, and also for y in terms of x, 


(7) x= 4(15 + y?), 
(8) y=tV4x—15. 


From (7) any value of y will give a real value of x. Hence no values 
of y are excluded. 
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From the radical in (8) all values of x for which 4 x — 15 is negative 
must be excluded; that is, all values of x less than 33. 

The locus therefore“lies entirely to the right of the line «= 33. 
Moreover, since no values of y are excluded, the locus extends to in- 
finity, y increasing as x increases. 

The locus is, by Theorem III, symmetric with 
respect to the x-axis, and is called a parabola. 


8. Determine what values of «x or y, if any, 
must be excluded in determining the locus of 


AL Oe aie, 


Solution. Solving for x in terms of y, and also 
for y in terms of x, 


r= V4 y, 
yaar. 


From these equations it appears that no values 
of either codrdinate need be excluded. 

The locus is, by Theorem III, symmetric with 
respect to the origin. The codrdinates increase 
together; the curve extends to infinity and is called a cubical parabola, 
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The method illustrated in the examples issummed up in the 


Rule to determine the extent of a curve. 

Solve the equation for x in terms of y, and determine all 
values of y for which the computed values of x would be imagi- 
nary. These values of y must be excluded. 

Solve the equation for y in terms of x, and determine all values 
of x for which the computed values of y would be imaginary. 
These values of x must be excluded. 

From the excluded values of x and y decide whether the curve 
is closed or extends to infinity. 


19. Summary. Given an equation, the following questions 
should be answered in order before plotting the locus: 


1. What are the intercepts ? 

2. Is the locus symmetric with respect to the axes or the origin? 

3. What values of x and y must be excluded? Is the curve 
closed or does it pass off indefinitely far ? 


Answering these questions constitutes what is called a 
general discussion of the given equation.. The successive 
results should be immediately transferred to the figure. 
Thus when the intercepts have been determined, mark 
them off on the axes. Indicate which axes are axes of sym- 
metry. The excluded values of x and y will determine lines 
parallel to the axes which the locus will not cross. Draw 
these lines. 

EXAMPLE 

Give a general discussion of the equation 
(1) w—4y?+16y=—0. 

Draw the locus. 

Solution. 1. Intercepts. Putting y= 0, we find x= 0, the intercept 
on the axis of x Putting «=0, we find y=0 and 4, 


the intercepts on the axis of y. Lay off the intercepts 
on the axes. 


2. Symmetry. The equation contains no odd powers 
of x; hence the locus is symmetric with respect to YY’. 
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8. Extent. Solving for z, 
(2) = 42Vy?—4y. 


The roots of y2-4y=0 are y=0 and y=4. For any value of y 
between these roots, i —4y is negative. For example, y=2 gives 
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4—8=-—4. Hence all values of y between 0 and 4 must be excluded. 
Draw the lines y= 0 and y = 4. The locus lies below the first and above 
the second line. 

Solving for y, 


(3) y=24+4Vx? +16. 


Hence no value of x is excluded, since x? + 16 is positive for all values 
of x. Obviously y increases as x increases, and the curve extends out 
indefinitely far from both axes. 

Plotting the locus, using (2), the curve is as in the figure, a hyperbola. 


PROBLEMS 


1. Give a general discussion of each of the following equations and 
draw the locus. Make sure that the discussion and the figure agree. 


(a)iy2 = 4. (j)v?+y?-4y=0. 

(b) y=8 — x?, (k) v2? +y?+42=0. 
(c)x=y?—2y. (1) 2?+6y?+6y=0. 

(d) 3y=22—9, (m) 422?+16z7%+y?=0. 

(e) x2 + y2 = 25. (n) y=3 23-62. 

(f) x2 — y2 = 25. (0) y=2t*—42?. 

(g) v2? +4 y? = 24, (p) 322+y?=0. 

(h) 4 2? — y2 = — 16. (q) 9x? -—y?+18%+6y=0. 
(i) 227+9 y?=18. (r)z?+2y+y?—-—4=0. 


(s) Vz + Vu = 2. 
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2. Discuss each of the following equations. To plot, assume some 
particular values for the arbitrary constants, but not special values 
which would give the equation an added peculiarity.* 


(a) y2=2 px. (Parabola.) 
(b) ve +y2?=r?. (Circle.) 


(c) = a a+ £ =1. (Ellipse.) 


(a) = 2 _¥ —1, (Hyperbola.) 


(e) ye = itr, (Cubical parabola.) 

(£) y2 = mx3. (Semi-cubical parabola.) 
(g) cy =a. (Equilateral hyperbola.) 

(h) x? + my? = 16. 

(i) a? + y2+4+2r2=0. (Circle.) 

(j) y= au? + bu +c. (Paraboia.) 

(k) « = ay? + by +c. (Parabola.) 

(1) 227+ y?+ Dx+Ey+F=0. (Circle.) 


The loci in Problem 2, except (e), (f), are of the class known as conics. 
or conic sections, — curves following straight lines and circles in the mat- 
ter of their simplicity. These curves are obtained when cross sections 
are taken of a right circular cone. Various definitions and properties 
will be given later. We often use the following 


DEFINITION. A conic section is the locus of a point whose distances 
from a fixed point and a fixed line are in a constant ratio: 
tat 
3. Show that every conic is represented by an equation of the second 
degree in x and y. 


Hint. Take the y-axis as the fixed line and draw the z-axis through the 
fixed point. If the fixed point is (p, 0) and the constant ratio is e, the result is 


@— 4) 2-7 — 2 pe Ep — 0. 
4. Discuss and plot the locus of the equation of Problem 3 for 
(yest Ge—a; Gye—2- 


5. A point moves so that the sum of its distances from (4, 0) 
and (— 4, 0) is always 12. What is its locus? 
Ans. Ellipse 5 x2 + 9 y2 =180. 


6. What is the equation of the locus of a point which moves so that 
the difference of its distances from (0, 3) and (0, — 3) is 4? 


* For example, in (a) p = 0 is a special value. In fact, in all these examples 
except (j), (k), (1) zero is a special value for any constant. 
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7. Find the equation of the locus of a point which is twice as far 
from (4, 5) as from (— 2, 3). Discuss and plot this locus. 


8. Find the equation of the locus of a point which moves so that its 
ordinate is two less than its distance from (8, 8). Discuss and plot. 
Ans. x2?-6x—10y+14=0. 

9. A point moves so that its distances from the points (— 2, 3) and 


(3, — 2) are always in the ratio of 4 to 5. Find the equation of its locus, 
discuss and plot. 


10. Find the equation of the locus of a point if its distance from 
{2, — 4) is always equal to 5 more than its ordinate. Discuss and plot. 
F Ans.2y=a2—4x2-—5. 


11. Given the points A(8, 1), B(— 1, — 1). A point P moves so that 
the area of A PAB equals 8 square units. Find the equation of the 
locus of P, and plot. (Two cases.) 


12. A point moves so that the slope of the line joining it to the point 
(2, 2) is twice the slope of the line joining it to the point (— 2, 0). Find 
the equation of the locus, discuss and plot. 


18. Find the equation of the locus of a point which moves so that 
the slope of the line joining it to the point (2, 4) is 8 more than the 
slope of the line joining it to (— 2, 4). Discuss and plot. 

Ans. 4y=32?+4, 


14. Prove the statement: If an equation is unaffected when x and y 
are interchanged, the locus is symmetric with respect to the line y = x. 
Make use of this fact in drawing the loci of 

(a) x2 -—xzy+y?—-—4=—0; 
(b) V2 + Vy = Va; 
(c) x2? +y2?-—424—4y—-1=0. 

15. State and prove a test for symmetry with respect to the line 
cty=0. 


20. Horizontal and vertical asymptotes. The following ex- 
amples elucidate difficulties arising frequently in drawing 
the locus of an equation. We meet with lines described in 
the 


DEFINITION. An asymptote of a curve is a straight line 
which the curve approaches indefinitely near as its tracing 
point passes off to infinity. 
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EXAMPLES 
1. Plot the locus of the equation ; 
(1) zy—2y—4=0. x y 
Solution. Solving for y, 2 
4 oe 
(2) .— Pao 3 = 1 
We observe at once, if x approaches : a 


2, y approaches o. This is interpreted 
thus: The curve approaches indefinitely 
near the line « = 2 as its tracing point 
passes off to infinity. In fact, if we solve 
(1) for x and write the result in the form 


1 
4 
1 
z 


AmMRWNNNRRRO 


(3) pou 4, 
y 


= 
DD eee 


it is evident that x approaches 2 as y in- 
creases numerically without limit. Hence 
the locus extends both upward and downward indefinitely far, ap- 
proaching in each case the line x = 2. The vertical line x = 2 is called 
a vertical asymptote. ; 


Again in (8), if y approaches 0, then x approaches o, and y= 0 is 
a horizontal asymptote. 
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Observe that the asymptotes y,= 0 and x = 2 serve as guiding lines 
in drawing the curve, a hyperbola. 

In plotting, it is necessary to assume values of x differing slightly 
from 2, both less and greater, as in the table. 


2. Plot the locus of y= 2043) 
38a2—4 


Solution. This locus is shown in Fig. 1. 


Asymptotes. The equation shows directly that 8x—4=0, o1 
x = 4, is a vertical asymptote. 


Solving for z, Ap io 


22+3 
3. Plot the 1 f = ———_.- 
e locus 0 y Ce aaa 
Solution. This locus is shown in Fig. 2. There are two vertical asymp- 
totes, x=1 and + =2, since the denominator 


w—3x%+2=(e4-—1)(4—-2). 


Ssy+t2t Vy? +249 + 4. 
J Qy 


Taking the positive sign of the radical, it appears 
that y = 0 is a horizontal asymptote. 

A branch of the curve lies between the vertical 
asymptotes. A few points of the locus are given in 
the table. Note that different scales are used for ordi- 
nates and abscissas. 


Solving for z, 


x 


® 
< 


joe SO vlw 


a 


0 
3 
2 
$ | -2 
5 1 
5 


| 
ale 
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Rule to find the asymptotes parallel to the axes. 

Solve the equation for y (and also for x), and set the linear 
factors of the denominator equal to zero. 

The determination of the vertical and horizontal asymp- 
totes of a curve should be added to the discussion out- 
lined in Art. 19 as item 4: 


4. What are the horizontal and vertical asymptotes ? 


PROBLEMS 


1. Determine the horizontal and vertical asymptotes and discuss 
and plot each of the following: 


(a) cy = 8. (d) v2 +2ay—4=0. 
(bo) sy—x—-2=0. (e) w%—ay—-2x4-—y=0. 
(ec) 2x+2ay—y=0. (f) xy =x? + 4, 
(g) 3ay-—9y—-—22%+8=0. 
2. (a) cy? = 4(4—2). Giyy~o Gaze. 
(b) wy—y=2a. %+2 
(c) wy +y=8. (py eet 
(d) (# —4x?)y=4, w?—x2—6 
(e)3ay+6=x7y. (k) y= 44, 
(£) y(v? — 4) = 12. + 52—6 
(g)e=¥t3, (1) 4onnk. 
y—1 fae oie 
+55 Ee pails 5 
ea Cs oaeenar 


8. Find the equation of the locus of a point if it moves so that its dis- 
tance from the origin is always equal to the slope of the line joining it 
to the origin. Discuss and plot this locus. Ans. y? — x?y? —xt+=0. 

4. Determine the asymptotes which are parallel to OX or OY and dis- 
cuss and plot each of the following: 


—ar+b hee we 
(iy see (b) y ot 


PROBLEMS FOR INDIVIDUAL STUDY OR ASSIGNMENT 


Discuss fully and draw carefully the following loci: 
l.y?—42y+23=0. 8. y? — x? +24=0. 
2.y° —2ey—222 +272 =0. 4. (y— 2x)? — (a2? — 2?) = 0. 
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5. (y — x)? — 22(a? — 2?) =0. 7%. (y —x?)? — x?2(a? — 2?) = 0. 
6. (y — “?)2 — (a? — x?) = 0. = g: y?(a—x) —x? =0. (The cissoid.) 


9. y27(a — x“) —x4?(a+ x2) =0. (The strophoid.) 
10. z+ + 2 ax*y — ay® = 0. 
11. xt — axy? + y* = 0. 14. a®y? — 2 abx?2y — 25 = 0. 
12. aty? — a’a4*+47°=0. 15. y? — (a2 — x?)(b2 — x2)* = 0. 
13. ay? — bz — 2? = 0. 16. xy? — atx? + ay*=0. 


17. x(y — x)? — by = 0. 

18. (x? + y?)2 — a?(a2 — y?) = 0. (The lemniscate.) 
19. (x? — a?) =ay?(8a4+2y). 

20. (x2 + y? —1)y—ax=0. 

21. y? — x? — a(x — 4)? =0. 

22. (x? + y? — 2 ay)? = a?(a? + y?). (The limagon.) 
23. (at + w?y? + y+) = x(ax? — 4 ay?). 

24. (~? + y? + 4 ay+ a?) (x? + a?) +2 a2y?=0. 

25. (y? — u?)(x — 1)(x — $) =2(y? + 4? —2 2)? 
26. (x2 + y?2 + 4 ay — a?) (x? — a?) + 4 a?y?= 0. (The cocked hat.) 
27. (x2 —1)7y — 23 = 0. 


21. Points of intersection. If two curves whose equations 
are given intersect, the codrdinates of each point of inter- 
section must satisfy both equations. In algebra it is shown 
that all values satisfying two equations in two unknowns 
may be found by solving these equations as simultaneous. 
Hence the 


Rule fo find the points of intersection of two curves whose 
equations are given. 

Consider the equations as simultaneous in the codrdinates 
and solve as in algebra. 

Arrange the real solutions in corresponding pairs. These 
will be the codrdinates of all the points of intersection. 

Notice that only real solutions correspond to common 
points of the two curves, since codrdinates are always real 
numpers . 
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EXAMPLES 


1. Find the points of intersection of 
(1) «-—Ty+25=0, (Y. 
(2) a? + y? = 26. Se ea 
Solution. Solving (1) for 2, 
_ (8) x= Ty — 25. 
Substituting in (2), 
(Ty — 25)? + y? = 25. 
Reducing, 
y?—Ty+12=0. 
*.y=3 and 4, 


Substituting in (3) [moé in 
(2)], 


x=—4and+3. 


Arranging, the points of intersection are (— 4, 3) and (38, 4). 

In the figure the straight line (1) is the locus of equation (1), and the 
circle the locus of (2). Ans. 

The values of y were substituted in (1) and not in (2), because (1) is 
of the first degree i in x and y, while (2) is of the second degree. For if we 
substitute y = 8 in (2), we obtain x=+4. But (4, 8) does not lie on the 
line (1). . 


2. Find the points of intersection of the ce Of A 


(4) 222+ 3 y? = 35, . 

(5) 322?—4y=0. Bete hiyieia 
Solution. Solving (5) for x?, 

(6) e=ty. 


Substituting in (4) and reducing, 
9y2+8y—105=0. 
= 3 and — -®.. 


Substituting in (6) and solving, 
e=+4+2and + $ V—105. 


Arranging the real values, we find the points of intersection are 
(+ 2, 3), (— 2, 3). Ans. 

In the figure the ellipse (4) is the locus of (4), and the parabola (5) the 
ocus of (5). 
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PROBLEMS 
Find the points of intersection of the following curves, and plot: 
13x2+y-18=0, Bo Yimin 
x? + y? —25=0. yY¥=v? +2 2. 
Ans. (8, 4), (4.8, — 1.4). 12+y=0, 
2.32+4y=25, v—6x—8y=0. 
x2 + y? = 25. 8. 22 + y2=5a?, 
Sey 2, 0 = 4 ay: 
w+ y2= 5. Ans. (2 a, a), (— 24, a), 
A r=, 9. x? — y?= 16, 
r=y. x? + y? = 25. 
One — ee, 10. x? + y7-—6x=0, 
L2 = 2) py. gee 
Ans. (0, 0), (2 p, 2 p). Ans. (0, 0), (2, + 2.83). 
ll. 2? -—4y?=9, 
Cyrille 


12. Find the length of the common chord of the circles x? + y? = 16, 
v?+(y—6)?=9. 
13. Find the lengths of the sides of the triangle whose equations are 


Cite Pie, Ae = i, Ci— ) — — Ans. V5, V2, V5. 
14. What is the area of the triangle whose sides are x + y=<a, 
z—2y=4a,y-r4+74=0? Ans. 12 a?, 


15. Find the slope of the line joining the points of intersection of 
wv? + y2= 138 and y¥27=32+43. 

16. What is the length of the chord cut off on the linex+2y=4 
by the circle with center (2, 1) and radius 4? 

17. Find the lengths of the medians of the triangle whose sides are 
e+7y+11=0, 8ex+y—7=0, x-—3y+1=0. 

Ans. 2V5, § V2, $V170. 

18. Find the points of intersection of «2 + y¥2=9and3y—4x2=165. 
What is the meaning of the result? 

19. Find the codrdinates of the two points which are at a distance of 
§ units from each of the points (2, 1) and (— 2, — 8). 

20. What are the slope and the length of the line of centers of the 
two circles of radius 4 that pass through (2, 1) and (— 2, — 2)? 

21. Find the codrdinates of the points on the line x — 2 y= 4 which 
are distant 4 units from (1, — 1). 

22. Find the points which are distant 4 units from (2, 2) and 3 units 
from (0, — 1). Ans. (— 1.94, 1.29) and (2.87, — 1.91) 


CHAPTER IV 
THE STRAIGHT LINE 


22. The degree of the equation of any straight line. It will 
now be shown that any straight line is represented by an 
equation of the first degree in the variable coordinates x 
and y. 


Theorem. The equation of the straight line passing through 
B(0, 6) with the slope m is 
(1) y=mx-+ b. 

Proof. Assume that P(z, y) is any point on the line. 


‘Slope of PB = on. [By (IV), p. 17] 


Then t=? =m, or y= mz +d. ko Sis 

In equation (I), m and b may have any values, — positive, 
negative, or zero. 

Equation (1) will represent any straight line which inter- 
sects the y-axis. But the equation of any line parallel to the 
y-axis has the form « = a constant, since the abscissas of all 
points on such a line are equal. The two forms, y= mx+ 6 
and x = constant, will therefore represent all straight lines. 
Hach of these equations being of the first degree in x and y, 
we have the following 


Theorem. The equation of any straight line is of the first 
degree in the codrdinates x and y. 


23. Locus of any equation of the first degree. The ques- 
tion now arises: Given an equation of the first degree in the 
coordinates x and y, is the locus a straight line? 

46 
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Consider, for example, the equation 


(1) 32—2y+18=0. 
Let us solve this equation for y. This gives 
(2) y=$r+4. 


Comparing (2) with the formula (I), Art. 22, we see that 
(2) is obtained if we set m = 3, b= 4. Hence (2), or (1), is 
the equation of a straight line through (0, 4) with the slope 3. 

The equation 
(3) Az+ By+C=0, 
where A, B, and C are arbitrary constants, is called the 
general equation of the first degree in x and y because 
every equation of the first degree may be reduced to that 
form. Equation (3) represents all straight lines. 


For the equation y = mz + b may be written mz — y +b = 0, which 
is of the form (3) if A=m, B=—1,C=b; and the equation x = con- 
stant may be written z — constant=0, which is of the form (3) if 
A=1, B=0, C= -— constant. 


This discussion prepares the way for the general theorem. 
Theorem. The locus of Ax + By+ C=0is a straight line. 
Proof. Solving (3) for y, we obtain 

A C 


(4) Cae et 


Comparison with (I) shows that the locus of (4) is the 


straight line for which 
A C 


m=— B’ — RB 
If, however, B= 0, the reasoning fails. But if B=0, 


(3) becomes C 
Ar+C=0, or rite bary 


The locus of this equation is a straight line parallel to the 
y-axis. Hence in all cases the locus of (3) is a straight line. 
Q. £. D. 
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Corollary. The slope of the line Ax+ By+C=0 is 
m=— 4, that is, the coefficient of x with its sign changed 
divided by the coefficient of y. 


24. Plotting straight lines. If the line does not pass 
through the origin, find the intercepts, mark them off on 
the axes, and draw the line. If the line passes through 
the origin, find a second point whose codrdinates satisfy the 
equation, and draw a line through this point and the 
origin. 

EXAMPLE 
Plot the locus of 34—y+6=0. Find the slope. 
Solution. Letting y = 0 and solving for z, 
x = — 2 = intercept on z-axis. 
Letting «= 0 and solving for y, 
y = 6 = intercept on y-axis. 


The line therefore passes through the points 
(— 2, 0) and (0, 6). 

To find the slope: Comparison with the general equation (8) shows 
that A=3, B=—1,C=6. Hence 


mA, 
Nan 


A 
=—-—=8. 
Cae 


Or proceed as follows: Reduce the given equation to the form 
y =mxz-+b by solving it for y. This gives ~ 


y=3ut+6. 
Hence (=o (WS, 
as before. 
PROBLEMS 


1. Find the intercepts, slope, and inclination of the lines whose 
equations are given below, and plot: 


(a)2%+38y=5. (d)3%—5y=4. Ans.4,-—#; m=. 
(b)2x+y=0. (e)5e+2y=8. 

Ans. 0,0; m=—2. CG) 22-2. 
(c)2y—8=0. (g) 42+7=0. 
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2. Find the equation and draw the line for which 


(a)m=3,0=1; (d) a= 45°, b=8; 

(b) m=—4, b=2; Ans.3x2—3y+5=0. 
Ans. 44+3y=6. (e)Fai—160290 —105 

(ec) m=1, b=—3. (f) a=135°, b= — %. 


8. Find the equation of each of the following lines: 


(a) Parallel to 2 «— y—5=0 passing through (0,0). Ans.24—y=0. 

(b) Parallel to 3x +4y—15=0 passing through (0, 3). 

(c) Parallel to 5y —5x2%+12=0 passing through (0, — 3). 
Ans.c-y—3=0. 

(d) Parallel to 2x+y+7=0 passing through (0, — 4). 


4. Find the equation of each of the following lines: 


(a) Perpendicular to 3x —4 y—5=0 passing through (0, 2). 

(b) Perpendicular to 62+ 5 y= 2 passing through (0, 4). 
Ans.5%—6y+24=0. 

(c) Perpendicular to x — 2 y= 6 passing through (0, — 4). 

(d) Perpendicular to y — 3 x = 2 passing through (0, — 7). 


6. Find the equation of the line with 


(a) m =— 2 passing through the point of intersection of x+y=3 
and 22—3y+9=0; Ans. 24 +y=8. 

(b) m = 3 passing through the point of intersection of 2x -—y—2=0 
ald5y—52+11=0. 


6. Show that the quadrilateral whose sides are 83x—y+2=0, 
et+y+1=—0,6x%—-—2y—-1=0,and 2x%+2y=Tis a parallelogram. 
Draw the figure. 


7. Show that the quadrilateral whose sides are 54+2y+3=0, 
2e—5y+4=0,10%+4y=12,and 6% —15y =8 isa rectangle. Plot 
the lines. 


8. Show that the quadrilateral whose sides are 54+%8y=80, 
82—4y=16,107+6y=4, and2x2—y+4=0 isa trapezoid. 


9. Show analytically that the locus of the point satisfying the con- 
dition given below is in each case a straight line, and plot: 


(a) Its distances from the x- and y-axes are always in the ratio of 4 to 5. 

(b) The difference of its distances from the axes is equal to 8 (two 
cases). 

(c) It is equidistant from the codrdinate axes. 

(d) The sum of its distances from two perpendicular straight lines is © 
constant. 
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The following example illustrates the 

Theorem. Plotting by factoring. If an equation can be put in 
the form of a product of variable factors equal to zero, the locus 
is found by setting each factor equal to zero and plotting each 
equation separately. 

EXAMPLE 
Draw the locus of 4x2 —9 y?=0. 
Solution. Factoring, 


(1) (2a—8y)(2x+3y) =0. 

Then, by the theorem, the locus consists of the straight lines 
(2) 2x%—3y=0, and 
(3) 2% +34 = 0. 


Proof. 1. The coérdinates of any point (a1, y1) which satisfy (1) will 
satisfy either (2) or (3). 
For if (#1, yi) satisfies (1), 


(4) (2% —38y:)(2%14+3 4) =0. 
This product can vanish only when one of the factors is zero. Hence 
either 2%,—-3y,=0, 
and therefore (x1, y1) satisfies (2) ; 
or 2%+38y=0, a 


and therefore (x1, yi) satisfies (3). i 
2. A point (x1, y1) on either of the lines defined by (2) and (3) will also 
lie on the locus of (1). 
For if (21, yi) is on the line 2 7 — 3 y=0, then 
(5) 2%—-3y,=0. 
Hence the product (2 #1 — 3 y1)(2 41 +3 y1) also vanishes, since by (5) 
the first factor is zero, and therefore (a1, y:) satisfies (1). 
Therefore every point on the locus of (1) is also on the locus of (2) 
and (3), and conversely. This proves the theorem for this example. 
Q.E.D. 
PROBLEMS 


1. Show that the locus of each of the following equations is a pair’ 
of straight lines, and plot: 


(a) zy = 0. (ec) 9a? —4 y?=0. (e) v7 —32y=0. 
(b) x? —-5e%—6=0. (d) sy--2x"=0. (f) cy —222—32=0. 
(g) w?-—5ay+62=0. (i) 2a7-8ay—424+6y=—0. 


(h) 4y2-—a2?-8y+42=0. (j) 2 —4y2 +5241 y=—0. 
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(k) 2? +3ay4+2y?+2+y=0. (m) y?—42y—52?+2y—-10r=0. 
(1) 8y2+a2y—227?+6y—427=0. *(n) sy—324+5y—-—15=0. 

2. Plot the complete locus of each of the following equations by 
using the theorem above: 

(a) #3 + cy? -—4x2=0. (eae — 4 —0; 

(b) #3 —6224+112%—6=0. (d) (a? + y? — 8)(zy + 4) = 0. 

3. Plot the locus of a point which moves so that the difference of 
the squares of its distances from (— 3, 0) and (2, 4) is always 8. 

Ans. 10x£+8y=19 or3. 


4. A point moves so that the difference of the squares of its dis- 
tances from two perpendicular lines is zero. Find and plot the locus 
when the perpendicular lines are taken as the coérdinate axes. 


5. Find the equation of the locus of a point which moves so as to 
be always equidistant from the lines x -2 =0 andy+4=0. Plot the 
locus. Ans. The perpendicular lines x +y+2=0,cr—y—6=0. 


25. Point-slope form. Theorem. The equation of the 
straight line passing through Pi(x1, yi) with the slope m is 
(IT) y — Yi = m(x — x4). 

Proof. Let P(x, y) be any other point on the line. By 


the hypothesis, slope PP; =m=¥—4 yk ee [By (IV), p. 17] 


Clearing of fractions gives the ee Q.E.D. 
26. Two-point form. Theorem. The equation of the line 
passing through two points Pi(a1, y1) and P(e, y2) ts 
(IIT) Y7 Yi _ Yi 2, 
X—%X, %1—Xe 
Proof. The slope of the line is 


(1) slope P,P, = A—#. 
L1 — X2 


Let P(x, y) be any other point on the line P:P2. Then 


slope PP; = = wi. 
— 2 


Since P, P1, and P2 are on one Sate 
slope PP; = slope P;P2. 
Hence we have the formula. Q.E.D, 


52 NEW ANALYTIC GEOMETRY 


Equation (III) may be written in the determinant form 
Cay ed 
enya 
t2 Yeo 1 


(2) = 0, 


For the determinant, when expanded, is of the first degree in x and y. 
Hence (2) is the equation of a line. But (2) is satisfied when r= 2%, 
y = Y1, and also when x = x2, y = yz, for then two rows become identical 
and the determinant vanishes. Otherwise thus: Comparison of (2) 
with the formula at the close of Art. 15 shows that the area of the tri- 
angle PP;P2 is zero. Hence these three points lie on a line. 


27. Intercept form. A line is determined by its intercepts 
on the axes. If these intercepts are a on XX’ and 0b on 
YY’, then the line passes through (a, 0) and (0, 6), and the 
two-point form (III) gives (writing 71 =a, y: = 0, x2 = 0, 


ping y-0_0-b__ b. 
x—-a a—Q a 

Clearing of fractions, transposing, and dividing by ab, we 
obtain 

V One 
(IV) < +2 = 

28. Condition that three lines shall intersect in. a common 
point. It is shown in algebra that three. linear equations 
in two unknowns «x and y, for example, 


(1) Ax-+ By+C=0, Aie+ By+Ci=0, Asw+ Boy +C2=0, 


will have a common solution when and only when the deter- 
minant formed on the coefficients vanishes; that is, when 


Ae28B OGG 
(2) Ay Bi Crzi=0: 
Ae» eBan Ce 


Hence the three fines (1) will intersect in a common point 
when and only when (2) holds, provided always that the lines 
are not parallel. But this latter fact may always be deter- 
mined by inspection of the equations. 
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EXAMPLES 


1. Find the equation of the line: passing through P:(3, — 2) whose 
slope is — 3. 


1G 
HERR CRS aoe 
Be wa eee 
Mi re SG ed 
2d 0 UE a aes STS 
Gia [SS MWe cde in 


Solution. Use the point-slope 
equation (II), substituting x, = 3, 
yi = —2,m=—f. This gives 

y+2=—4(2-—8). 

Clearing and reducing, 

z+4y+5=0. Ans. 

2. Find the equation of the line through the two points P;(5, — 1) and 
P2(2, — 2). 

Solution. Use the two-point equation (III), substituting x = 5, 
yi = —1,%2=2, y2=—2. This gives 

y+t1_—-14+2_ 1 


_— 


-2) 


Clearing and reducing, 
x—3y—8=0. Ans, 
The answer should be checked. To do this, we must prove that the coér- 
dinates of the given points satisfy the equation. Thus for P1, substituting 


x= 5, y=-—1, the answer holds. Similarly for Pz. The student should 
supply checks for Examples 1, 3, and 4. 


3. Find the equation of,the line through 
the point Pi(8,—2) parallel to the line 
in: 22%—-3y—4=0. 

Solution. The slope of the given line Ly 
equals 2. Hence the slope of the required 
line also equals 2 (Theorem, Art. 18), and 
it passes through P;(3,—2). Using the 
point-slope equation (II), we have 
y+2=3(4—8), or 2u—8y—12=0. Ans. 


4. Find the equation of the line through the point P,(— 1, 3) perpen- 
dicular to the line L1:5%7-—-2y+3=0. 

Solution. The slope of the given line Ly; 
equals §. Hence the slope of the required 
line equals — ? (Theorem, Art. 13). Since 
we know a point Pi(— 1, 3) on the line, we 
use the point-slope equation (II), and obtain 
y—8=— 2(x+1), or 2x+5y—13=0. Ans, 
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PROBLEMS 


1. Find the equation of the line determined by the following condi- 
tions, and plot: 


(a) Passing through (8, 2) with m= 2. Ans.2"%—y=4. 
(b) Passing through (— 4, — 8) with m = #. 

(ce) Passing through (— 7, 0) with m= — 3. 

(d) Passing through (4, 3) and (— 4, 1). Ans.x—-4y+8=0. 
(e) Passing through (2, 5) and (6, — 5). 

(f£) Passing through (- 3, 4) with a= — 1. 

(g) Passing through (— 5, — 7) with b=3. 

(h) With a= — 5, b=—-4, Ans.4%+5y+20=0. 
(i) With m= — 3, b=—-8. 

(j) With m = 3, Goan 

(k) With a= 10, b= — 14. 


2. Find the equation of a line and plot it if it 


(a) passes through (4, 4) and is parallel tox = y; 
(b) passes through (— 2, — 5) and is perpendicular tox —2y=7; 
(c) passes ues (0, 5) and is perpendicular to3%+4y=5; 
Ans.44—3y+15=0. 
(d) passes through (4, — 7) and is parallel to 34+y+6=0; 
(e) has a= — 8 and is parallel to42+7y=1; 
Ans. fa aie cee 
(f) has b= 6 ands parallel tow —-Ty=4; 
(g) joins (2, 5) to the mid-point of (— 2, -- 3) and cn — 6). 


8. The vertices of a triangle are A(3, 3), BR 1, —-5), and C(6, 0). 
Find the 


(a) equations of the sides; 
Ans.2%—-y—-3=0,x4+y—6=0,54%—Ty—30=0. 
(b) equations of the medians, and their common point; 
(ce) equations of the altitudes, and their common point; 
Ans. T2+5y=36,4—-y=4,2+2y=6; (42, 2). 
(d) equations of the perpendicular bisectors of the sides, and their 
common point; 
(e) equations of the lines through the vertices parallel to the oppo- 
site sides ; 
(£) equations of the lines joining the mid-points of the sides; 
(g) equation of the line joining the points which divide both AB 
and AC in the ratio of 1 to 3; Ans.5%—-Ty=8. 
(h) equation of the line joining the vertex C to the point dividing the 
side AB in the ratio of 5 to 2. 
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4. If A(—8, 2), B(8, — 2), and C(0, — 1) are the vertices of a triangle, 
find the equations required in Problem 3. 


5. Find the equations required in Problem 3 for the triangle with 
vertices A(8, 0), B(6, 4), and C(— 1, 8). 

6. Find the equations of the diagonals of any square and show that 
they are perpendicular to each other. 

7. Find the equations of the diagonals of any rhombus and show that 
they are perpendicular to each other. 


8. The equations of two sides of a parallelogram are 2%7+3y—7=0 
and «—3y+4=0. One vertex is (5, 5). Find the equations of the 
other sides. 


9. Two sides of a parallelogram are 3x—y—2=0 andx—y—5=0. 
Find the equations of the other sides if one vertex is (1) (4, 3); 
(2) 4,3); (6) (6, —4)5 (4) (— 3, —8). 

Ans. (1) 3¢-y—9=0,x—y—1=0. 

10. Find the perpendicular distance from the line x -—-2y=8 to 

the point (2, 1). Ans. 3.58 units. 

Hint. Find the equation of the line through (2, 1) perpendicular to the 
given line and its point of intersection with the latter. 


11. Show that the center of the circumscribed circle (circumcenter), 
the point of intersection of the medians (centroid), and the point of 
intersection of the altitudes (orthocenter) of the triangle with sides 
8ety+34=0, c—y+2=—0, x+2y=7 are on a straight line 
(collinear). 


29. The normal equation 
of the straight line. Let AB 
be any line, and let ON be 
drawn from the origin per- 
pendicular to AB at C. 
Let the positive direction on 
ON be from O toward N. 
Denote the length OC by 
p, and the positive angle 
XON, measured, as in trig- 
onometry, from OX as initial line to ON as terminal line, by 
w (Greek letter ‘‘omega’”’). Then p is positive and w < 360°. 
Obviously, AB is determined when p and w are given. 
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The problem now is this: Given for the line AB of the 
figure the perpendicular distance’OC (= ) from the origin 
and the angle XON (= w), to find the equation of AB. 

Solution. Let P(x, y) be any point on AB. The co- 
ordinates (21, yi) of C are (in all figures) x1 = pcos, 
yi=psinw. The slope of ON=tanw. Hence 


COS W. 
sin w 


slope of AB = — cot w= — 


By the point-slope form, the equation of AB is 
_ COS @ ( 


5 x — PCOS w). 
sin a 


(1) y—psinw= 
Reducing, and remembering that sin?w-+ cos?w= 1, 
we have 


(V) xcoswo+ysinwo—p=0. 


This equation is known as the normal equation. 

When p = 0, however, AB passes through the origin, and 
the rule given above for the 
positive direction on ON be- 
comes meaningless. When 
p=0 we shall assume that 
the positive direction on ON 
is the upward direction. 


30. Reduction to the normal form. If a given equation 
(1) Az+ By+Cc=0 
is in‘the normal form, the locus of (1) must be identical 
with the locus of 
(2) xcosw+tysinw—p=0. 


This is the case when corresponding coefficients are pro- 
portional. Hence 


A B Cc 
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Denote the common value of these ratios by 7; then 


(3) cos w = TA, 
(4) sin w = 7B, and 
(5) —p=rC. 


To find 7, square (8) and (4) and add; this gives 
sin? w + cos? w = r?(A2 + B?), 


But sin? w + cos?w = 1; 
and hence (ACA a?) =]; OF 
il 
(6) r=. 
ate NGA PIB 


Equation (5) shows that r and C must have opposite 
signs, since p is positive. 

Substituting the value of r in (8), (4), and (5), 
ee fin eS pg es 
+V A2+ B? +V A2+ B? +-v A24+ B? 


Hence 54 becomes. 


COS @= 


B C 
7 EEE cements, Sp. 
© ast AaB + VA2+ B?2 
the normal form of (1). Hence the 


Rule to reduce Ax + By + C = 0 to the normal form. 

Find the numerical value of V A? + B? and give it the sign 
opposite to that of C. Divide the given equation by this number. 
The result is the required equation. 


EXAMPLE 
Reduce the equation 
(8) 82—y+10=—0 
to the normal form. 
Solution. Divide the equation by — V10, since A=3, B=—1, 
VA? + B? = V10, and this radical must be given the negative sign, 
as C(=10) is positive. The ia form of (8) is accordingly 


mote 
x + 1_y—Vi0=0. Ans. 
~ Vi0 v10 
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3 : 1) 
Here .cosw=—-——=, sinw=——, p=V10=3.1+4. 
V10 V10 
Also SUG SY 


If C=0, then p= 0, and hence w < 180° (p. 56) ; then sin w 
is positive, and, from (4), 7 and B must have the same signs. 

The advantages of the normal equation of a straight line 
are twofold. In the first place, the equation of any line 
may be put in the normal form. In the second place, as 
will be seen in the following article, from it we find the 
perpendicular distance from a line to a point. 


PROBLEMS 


1. In what quadrant will ON (see figure on page 55) lie if sin w and 
cos w are both positive? both negative? if sin w is positive and cos w 
negative? if sin w is negative and cos w positive? 


2. Find the equations and plot the lines for which 
(a)w=0, p=5; ; 
(b) w= at, Dios 


(c)o= TD =3; Ans. V22+V2y—6=0. 
(Aiwa 4077 — 4° 

(rao =1207 ip 25 a . 

(f) w=, p=4. Ansxa— y—4V2=0. 


8. Reduce the following equations to normal form, find p and w, 
plot, and check in the figures: 


(a)42—83y+4+1=0. Ans. p = 0.2, w = 148° 8’. 
(b) 32+y—5=0. 

(c)2%—y+3=0. — 

(d)42—y+2=0. Ana 217 — 0.48 @ = 16R9 Bah 
(e)a+y—3=0. 17 

({)4x2—y=0. 

(g)xa+4y=0. 


4. By use of formula (V) find the distance from the origin to the line 
whose equation is 
(a)8a2+4y—5=0; (b) a+y—7=0;-: 
Ans. 1. (c)2x—y+4=0. 
5. Find by use of (V) the inclinations of the lines of Problen: 4. 
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6. Find kso that the perpendicular distance of the line kx + y +7=0 
from the origin is 6 units. Ans. k =+4V13. 


7. For what values of w will the locus of (V) be parallel to the x-axis? 
the y-axis? 
8. Find the equations of the lines which are 
(a) at a distance of 7 units from the origin, passing through (7, 14); 
Ans.x=7,38"%—-—4y+35=—0. 

(b) at a distance of 10 units from the origin, passing through (5, 10). 
9. Find the equations of the lines determined as follows: 
(a) m= — 8, p=10. (c) m= —2, p=5. 
(b) Passing through (2, 5), p=1. Ans.22+y+5V5=0. 


10. Find the equations of the tangents to the circle with the origin 
as center and radius 4 which touch at the ends of the diameter whose 


inclination is 150°. Ans. V3 2—y+48=0. 

31. The perpendicular distance from a line to a point. The 
positive direction on the line ON drawn 
from the origin perpendicular to AB 
(Art. 29) will now be assumed to deter- 
mine the positive direction on all lines 
perpendicular to AB. Thus in the figure 
the distance from AB to P; is positive, 
and from AB to Pz is negative. 

In the figure below, d is the perpen- 
dicular distance from AB to Pi (x1, y1). The equation of ABis 


(1) xcosw+ysinw—p=0. 


The normal equation of A’B’, drawn through P, parallel 
to AB, is 
(2) xeosw+ysinw— (p+d)=0. 
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The codrdinates of P; satisfy (2). Substituting x=, 
y = yi, and solving for d, we obtain 


(8) d=2x, cosw+ yi sin w — p. 


In words: The perpendicular distance d is the result 
obtained by substituting the codrdinates of P; for x and y 
in the left-hand member of the normal equation (1). Hence 
the 


Rule to find the perpendicular distance d from a line to a 
point. 

Reduce the equation of the line to normal form, set d equal 
to the left-hand member of this equation, and substitute the 
codrdinates of the point for x and y. 


The sign of the result will show whether the origin and 
the given point are on the same side (d is negative) or 
opposite sides (d is positive) of the 
line. 

The perpendicular distancedfromthe 7 
line whose equation is Ax+ By+ C=0 
to the point (a1, y1) will be, by this rule, _ ’ 
equal to 
CS fips etnedtl acy NO 

SN A2L Be 
the sign of the radical being opposite to the sign of C. 

When the given line AB passes through the origin, the 
positive direction on the normal ON is the wpward direction. 
Hence the rule just stated will give a positive result when 
the perpendicular drawn from the line to the point has the 
upward direction, and a negative result in the contrary 
case. Thus in the figure the distance to P; is positive and 
to Pe is negative. 

Formula (4) may be used to find the perpendicular dis- 
tance, but it is recommended that the rule be applied. The 
algebraic sign of the result should always be interpreted. 
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EXAMPLES 


1. Find the perpendicular distance from the line 4x —3 y+ 15=0 
to the point (2, 1). 

Solution. The equation is reduced to the nor- 
mal form by dividing by-—-V16+9=—5. Placing 
d equal to the left-hand member thus obtained, 

tee 4x—8y+ 15. 
—5 
Substituting «= 2, y=1, 


Hence the length of the perpendicular distance is 4 and the point is on 
the same side of the line as the origin. Ans. 


2. Find the equations of the bisectors of the angles formed by the lines 
Iyn:x%+3y—-—6=0, 
Le:3%+y+2=0. 
Solution. Let P:(%, y:) be any point on the bisector Lz. Then, by 
geometry, P; is equally distant from the given lines. Thus, if 
d, = distance from L, to P,, 
and dz = distance from Le to P,, 


then d; and dz are numerically equal. Since, however, P; is on the same 
side of both lines as the origin, d; 
and dz are both negative. Hence 
for every point on the bisector Ls, 


(5) d; = de. 
By the rule for finding d, 
ne Win OX feel’) 
d= mae ra 
dp = SM tMt2, 
—V10 
Substituting in (5) and reducing, 
mM+y—1=0. 


Dropping the subscripts in or- 
der to follow the usual custom of 
having (x, y) denote any point on the line, we have as the equation of Ls: 


a+ty—1=0. Ans. 
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For any point on the bisector L4 the distances d, and dz will be equal 
numerically but will differ in sign. Hence, along La, 


dy = do; 
Proceeding as before, we find the equation of Ls to be 
x—y+4=0. Ans. 


We note that L3 and L,4 are perpendicular lines. 


PROBLEMS 


1. Find the perpendicular distance from the given line to the given 
point. Plot, and explain the sign of the result. 


(a) 4e2—y+2=0 to (8, 2). (d)x+y—4=0to (—2, —8). 

Ans. — 4#V17. (e) 2%—y+4=0 to (5, — 2). 
(b) 42 +y=0 to (—1, 8). (f) 32+4y—2=0 to (2, 7). 
(ec) 82+4y—5=0 to (5, 5). Ans. 6#. 


(g) y—2x2+1=0 to (-1, —8). 
2. Find the lengths of the altitudes of the triangle whose 
(a) sidesare4a—3y4+8=0,12%7—5y4+8=0,24%-—y=0; 
(b) vertices are (8, 7), (4, — 8), (2, 10); 
(ce) vertices are (1, 2), (— 2, 0), (6, —1); 


(d) sides are27+83y=0,%7+3y+3=0, ie ae Shes 
Ans. — V2) 
am —— 

8. Find the equations of the bisectors of the nterion ae of the 
triangles of Problem 2. Prove in each case that they meet in a common 
point. 

4. Find the areas (half the base times the altitude) of the triangles 
with the given vertices, and check your answer by Art. 15: 

(a) CG 8), (- 8, 4), (- 2, i. 10). (c) (5, ae 4), (— 4, aaa 5), (0, 8). 

(b) (8, 0), (0, 7¥ 8), (— 3, << 3). (d) (3, 1b) (2, 3), (1, 2). Ans. 13. 


5. Find the distance between the parallel lines given below: 


(a)8x—y=10,38x-—y=0. Ans. V10. 
(b) 12%7+5y—-1=0,12%4+5y4+7=0. 
(ec) 34—4y+1=-0,62-—8y—-—9=0. 
(d)2e4—-—T7y+8=0,4x—-—14y—38=0. 
(e)x—8y=0,32-9y=7. 

(f) y= me+3, y= me —8. Ans. 


V1 + m? 
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«6 Show that the bisectors of the interior angles of the triangles with 
the following sides meet in a point (are concurrent) : 
(a) 4a—8y=12,52%—12y—4=0, 122—5y—-—13=0. 
Bisectors: 72-9 y=16,72+7y=9, 1122 — 64 y= 221. 
(b) 54—12y=0,5x%+4+12y4+60=0, 12x7—5y=60. 
(ec) 7+2y—5=0,22%—-—y—5=0,2r4+y+5=0. 
(d) 8a+y—1=0,4-3y—-—38=0,74+3y4+11=0. 


7. Find the locus of a point which is 


(a) twice as far from the line 8x2+4y—5=0 as from 44+3y=6; 
Ans.5x2+2y=7. 
(b) three times as far from 12% +5 y—1=0 as from the y-axis; 
(c) four times as far from 5 x — 12 y= 0 as from 12 7 —Hy=60; 
(d) two thirds as far from 4x —3y +4=O0asfrom52+12y —8=0; 
(e) n times as far from 4% —38y+1=0 as from 52—12y=0. 
Ans. (52 — 25 n)x — (89 — 60 n)y +13 =0. 


8. Find the center and the radius of the circle inscribed in the triangle 
whose 
(a) sides are2x+y=12,2x2-—y=—4,x—-—2y—4=0; 
Ans. Center (2, 2), r= V5. 
(b) vertices are (8, 1), (2, 4), (— 2, — 4); 
(c) sides are2x%+5y—22=0,54 —2y+32=0,27—5y+26=0. 
9. Compute the area of the polygon with vertices (6, 1), (8, — 10), 
(— 8, — 5), (— 2, 0). 
Hint. Divide into two ifiangles (see Problem 4). Ans. 60. 


10. Show that the bisector of an interior angle of the triangle with 
sides x +4 y —8=0,4 —4y+10=0, 4x2 — y—15=0 and the bisectors of 
the exterior angles at the other vertices meet in a point (are concurrent). 


11. Find the equations of the lines through the center of the circle 
inscribed in the triangle of Problem 10 which are parallel to the sides 
of the triangle. 


12. Find the point on each side of the triangle of Problem 10 which 
is equidistant from the other two sides. 


32. Systems of straight lines. An equation of the first de- 
gree in x and y which contains a single arbitrary constant 
will represent an infinite number of lines, for the locus of 
the equation will be a straight line for any value of the 
constant, and the locus will be different for different values 
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of the constant. These lines are said to form a system. The 
constant is called the parameter of the system. 

Thus the equation y = 22+}, where 6 is an arbitrary 
constant, represents the system of parallel lines with the 
slope 2. To plot lines of this system, assume values of b 
such as 0, +1, +2, + 38, etce., and draw the lines y = 2 2, 
y=2e+1, y=2x42, y= 2x48, etc. The equation 
y —5=m(x — 3), where m is an arbitrary constant, repre- 
sents the system of lines passing through (8, 5). 

The methods already explained suffice for solving prob- 
lems involving straight lines, but shorter methods result 
in some cases by using systems of lines. . 


EXAMPLE 


A line passes through (— 2, 2) and forms with the coérdinate axes 
a triangle of unit area. Find its equation. 


Solution. The equation of the system of lines passing through 
(— 2, 2) is 
(1) y—2=k(x +2). 


If A and B are the points of intersection with X’X and YY’ re- 
spectively, then area A OAB must equal 1. Find-the intercepts va. (2D) 
and set half their product equal to 1. This gives 


h(=24=2)e+2)=1,° — 


or 2h? 4+5k4+2=0. 
Solving, k=—2,-4 
Substituting these values in (1), we obtain 
2x+y+2=0, «+2y—2=0. Ans. 
Both lines satisfy the above conditions. 


In general, we may say this: In finding the equation of a 
straight line defined by two conditions, we may begin by writ- 
ing down the equation of the system of lines for which one of 
these conditions 1s satisfied, and then determine the value of 
the parameter so as to meet the second condition. 
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PROBLEMS 


1. Write the equation of the system of lines defined by the given 
condition : 


(a) y-intercept is — 3. (d) x-intercept is 4. 
(b) Slope is — 2. (e) Distance from the origin is 5. 
(e) Passing through (— 2, —5). (f) Sum of intercepts is 7. 

(g) Difference of intercepts is 2. 

(h) Forming with the axes a triangle of area 10. 

(i) Forming with the axes a triangle of perimeter 6. 

(j) Parallel to5”%—3y=6. 

(k) Perpendicular tox +2y=8. 

(1) Product of intercepts is 12. 

(m) Perpendicular distance from the origin is 3. 

(n) Passing through the point of intersection of c—y=6 and 
4%+3y=10. 

(o) Passing through the mid-point of (2, 2) and (0, — 6). 

(p) Parallel to x cos 45° + y sin 45° = 6. 

(q) Perpendicular to 32 —Ty=83. 

(r) Perpendicular to y = mx + b. 


(s) Perpendicular to A ++ : =; 


(t) Tangent to the circle of radius 7 about the origin. 
(u) x-intercept is two thirds of the y-intercept. 


2. Use the equation or a system of lines to find the equation of a line 
satisfying the conditions:given : 


(a) Passing through (4, 5) and parallel tox+3y=4. 

(b) Passing through (— 8, 2) and parallel to 8“ —2y=7. 

(c) Passing through (5, — 6) and parallel to2x%—4y=3. 

(d) Passing through (— 1, — 2) and perpendicular tox —4 y= 2. 
(e) Passing through (1, 4) and perpendicular to 3x—5y+8=0. 
(f) Passing through (2, 7) and perpendicular to 54 —y=4. 


3. Determine the parameter k so that 


(a)x«—2y+k=0 may pass through (4, 5); 

(b) y= ka —8 may be parallel to4x4+4+12y=7; Ans. k=—} 

(c) kx —y—2k=0 may pass through (5, — 2); 

(d)42+T7y- 2k=0 may be at a distance of 7 units from fhe 
origin ; 

(e)382+4ky=T has the y-intercept $; 

(f£) kx +3 y+8=0 has the slope 2; 

(g)7x2+2y+k=0 has the difference of its intercepts 3; 
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(h) 2%+7y—k=0 forms a triangle of area 3 with the axes; _ 
Ans. k= +2 V21, 

(i)42—8y+6k=0 is distant 3 units from the origin. 
Ans. k = + 23. 


4. (1) Given that the equations of two sides of a parallelogram are 
32—4y+6=0andx+5y—10=0 and one vertex is (4, 9). Find 
the equations of the other sides. Ans. 8%—4y+24=0, x+5y—49=0. 

(2) The equations of two sides of a parallelogram are 3x +y—7=0 
and « —2y+5=0 and one vertex is (4, 5). Find the other sides. 


5. Using the equation of the system of lines through the point (8, 2), 
find the equations of the lines of the system each of which forms with 
the axes a triangle of area 184. Ans. x+3y=9,4x2+3y—18=0. 


6. Find the equation of the straight line which forms with the axes 
a triangle of area 2 and whose intercepts differ by 3. 


7. Find the equation of the line perpendicular to 3% —4y=7 and 
satisfying the condition given: 


(a) Passing through (7, — 6). 

(b) Forming with the axes a triangle of area 6. 

(c) Forming with the axes a triangle of perimeter 10. 

(d) Distant 4 units from the origin. ( 

(e) At the same perpendicular distance as the given line from the 
origin. 

(f) x-intercept is — 7. is 

(g) Sum of the intercepts is 14. 

(h) Mid-point of the part intercepted by the axes is 8, 4). 


= ! 


33. System of lines passing through the point of ntereece 
of two given lines. Given the two lines 


(1) In: 24+2y—5=0, 

(2) Le: 834—y—-1=0. 
Consider the system of lines whose equation is 

(8) x+2y—5+k82x2—-—y—1)=0, 


where k is an arbitrary number. Each line (8) will pass 
through the point of intersection of the given lines LZ; and 
Lz. In fact, by solving (1) and (2) for x and y, we find 
z= 1, y=2, and these values satisfy (8). Or, also, without 
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solving, let (21, y1) be the point of intersection of L; and Le. 
When these codrdinates are’substituted in (8) it becomes 


0+ (0) = 


Note that the equation (8) is formed from the left-hand 
members of (1) and (2) by multiplying one of them by the 
parameter k and adding. 

Problems requiring the equation of a line which passes 
through the intersection of two given lines are often much 
shortened by forming the equation of the system (8) and 
determining k to meet the given condition. The advantage 
of this method is that we do not need to know the codrdinates 
of the point of intersection of Li and Lo. 


EXAMPLES 
1. Find the equation of the line passing through P;(2, 1) and the 
point of intersection of 1::3x%—5y—10=—0 and Le:4+y+1=0. 


Solution. The system of lines passing 
through the intersection of the given lines 
is represented by 


8e—5y—-10+k@stytl)i= 


If P; lies on this line, then v= 2, y=1 
must satisfy this equation. 


Hence 6—5—10+4(2+1+4+1)=0; 


whence k= 3. 


Substituting this value of k and simplifying, we have the required 
equation, 
21*%—lly—31=0. Ans. 


2. Find the equation of the line passing through the point of inter- 
section of 4i:22+y+1=0 and Le:%x—2y+1=0 and parallel to 
L3:4x%—3y—-—7=0. 


Solution. The equation of the system of lines through the eae of 
intersection of the first two lines is 


2e+y4+1+k(e—2y+1)=0, 
or (2+kh)x+(1-—-2k)y+(1+k)=0. 
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2+k 
1-2k° 


The slope of this line is — 


This must equal the slope of Ls; 
that is, §. : 


Substituting and simplifying, we obtain 
4x—8y+3=0. Ans. 


Solve the following problems with- 
out finding the point of intersection of 
the two lines given. 


PROBLEMS 


1. Find the equation of the line passing through the point of inter- 
section of 2x—3y+2=0 and 3x—4y—2=0 which 

(a) passes through the origin; Ans. 5"%—Ty=0. 

(b) is parallel to 5% —12y¥+3=0; 

(ec) is perpendicular to 3~7+2y+4=0. 


2. Find the equations of the lines passing through the vertices of 
the triangle formed by the lines 2x—-3y+1=0, r—y=0, and 
32+4y—2=0 which are 

(a) parallel to the opposite sides ; 

Ans.32+4y=7,14x%-—21y+2=0, mee Tha 

(b) perpendicular to the opposite sides. 

~N 
For individual study or assignment Sp 


3. Find the equations of the diagonals of the quadrilateral whose sides 
arex+y—2=—0,4—y+6—-0,2x—-—y+3=0,andx—3y+2=0. 
Ans. 19%+3y+26=0, 138 2—23y4¥4+58=0. 
Hint. The systems of lines passing through two oppouite vertices are 
a+ty—2+k(c«—y+6)=0 
and 2e—y+3+kh(«-—38y+2)=0. 


A line of one system will coincide with one of the other if the coefficients are 
proportional ; that is, if 


2+kh’ -1—-3k' 3429 
Letting r be the common value of these ratios, we obtain 


1+k=2r-+rk’, 
1l-k=-r-—8rk, 
and —24+6k=3r4+2rk’, 
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From these equations we can eliminate r and k’ and thus find the value of 
k which gives the line of the first system which belongs also to the second 
system, 


4. Find the equation of the line passing through the point of inter- 
section of 24+y=8and38x+2y=0 and 


(a) perpendicular to the x-axis; Ans. x —16=0. 
(b) perpendicular to the y-axis. Ans. y+24=0. 


5. The equations of the sides of a parallelogram arex+3y+2=0, 
e+3y—8=0,3x—2y=0, and3x—2y—16=0. Find the equa- 
tion of the line through a vertex and perpendicular to one of the oppo- 
site sides. 


6. Find the equations of the lines through the point of intersection 
of the lines 7+ 3y=10 and 8x2 —y=0 which are at unit distance 
from the origin. Ans.%4-1=0,4%—8y+5=0. 


7. Find the equations of the lines through the point of intersection 

of 72+ 7y= 24 and « —y=0 which form with the coérdinate axes 
(a) a triangle of perimeter 12; Ans.4”%+8y=12, 84+4y=12. 
(b) a triangle of area 7}. 


REVIEW. TRIANGLE PROBLEMS 


1. Find (1) the equations of the sides, (2) the equations of the per- 
pendicular bisectors of the sides, (8) the equations of the medians, 

(4) the equations of the altitudes, (5) the equations of the lines through 
the vertices parallel to the opposite sides, (6) the lengths of the three 
medians, (7) the lengths of the three altitudes, (8) the area, (9) the 
three angles, (10) the equation of the circumscribed circle, for the tri- 
angle with vertices as given: 

(a) @; 6), (7,1), (—1, —8). (f) (4,3), (2, — 2), (— 8, 4). 

(b) (2, 7), (5, aes 3), (— 3, 2). (g): (4, 0), (2, 4), (— 5, 3). 

(c) (= 4, 5), (— 3, 8), (4, i). (h) (= 3, a 3), (- 2, 0), (5, <> Hi) 

(d) (8, 5), (- ib =e 2), (6, Tom 3). (i) (5, 3), (— 3, 1), (2, a 6). 

(e) (4, 13), (16, 5), (— I, ce 112). (j) (- 1, 15), Cll, 7), (— 6, 10). 


‘2. Find (1) the equations of the sides, (2) the equations of the per- 
pendicular bisectors of the sides, (3) the equations of the bisectors of 
the interior angles, (4) the equation of the circumscribed circle, (5) the 
equation of the inscribed circle, for the triangle with vertices as given: 


(a) (2, 4), (8, 4), (6, 0). (d) (8, —2), (8, — 6), (0, —3). 
(b) (0, — 4), (6, — 2), (5, — 6). (e) (8, 1), (2, 4), (— 2, — 4). 
(c) (0, 3), (6, 0), (4, 4). (f) (= 6, = 30), S 36, 10), (24, 10). 


(g) (6, 5), (— 5, 8), (— 7, — 2). 
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3. Find (1) the angles, (2) the equations of the bisectors of the in- 
terior angles, (8) the equations of the bisectors of the exterior angles, 
(4) the equation of the inscribed circle, for the triangle with sides as 
given: 

(a)xa+4y—8=0,7—4y+10=0, 4¢4—y-—-15=0. 

(b) 4a—3y—4=0, 84+4y—8=0, 52% —12y —60=0. 

(c)8a4+4y—-10=0,8x—6y+38=0, 12%+5y4+15=0. 

(d) 5e+12y—24=0,12%+5y+7=0,5x% —12y —48=0. 

(e) 5% —12y —42 =0,12%+5y—-—2=0,5x4+12y—66=0. 

(f) 7a¢+y—-—T=0,5e—5y+19=0, x+7y4+15=0. 

(g)4%—8y4+25=0,52¢ —12y¥y4+1=0,382%4+4y-—5=0. 

(h) 122+5y+50=0,5x%+12y —16=0, 54 —12y —16=0. 

(i)a+2y—5=0,24+y-—7=0,x-2y-9=0. 

(j) 8e¢+y-7T=0,4+3y—-5=0,7-38y+1=0. 


CHAPTER V 
THE CIRCLE 


34. Equation of the circle. Theorem. The equation of the 
circle whose center is (h, k) and whose radius equals r is 


(I) (x—h)?? + (y—k/P =P’. 
Proof. Assume that P(x, y) is any point on the circle. 
Then r= V(e¢—h)?+(y—h2. [By (1), p. 10] 
Squaring, we have (I). Q.E.D. 


Corollary. The equation of the circle whose center 1s the 
origin (0, 0) and whose radius is r is 


a e+ yy =7. 
if (I) is expanded and transposed, we obtain 
(1) x? + y? —2he —2Zkyth? +k? —7r27=0. 
The form of this equation is 
x? + y? + terms of lower degree = 0. 


In words: Any circle is defined by an equation of the 
second degree in the variables x and y, in which the terms of 
the second degree are the sum of the squares of x and y. 

Equation (1) is of the form 


(2) xe? + y? + De + Ey + F =0. 
We shall take up in Art. 35 the question of the locus of 


any equation of this form. 
zt 
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EXAMPLES 
1. Find the locus of the equation 


a cos BRECHoESria eas 
ais babu ba a anh BRGY aBeS ec 


Solution. Collecting terms, 
(x? —4 x) + (y? +8 y) =5. 
Completing the squares, 
(a2-—44%+4)+ (y?+8y+16) =25. 
Or, also, (« —2)2+(y+4)2=25. 


Comparing with (I), the locus is 
a circle, and 


R=2 ie — 4 DANS. 


2. Show that the locus of 542+ 5y?—142%4+7y—24=0 isa circle. 


Solution. Divide through by 5 and complete the squares. The result is 
(©— 4)? + (ut yo)? = 


Comparing with (I), we see that the locus is a circle. The center is 


(4, — ro), and r=3V29. Ans. 


35. Test for a circle. Can we infer, conversely,-that the 
locus of every equation of the form (2) in the-preceding 
article is a circle? To decide this question.transform (2) 
into the form of (I) by completing the squares.of the terms 
in x and the terms in y. Then (2) may be written 


(3) @+3D)?+ y+ 3 BE)? =7(D? + E—4 F). 


If D? + E? — 4 F is positive, (8) is in the form (1), and 
the locus is a circle with center (— 4 D, — 4 E) and radius 
r=1iVD?+ E2—4 FP. 

If D?+ E2—4 F =0, the only real values satisfying (3) 
are x=—4D, y=—4E. The locus, therefore, is the 
single point (— 4 D, — 4 E), and is called a point circle, or 
a circle whose radius is zero. 

If D?+ EH? — 4 F is negative, no real values satisfy (8), 
and (2) has no locus. 
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The equation 3 
(4) Ax? + Bay + Cy? + Dx+ Ey+F=0 
is called the general equation of the second degree in + and 
y because it contains all possible terms in x and y of the 
second and lower degrees. This equation can be reduced 
to the form (2) (by dividing by A) when and only when 
A= Cc and-B= 0. 

Hence the locus of an equation of the second degree in which 
the coefficients of x? and y? are equal and the xy-term is laeking 
is a circle or a point circle or there is no locus. 


36. Circles determined by three conditions. The equation 
of any circle may be written in one of the forms 


(2h)? + (y— bh? = 
or e?+y?+ De+ Ey+F=0. 


Each equation has three arbitrary constants. To deter- 
mine these constants three equations are necessary. Each 
equation means that ihe circle satisfies some geometrical 
condition. Hence a circle may be determined from three 
conditions. 2 

Rule to derive the equation of a circle satisfying three 
conditions. 

First step. Let the required equation be 
(1) (2 —h)? + (y—k)? =r?, or 
(2) x? y? + Dx + Ey + F=0, 
as may be more convenient. 

Second step. Find three equations between the constants 
h, k, and r [or D, E, and F] which express that the circle (1) 
for (2)] satisfies the three given conditions. 

Third step. Solve these equations for h, k, and r [or D, E, 
and F], and substitute the results im (1) [or (2)]. 


In some problems, however, a more direct method results 
by constructing the center of the required circle from the 
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given conditions and then finding the equations and points 
of intersection of the lines of the figure (see Example 3 
below). 
EXAMPLES 

1. Find the equation of the circle passing through the three points 
P,(0, 1), P2(0, 6), and P3(8, 0). 

Solution. First step. Let the required equation be 
(8) w+y2+De+Ey+F=0. 


Second step. Since Pi, Pez, and P3 lie on 
(3), their codrdinates must satisfy (3). 

Substituting «=0, y=1, the codrdi- 
nates of P:, and then those of Pz and P3 
in turn, we get 


en a see ex quae 
By 

(5) 36+6E+F=0, i} | 

(6) 9+3D+F=0 | fo] | | 200 TT 


ts Third step. Solving (4), (5), and (6), we obtain H=—7, F=§5, 
=— 5. 

Substituting in (8), the required equation is 

w+y?—b5ae—-Ty+6=—0. Ans. 

The center is ($, }), and the radius is § V2 =3.5. 

2. Find the equation of the circle passing through the points Pi (0, — 3) 
and P2(4, 0) which has its center on the liner +2y=0. 

Solution. First step. Let the required equation be 
(7) @—h?+y-br=r, 

Second step. Since P; and Pz lie on the locus 


of (7), we have mig 
(8) W? + (—3 —k)? =7?, and Nat 
(9) (4—h)?+k2?=r?, 

The center (h, &) lies on the given line. Hence 
(10) h+2k=0. 


Third step. Solving (8), (9), and (10), we 
get h=4, k= — Yu, r=} V29. 
Substituting in (7) and reducing, we obtain the required equation, 
e+y—IWtatty —%t=0, 
or 52?+5y?—142%4+7y—24=0. Ans. 
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3. Find the equation of the circle inscribed in the triangle whose 


sides are AB :32—4y—19=0, 
(11) BC :4£2£+3y-17=0, 
CA:x+7=0. 


Solution. The center is the point of intersection of the bisectors of 
the angles of the triangle. We 
therefore find the equations of 
the bisectors of the angles A 
and C. 

Reducing equations (11) to 
the normal form, 


(12) Ap :32—-*4- 2. 


Bc :42+3y—li_ 9. 
cA:241 9, 


Then (see Example 2, Art. 
31) the bisectors are 


or ea” 
pre 
or 82+y+6=0. 


The point of intersection of 
AD and CE is (— 2, 0). This 
is therefore the center of the 
inscribed circle. The radius is 
the perpendicular distance from any of the lines (11) to (— 2,0). Tak- 
ing the side AB, then, from (12), 


r= 82) — 40) — 19/55 ory 


Hence, by (I), the equation of the required circle is 
(2 +2)2+ (y—0)?=25, or 2? +4?4+427—-21=0. Ane 
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PROBLEMS 


1. Find the equation of the circle 


(a) with center (0, 1) and radius 3; Ans. x2 + y2—-2y—-8=0. 
(b) with center (7, 2) and radius 5; 

(ce) with center (— 6, 4) and radius 7; 

(d) with center (— 4, — 8) and radius 8. 


2. Determine the locus of each of the following equations, and plot: 


(a) w+ y?—82-—9=—0. Ans. Circle, center (4, 0), r= 5. 
(b) a2 + y7+8y—9=—0. 
(ec) e+ y2?-—-2x4%+2y4y+2=0. Ans. Point circle (1, — 1). 


(d) x2 +y?—-—4x2%+6y=0. 

(e) 2a?4+2y?+427-—5y42=0. 
(f) 50?+5y?-—10x+4y—-1=0. 
(g) ve + y? =2 rx. 


8. Find the equation of the circle which is determined by the follow- 
ing conditions: 


(a) Passes through (6, — 6), (— 1, — 5), (7, — 5). 
Ans. x2? +y2-—-6x%+4y—12=0. 
(b) Passes through (2, 1), (8, — 2), (— 4, 0). 
(c) Passes through (— 1, 1) and (1, 3) with center on the x-axis. 
(d) Has the center (1, 3) and is tangent to2~%+y+5=0. 
(e) Has the center (8, — 5) and is tangent tox—Ty+2=0. 
Ans, w+y 62 +1y+2=0. 
(f) Passes through (— 1, 1) with center at the Point of intersection 
of +8y+7=0and32—-2y—-12=0. 
(g) Is tangent to both axes and has radius 4. (Four-solutions.) 
(h) Has the line joining (4, 7) to (2, — 8) as diameter. 
(i) Passes through (4, 2) and (— 6, — 2) with center on the y-axis. 
Ans. x? + y?+5y—30=0. 
(j) Passes through the mid-points of the sides of the triangle with 


vertices (a, 0), (b, 0), and (0,c). Ans. x2+y2—-% ane b 7p our?’ os —¢? p20. 


4. Find the equation of the circle determined by the given conditions: 


(a) Cireumscribes the triangle (4, 3), (8, — 3), (— 1, 2). 
(b) Circumscribes the triangle formed by the axes andx+2y= 4. 
(ce) Cireumscribes the triangle formed by the lines x = y, 2 7 — y = 2, 
2x2+3y-3=0. 
(d) Passes through (5, — 3) and (0, 6) with its center on 2x -—3y=6. 
Ans. 3x? +3 y2—114% —64y+276=0. 
(e) Is tangent to the x-axis with radius 5 and center on the line x = 6. 
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(f£) Passes through (5, 1) and (3, — 2) with its center on x +2 y=3. 
(g) Is tangent to 4% +7 y= 4, with center at the origin. 
Ans. 65 x? + 65 y? = 16. 
5. Show that the following loci are circles. Find the center and the 
radius in each case. 


(a) A point moves so that the sum of the squares of its distances 
from (38, 0) and (— 2, 0) is always 68. Ans. x? + y? = 25. 
(b) A point moves so that its distances from (4, 5) and (— 4, 3) are 
always in the ratio of 3 to 2. 
(c) A moving point is always one half as far from (2, — 1) as from 
(0, 4). Ans. 32?+38y?—16x%+16y+4=0. 
(d) A point moves so that its distance from the y-axis is four times 
the square of its distance from (1, — 8). 
(e) A point moves so that its distance fom 3x2+4y—1=0 ie 
always equal to the square of its distance from (2, 3). 
Ans. 5“? +5 y? —234—34y+66=—0. 
(f) A point moves so that the square of its distance from x + y= 6 
is always equal to the area of the rectangle formed by the axes and 
perpendiculars from the point to the axes. 
Ans. x? + y2?—122—12y¥+36=—0. 
(g) The locus of the vertex of a right triangle which has (0, — 4) and 
(6, 3) as the ends of its hypotenuse. 
(h) The sum of the squares of the distances of a point from the two 
linesx —2y=T7and2x2+y=3 is 7. 
= Ans. 52?+5y? —262%+ 224+ 23=0. 
6. Find the equation of the inscribed circle of the triangle whose 
sides are given below: 
(a)at2y=5,2¢—y=5,2¢4+y+5=—0. 
(b) 8a+ty=1,¢«-—38y=3,4+3y+11=0. 
(c)8e+4y=22,44—38y+29—0,y—-5=0. 
(d)+=0,y=0,4+y=7. 


For individual study or assignment 

7. Find the equation of the circle which is 

(a) tangent to 4% +3 y—70=0 at (10, 10) with radius 10; 

Ans. x2? +y2—4x2x2—8y— 80=0, x? + y? — 36 2 — 382 y + 480 = 0. 

(b) tangent to3x—4y=—19 and42%+3y=17 and passes through 
(8, 2); 

(ce) tangent to «+3 y= 26 at the point (8, 6) and passes through 
(— 2, —4). 

8. Prove analytically that an angle inscribed in a semicircle is a 
right angle. 
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9. Show analytically that a straight line can cut a circle in no more 
reat two points. 

10. Show analytically that the circle exch the mid-points of the 
sides of a triangle passes through the feet of the altitudes of the tri- 
angle and bisects the lines joining the vertices to the point of intersection 
of the altitudes. (The nine-point circle.) 

11. If a point moves so that the sum of the squares of its distances 
from two fixed points is constant, show that its locus is a circle. 


12. A point moves so that the sum of the squares of its distances 
from two fixed perpendicular lines is constant. Show that its locus is a 
circle. 

13. What is the locus of a point which moves so that the ratio of its 
distances from two fixed points is constant? 


14, What is the locus of a point which moves so that the square of 
its distance from a fixed point is proportional to its distance from a 
fixed line? 


15. What is the locus of the mid-point of a line of given length 2 a 
which moves so that its ends rest on two perpendicular lines? 


16. What is the locus of the vertex of a triangle with the base fixed 
if one of the medians from one end of the base remains constant in 
length? 


17. Show analytically that the perpendicular let fall from a point 
of a circle to a diameter is the mean proportional between the segments 
formed on the diameter. 


18. Show analytically that a radius perpendicular to a chord of a 
circle bisects the chord. 


19. If (3, — 5) is the mid-point of a chord of the circle x? + y? = 277, 
what are the equation of the chord and its length? 


37. Radical axis. When x? and y? are eliminated between 
the equations of two circles 


(1) Cy x? + y? + Die + Ey + Fi =0, 
(2) Co:2*+ y2+ Dox + Eoy+ Fo =0, 
we obtain (by subtraction) 

(3) (D1 — Do)x + (E; — E2)y + Fi — Fo =0. 


The straight line (8) is called the radical axis of C; and Co. 
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Theorem 1. The radical axis is perpendicular to the line of 
centers of C, and Co. , 


The proof is immediate, since the centers of C; and C2 are 
(— 4 Di, — $ Ei) and (— 4 Do, — 4 Es) respectively. 

Theorem 2. If C; and C2 intersect (or touch each other), the 
radical axis ts their common chord (or their common tangent). 


Proof. To solve (1) and (2) for x and y, we subtract, 
obtaining (8), and take (3) and (1), or (2), as simultaneous. 
Hence a point of intersection (or tangency) of C; and Cz is 
also a point on the radical axis. Q.E.D. 


EXAMPLE 


The radical axis of the circles 
(4) wv +y?+82-—8y—52=0, 
(5) #2 +y2?—-—224+2y-—32=0, 
is (by subtraction) 

(6) x—y—4=0. 

Solving (6) and (4), we obtain 
(6,2) and (— 2, — 6) as the points 
of intersection of the circles. The 
line (6) is their common chord. 


38. Length of the tangent. To obtain a geometrical prop- 
erty of the radical axis true for all relative positions of C, 
and Ce, we need 

Theorem 3. The length t of the tan- 
gent from P (x1, y1) to a circle with center 
C(h, k) and radius r is given by 
(Il) #=(,—h?+q,— 0? -7. 

Proof. In the right. ZN. PiCT; 
?=P 1C ae r, 

Using the length formula for PiC, we 
obtain (IT). Q.E.D. 
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From (II) follows at once 


Theorem 4. The square of the length of the tangent from 
P1(21, yi) to the circle 


x?+y?+ Dx+ Ey+F=0 


is the value of the left-hand member when x; and y; are sub- 
stituted for x and y. 


This theorem should be compared with the rule for per- 
pendicular distance in Art. 31. 
We may now prove 


Theorem 5. The locus of a point from which the lengths of 
the tangents to two circles are equal is their radical axis. 


Proof. Taking the circles C, and C2 as in (1) and (2) of 
Art. 37, an external point Pi(%1, y:), and t and te as the 
lengths of the tangents from P; to C, and C2 respectively, 
we have, by Theorem 4, 


ty? = ay? + y? + Dim + Eiys + Fi, 
to? = oy? + yi? + Dodi + Boyt Fo. ~ 
Since t; = ta, by subtraction we get om Bs 
(Di — Ds)m, + (Ei — Ea)yi 4 Fr — Fa = 0. 


That is, P: lies on the radical axis (8), Art. 37. Q.E.D. 
See the figure for the example on page 79. 


PROBLEMS 


1. Find the equation of the radical axis of each of the following 
pairs of circles. Draw the circles and the radical axis. 

(a) ew +y2?+2y—4=0 and 22+ y2-2y-—4=—0. 

(b) 22 ++ y2 —4=0 and 224+ 424+22-—3=0. 

(ec) + y?-—38x2—-—5y—8=0 and 724+ y?4+82=0. 
. (d) 2? + y? +ax4+ by+c=—0 and 2?+y2?4+me+ny+p=—0. 


2. Find the length of the common chord of each pair of circles of 
Problem 1. 
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3. Find the radical axes of the following sets of circles taken in pairs, 
and show that they meet in a point; 
(a) a? +49? +42%4+7=0,227 429? +38274+5y4+9=0, 22? +y2+y=0. 
(b) a? + y?—42=0, 2? +y?+62—-—8y=0,7?+42?+62—8=0. 
(c) 2 +y? -—9=0,327+3y?-624+8y—1=—0, 2? +y24+8y=0. 
(d) w?+y2?+42—-—8y+5=0, 227?4+2y2+52-—6y+1=—0, 

w+y2+5xe—4y4+5=0. 

4. Prove that the line of centers of each pair of circles of Problem 1 
is perpendicular to the radical axis. 

5. Show in Problem 1 that the lengths of the tangents to each pair of 
circles drawn from a definite point on their radical axis are equal. 

6. Find the lengths of the following tangents: 
(a) From (7, 2) to the circle x? + y2 —4=0. Ans. 7. 
(b) From (— 3, 2) to the circle x? + y2-—-6x2—2y=0. 
(c) From (1, 1) to the circle 2 22+2y24+22+4y—1=0. 
(d) From (—4, 0) to the circle x? + y2-6x%4+2y—3=0. Ans. V387. 


For individual study or assignment 
7. Show analytically that the radical axes of any three circles taken 
by pairs meet in a point. 


8. Find the longest and shortest distances from the given points 
to the given circles in Problem 6. 


9. Find the locus of a point such that the lengths of the tangents 
drawn from it to two concentric circles are in the same ratio as the radii 
of the circles. 


10. Find the locus of a point which moves so that the length of the 
tangent from it to a given circle is in a constant ratio to its distance 
from a given point. 


11. By considering the length of the common chord of the circles 
(x — a)? + (y—b)? =c? and (x — b)2+ (y—a)?=c?, find the condi- 
tion for tangency of these circles. Ans. (a — b)?=2 c?. 

39. Systems of circles. If one or more of the constants 
D, E, F, in the equation 
(1) x? + y? + Der + Ey+ F=0 
is arbitrary, the locus is a system of circles obtained by as- 
signing sets of values to the arbitrary constants and plotting 
the circles. Thus ¢2 + y2—12=0 


defines a system of concentric circles with different radii. 
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A simple and interesting case arises by proceeding from 
the equations of two circles in:a manner analogous to 
Art. 38. Namely, given two circles 
(2) CQ: 2+y+ Det Eyt+ Fi=0, 

(8) Co: 22+ y® + Dox + Eoy + Fo = 0. 
consider the locus of 
(4) x+y? Diet Bryt Fit k(ett+y?t Dort Eoyt+F2)=0, 
where & is an arbitrary constant. The coefficients of 2° 
and y® are equal (= 1+ &). When & = — 1, (4) becomes the 
equation of the radical axis (8), Art. 37. In other cases, 
the locus is a cirele (Art. 35), and (4) defines a system of 
circles. 
EXAMPLE 
Plot the system of circles represented by 
OE ht ia AP dr ab et 


IN V 
aeN2eEM 
. SB wii 
PO. MAA w wen: 


BSEeeeT wae SPREE FT TT 


Solution, The figure shows the circles 
S+eP+8$e—-9=0 and &+yY—-—42-9=0, 
plotted in heavy lines, and the circles corresponding to _ 
&e=2,5,1,3,-—4, —§ and -}; 
these circles all pass through the points of intersection of the first two. 


The radical axis of the two circles plotted in heavy lines, which corre- 
sponds te £ = — 1, is the y-axis. 
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The following facts concerning the system (4) are easily 
established : , 


1. The circles have a common line of centers. (See Problem 6 
below.) 

2. If Ci and Ce intersect in two points A, B (or touch each 
other at A), then all the circles (4) will pass through A and B 
(or touch one another at A). 


For, obviously, if x; and y; satisfy (2) and (8), they will 
satisfy (4). 


3. The radical axis of any patr of circles of (4) is identical 
with that of Ci and Co. 


For writing down (4) with k = k; and then with k= ko, 
and eliminating x? and y? between these equations, we ob- 
tain (3), Art. 87. In the above example the y-axis is the 
radical axis for any pair of circles. 


PROBLEMS 


1. Draw the given pair of circles C,; and C2. From their equations 
write down the equationof the system corresponding to (4) above 
(p. 82), and draw the circles of this system for the given values of k. 

Find the equations of the line of centers and the radical! axis, and 
plot them. 


(a) Ci:z?+y2+4y=0; Co:22?+y2-4=0; k=3, 1, —}3. 

(ob) Cy: 22? +y2 —24+4y=0; Co:x?+y24+2e-—4y=—0;k=1, 
— 2,3, —3. : 

(ec) Ci:2? + y?-—824+4y-5=0; Co:2?+y?+8x—4y—5=0; 
k=1, — 2, 3, —3. 


2. Find the equation of the circle which 


(a) passes through the points of intersection of the circles x? + y2=1 
and x? + y2 + 22=0 and also through (8, 2); 
Ans. 722 +7 y2 —24”%—19=0. 
(b) passes through the points of intersection of the circles x? + y? = 4, 
and x? + y2 —6 “= 0 and through (2, — 2); 
(c) belongs to the system x? + y2 -—42%—38+hk(x?+ y?-—4y—3)=0 
and passes through (0, J)- 
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3. Find the equation of the circle of the system 

(a) v2? ++y2+6x2—5+k(a? 4+ y? ph li 7) =0 whose center is on 
the line x —y=4; 

(b) «2+ y2— Ae tQy +k? + y? — 2y —4)=0 whose center is on 
the line2x+4y=1. Ans. x2+y?-—382+y—-1=0. 


4. Describe the system of circles represented by each of the following : 
(a) e+y?+ke+4y=0. 
(b) a2 + y2?+kx + ky =0. 

Ans. Centers on x = y and passing through the origin. 
(ec) e+ y?+42—-—2y=—k?. 
(d) 22+ y2-—2kx —2ky+k?=0. 
(e) w+ y?+2 kx =—0. 


5. Show that the centers of the circles of the system in Problem 3(a) 
and in 3(b) lie on a line. 


6. Show that if P; and Pe are, respectively, the centers of the circles 
(2) and (8) of Art. 39, then the center P of a circle (4) is the point which 
divides P;P2 in a ratio equal to k. 


CHAPTER VI 
PARABOLA, ELLIPSE, AND HYPERBOLA 


40. The parabola. Consider the following locus problem. 

A point moves so that its distances from a fixed line and a 
fixed point are equal. Determine the nature of the locus. 

Solution. Let DD’ be the fixed py y, 
line and F the fixed point. Draw 
the x-axis through F perpendicu- 
lar to DD’. Take the origin mid- 
way between F and DD’. 

Let 


(1) distance from D’D to F= p. 


Then, if P(x, y) is any point on 
the locus, . 
(2) FP = MP. 


But FP=V(e¢—4)?+y2, MP=MN+NP=4p+z2. 
Substituting in (2), 
Va-—sp)?+y=spt+e. 
Squaring and reducing, 
(3) YP = 2 pr. 

The locus is called a parabola. The fixed line DD’ is called 
the directrix, the fixed point F, the focus. From (8) it is 
clear that the x-axis is an axis of symmetry. For this reason 
the x-axis is called the axis of the parabola. Furthermore, 
the origin is on the curve. This point midway between 


focus and directrix is called the vertex. 
85 
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e 
Theorem. If the origin is the vertex and the x-axis the axis 
of a parabola, then its equation is, 


(I) y? = 2 px. 


The focus is ihe point (% p, 0), and the equation of the 
directrix is x= —4 p. 


A discussion of (I) gives us the following properties of the 
parabola in addition to those already obtained. 

1. Values of x having the sign opposite to that of » are 
to be excluded. Hence the curve lies to the right of YY’ 
when p is positive and to the left when p is negative. 

2. No values of y are to be excluded ; 
hence the curve extends up and down 
indefinitely. 

The chord drawn through the focus 
parallel to the directrix is called the 
latus rectum. To find its length, put 
2=%pin (1). Then y=+7, and the 
length of the latus rectum = 2 p; that 
is, equals the coefficrent of x an (I). 

It will be noted that equation (I) contains two terms only ; 
namely, the square of one coordinate and the ae DOE of the 
other. Obviously, the locus of 


a? = 2 py 
is also a parabola (figure, p. 87), and thus we have the 


Theorem. If the origin ts the vertex and the y-axis the axis 
of a parabola, then its equation is 


(II) x? = 2 py. 


The focus is the point (0, $ p), and the equation of the 
directrix is y= —4 p. 


Equations (I) and (II) are called the typical forms of the 
equation of the parabola. 
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Equations of the forms 
Az?+ Ey=0 and Cy?+ Dx=0, 
where A, E, C, and D are different 
from zero, may, by transposition and 
division, be written in one of the 
forms (I) or (II). 
Equations (I) and (II) are extraor- 
dinarily simple types of equations of 
the second degree. The problem 


To derive a test for determining whether the locus of a given 
equation of the second degree is a parabola 


will be solved in Art. 63. 


41. Construction of the parabola. A parabola whose focus 
and directrix are given is readily 
constructed by rule and com- 
passes as follows: 

Draw the axis MX. Con- 
struct the vertex V, the mid- 
point of MF. Through any 
point A to the right of V draw 
a line AB parallel to the direc- 
trix. From F as a center witha 
radius equal to MA strike ares 
to intersect AB at P and Q. 
Then P and Q are points on 
the parabola. For FP =MA, by construction, and hence 
P is equidistant from focus and directrix. 

By changing the position of A we may construct as many 
points on the curve as desired. 

42. Parabolic arch. When the span AB and height OH ofa 
parabolic arch are given, points on the arch may be con- 
structed as follows: 

Draw the rectangle ABCD (first figure, p. 88). 

Divide AH and AC into the same number of equal parts. 
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Starting from A, let the successive points of division be 
on AH: a, b, ¢; 
on AC: l, m, n. 

Now draw the perpendicu- 
lar aa’ to AB, and draw Ol. 
Mark the point of intersec- 
tion. Do likewise for the 
points 6 and m, c and n. The points 
points on the parabola re- 
quired. 

Proof. Take axes OX 
and OY, as in the figure. 

Let 
(1) OM'=x, M’P=y, 

AB=26; (OH =i; 

By construction, CN and MH are equal parts of CA and 

AH respectively. 


(2) Dray mrs, ey een 
From the similar A OM’P and OCN, «~ 
(3) Y — CNIBENG 
x OC —-a 


Substituting the value of CN from (2) into (8), and re- 
ducing, : 
(4) a 


This is the typical form (II), and the locus passes through 
O, A(—a, h), and B(a, h), as required. 
Solving (4) for y, we get 
(5) =F yp, 
a 
Hence y varies as the square 
of x. By (5), we may compute values of y, as in the table. 
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43. Plotting a parabola. To,plot a parabola quickly from 
its typical equation, determine its axis and its position 
(above or below XX’, to the right or left of YY’) by 
discussion of the equation. Compute a few values of x and 
y and plot. Find 2 p by comparison with (I) or (II), and 
plot the focus and directrix. 


EXAMPLES 


1. Plot the locus of «2 + 4y=0 and plot the focus and directrix. 
Solution. The given equation may be written 

v=—4y., 
The y-axis is an axis of symmetry; positive values of y must be ex- 


cluded. Hence the parabola lies below the x-axis. The table gives a 
few points on the curve. 


Comparing with (II), p=-—2. The focus is therefore the point 
(0, — 1) and the directrix the line y= 1. The length of the latus rectum 
is 4. Every point on the locus is equi- 
distant from (0, — 1) and the line y= 1. 


2. Find the equation of the parabola 
whose focus is (4, — 2) and whose direc- 
trix is the line x= 1. 


Solution. In the figure, by definition, 
(1) FP=MP. 
But FP = V(@— 4)? + (y + 2)?, 
and MP=2-1. 

Substituting in (1) and reducing, 
(2) y?-62%+4y+19=0. Ans. 
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PROBLEMS 


1. Plot the locus of each of the following equations and construct 
the focus and directrix. Also find the length of the latus rectum and 
draw it. 


CC) oP = Bap (Gis y= 522. 
(b) 22 =107y: (e) Tx+4y2=0. 
(Cie 4? =9 a: (f) w2+10y=0. 


2. Using ruler and compasses, construct a parabola if its focus is 


(a) 6 units from its directrix; 
(b) 10 units from its directrix ; 
! (¢) 15 units from its directrix. 


8. Find the equation of the parabola with 


(a) vertex (8, 4) and directrix the y-axis; 
Ans. y2 —8y—124%+52=0. 
(b) vertex (4, 2) and focus (2, 2); 
(c) vertex (0, 0), axis the y-axis, and passing through (— 4, 5); 
Ans. 5 2? =16 4: 
(d) directrix y + 8 = 0 and focus (1, — 7); 
(e) directrix x + 2 y= 1 and focus at the origin ; 
Ans. 427+ y2-—4ay+2e+4y=1. 
(f) axis x — y=0, vertex (0, 0), and latus rectum = 4 (two cases) ; 
(g) vertex at the origin, axis the x-axis, and passing through the © 
point (h, k). "30 ; 


4. Derive the equation of, and construct, a parabolic arch with 
(a) span 20 ft. and height 10 ft.; (b) span 15 ft. and height 8 ft. 


5. Show that the perpendicular let fall from any point of a parabola 
to its axis is the mean proportional between the latus rectum and the 
distance from the foot of the perpendicular to the vertex. 


6. Show that the lines which join the ends of the latus rectum of a 
parabola to the point of intersection of its axis and directrix are per- 
pendicular. 


7. Find the equation of the locus of a point which moves so that its 
distance from (8, — 4) is 4 units less than its distance from the line 
x+5=0. Plot. Ans. y2+8y—82%+24=0. 


8. Find the equation of the locus of a point which moves so that its 
distance from the line x = 3 is equal to the length of the tangent drawn. 
from it to the circle x? + y? = 16. 
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44, The ellipse. Let us solve the following locus problem : 
Given two fixed points F and F’. A point P moves so 
that the sum of its distances from 
F and F’ remains constant. De- 
termine the nature of the locus. 


Solution. Draw the z-axis 
through F and F’, and take for 
origin the middle point of F’F. 
By definition, 
(1) PF-+ PF’ =a constant. KO MRae BP Eee 


Let us denote this constant by 2a. Then (1) become; 
(2) PF + PF’ =2a. 
Let F’F =2c. Then 
PF=V@-cP+y, Pr =Va+e?+y, 


since the codrdinates of F are (c, 0), and of F’, (— ¢, 0). 
Hence (2) becomes 


(3) Veco? +yY+Vate)?+y=2a. 


Transposing one of the radicals, squaring and reducing, 
the result is 


(4) (a7 —c?)x? + a7y* = a7(a* — c?). 
For added simplicity, set * 
(5) a7 —1¢7 ==.b2. 


Then (4) becomes the simple equation 
(6) b2x? + ay? = a7b?. 
Discussion. The intercepts are, on XX’,+a;on YY’, +). 


The axes XX’ and YY’ are axes of symmetry and O isa 
center of symmetry. 


* This is permissible. For P&/ + PF’ > F’F, or2a>2c; that is, a> c, 
and a? — c? is a positive number. 
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Solving (6) for x and for y, 
cate VeP—y, y= +2 a? — x2, 


Hence the values of x cannot nea a numerically, nor 
can the values of y exceed 
6 numerically. The curve 
is therefore closed. 

The locus is called an 
ellipse. The point O, which 
bisects every chord passing 
through it, is called the cen- 
ter. The given fixed points : 
F and F’ are called the foci. % 
The longest chord AA’ through O is called the major axis; 
the shortest chord BB’, the minor axis. Obviously, 


(7) major axis = 2a, minor axis = 2b. 
Dividing (6) through by a?b2, and summarizing, gives the 
Theorem. The equation of an ellipse whose center is the 


origin and whose foct are on the =< 
XL-AxIS 1S 


x2 2 
(III) +h i 


F 


where 2a ts the major axis and 2b 
the minor axis. If c? =a? —b?, then xB 
the foci are (+c, 0) (figure above). 

If the foci are on the y-axis, and 
if we keep the above notation, the 
equation of the ellipse is 


(8) a2x? + b?y? = a7b?, or a? a6 e = 1, 
Equations (6), (8), and (III) are typical equations of the 
ellipse, and are of the form 
(9) Ax? + By? =C, 
where A, B, and C agree %n sign. 
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In the figure BF” = b? + c%, Substituting the value of ¢? 
from (5), then BF* = a2. Hence the property: The distance 
from ether focus to the end of the 
minor axis equals the semimajor axis. 

The chord drawn through either 
focus perpendicular to the major 
axis is called the latus rectum. 
Its length is determined by set- 
ting x=c in (III), and solving 
for y. This gives 


2 Pa ees 2 
Y= ee ar — cr = A 
(10) length of latus rectum = 22- 


Eccentricity. When the foci are very near together the 
ellipse differs but little from a circle. The value of the ratio 
OF: OA may, in fact, be said to determine the divergence 
of the ellipse from a circle. The value of this ratio is called 
the eccentricity of the ellipse, and is denoted by e. Hence 


(11) Peal, 


The value of e varies from 0 to 1. If the major axis AA’ 
remains of fixed length, then the “flatness” of the ellipse 
increases as e increases from 0 to 1, the limiting forms being 
a circle of diameter AA’ and the line segment AA’. 

From (11) and (5), 

(12) b? = a? —c? = a?(1 — e?). 


45. Construction of the ellipse. The definition (2) of the 
preceding article affords a simple method 
of drawing an ellipse. P 
Place two tacks in the drawing board \ 
at the foci F and F’ and wind a string 
about them as indicated. If a pencil is 
placed in the loop FPF’ and is moved 
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so as to keep the string taut, then PF + PF’ is constant 
and P describes an ellipse. If the major axis is to be 2a, 
then the length of the loop FPF’ must be 2a+4 2c. 

A useful construction of an 
ellipse by rule and compasses is 
the following : 

Draw circles on the axes AA’ 
and BB’ as diameters. From the 
eenter O draw any radius inter- 
secting these circles in M and N 
respectively. From M draw a line 
MR parallel to the minor axis, 
and from N a line NS parallel to the major axis. These 
lines will intersect in a point P on the ellipse. 

Proof. Take the codrdinate axes as in the figure below. 
Tet OA =a AP = 4 = OD," Z BOX =. 

Clearly, 

OB = semimajor axis = a, OC = semiminor axis = b. 


Then in the right A OAB, 


CAEL) « 
1 =—_ = - i 
( ) aah, g OB a 2 MAN 
Similarly, in the right AODC, ZOCD = ZCOA = 9, and 
. OD a, 
% =— = =. 
(2) sin d ela 


But cos? ¢+sin?d=1. Hence, 
from (1) and (2), 


and P(x, y) lies on the ellipse 
whose semiaxes areaand b. Q.E.D. 
The angle @ is called the ec- 
centric angle of P. 
The construction circles used in this problem are called, 
respectively, the major and minor auxiliary circles. 
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46. Plotting an ellipse. To:draw an ellipse quickly when 
its equation is in the typical form, proceed thus: ~ 

1. Find the intercepts, mark them off on the codrdinate 
axes, and set the larger one equal to a, the smaller equal to b. 
Letter the major axis AA’ and the minor axis BB’. 

2. Find c from c? = a? — b?. Mark the foci F and F’ on 
the major axis. 

3. Calculate directly one or more sets of values of the 
coordinates, and sketch in the curve. 


EXAMPLE 


Draw the ellipse 4 ~? + y? = 16. 


Solution. The intercepts are, on XX’, +2; on 
YY’,+4. Hence the major axis falls on YY’, and 
a=4,b=2,c=V12=2V3=3.5. The foci are 


on the y-axis. The length of the latus rectum 
2 b? A c 1 /3. 
equals rapt 2. The eccentricity e = ae 3. 


The points found in the table 


are the ends of the latus rec- m y 
tum. If Pis any point on theel- 
lipse, then PF + PF’=2a=8, | +1 | +35 


47. Special cases. Equations (6) and (8) of Art. 44 are 
simple equations of the second degree. We may ask the 
question, ; 

What 1s the test that determines whether the locus of a given 
equation of the second degree is an ellipse? 

We reserve for a later article the answer to this question. 
(See Art. 63.) 

At this point two special cases of the equation 

Ax? + By2?=C, 
_in which A and B have like signs, should be noted. 

1. C=0. Then the locus is a point ellipse (both axes zero). 

2. C not zero and differing in sign from A and B. The 
equation now has no locus. This is sometimes expressed by 
the words ‘imaginary ellipse.” 
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PROBLEMS 


1. Plot, locate the foci, and find the eccentricity and the length of 
the latus rectum: 


(a) 7+4y?= 16. (e) 25 y2 +4? = 25. 
(b) 422+ 9 y? = 36. (f{) 322+ 5 y? = 30. 
(ec) x?7+2 y2=8. (g) 8x2 + 3 y? = 63. 
(d)2227=1 — y?. (h) 9 «2 + 49 y? = 250. 


2. Write the equation of the ellipse with its center at the origin, using 
the data given: 
(a) a= 8, b =4, foci on the y-axis. 
(b) a=10, c = 6, foci on the x-axis. 
(c) a= 6, latus rectum = 8, foci on the x-axis. 
(d) b= 5, latus rectum = 7, foci on the y-axis. 
(e) a= 5 b and passing through (7, 2). 
8. Write the equation of the ellipse with its center at the origin and 
axes along the codrdinate axes and 
(a) passing through (— 3, 0) and (0, — 2); 
(b) passing through (2, 3) and (—1, 4); , Ans. 722 +3 y? = 55. 
(c) passing through (5, 1) and (— 4, — 2); 
(d) with the major axis 3 times the minor and passing through (6, 2). 
4. Find the equation of the locus of a point which bicects the ab- 
scissas of the points of the circle x? + y? = 16. 
5. Find the equation of the locus of a point which divides the or- 
dinates of points of the circle x? + y? = 25 in the ratic? : 3. 


6. Find the locus of a point which moves so that _ . 
(a) its distance from the line x = 8 is twice its distance from the 


point (2, 0); Ans. 3x2 +4 y? = 48, 
(b) its distance from the line y= 6 is twice its distance from the 
point (0, 3); 
(ec) its distance from the line x = — 18 is 3 times its distance from 
(— 2, 0); Ans. 8 x? + 9 y? = 288. 


(d) its distance from the line 2 y = — 15 is 13 times its distance from 
(0, = 33). 

7. Find the locus of the vertex of a triangle with (0, 6) and (0, — 6) 
as the Uy of one side if the product of the slopes of the other two 
sides is — 4 

8. Show that the latus rectum of an ellipse is the third proportional 
to the two axes. 

9. A line of fixed length moves so that its ends remain on two per- 
pendicular lines. Find the locus of any point of the line. 
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48. The hyperbola. Turn now to a third locus problem. 
Given two fixed points F and F’. A point P moves so 
that the difference between its distances from F and F’ re- 
mains constant. Determine the nature of the locus. 


Solution. Draw the x-axis through the fixed points, and 
take for origin the mid-point 
of F’F. By definition, 


(1) PF’ — PF =a constant. 
Let us denote this constant 
by 2a. Then (1) becomes 
Q)arP Po PF =2:4. 
Let F’F =2c. Then 
PF=V(a—0)? +4, 
PF’ =V (4+)? + y’, 
since the codrdinates of F are (c, 0), and of F’ are (— ¢, 0). 
Substituting in (2), 
(3) Via+te/?+y2?—-V@e-—c)?+y?=2a4. 
Transposing either radical, squaring and reducing, we 
obtain the result 
(4) (a? — c?)x? + ay? = a?(a? — c?). 
For added simplicity,* set 
(5) a? — c? = — b?, 
or c? — a? = b?. 


Then (4) becomes the simple 
equation 
(6) 62x? — a?y? = a?b?. 
Discussion. The intercepts 
are, on XX’, +a; on YY’, 
+b V—1; that is, the locus 


* This is permissible. For in the figure, PF’ — PF < F’F, or2a< 2c; that 
is, a <c, and a? — c? is a negative number. 
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does not cross the y-axis.. The coefficient of the V—1 in 
the imaginary intercept on the y-axis is, however, 5. The 
axes XX’ and YY’ are axes of symmetry and O is a center 
of symmetry. 

Solving (6) for x and for y, 


rat tVP TR, y= 4 ove a, 
whence we conclude that all values of x between — a and a 
must be excluded, but no values of y. 

When x increases, y also increases, and the curve extends 
out to infinity, consisting of two distinct branches.* 

The locus is called a hyperbola. The point O, which bisects 
every chord drawn through it, is called the center. The given 
fixed points F and F’ are the foci. The chord AA’ is named 
the transverse axis. Marking off on YY’ from O the lengths 
+ 6, the line BB’ (second figure, p. 97) is called the conjugate 
axis. Thus the 
(7) transverse axis = 2a, conjugate axis = 2 b. 

Dividing (6) through by ab’, and summarizing, gives the 

Theorem. The equation of a hy- 
perbola whose center is the origin 
and whose foci are on the x-axis 7s 

‘ 2 
(IV) - = C= =1, 
where 2a 1s the transverse axis 
and 26 the conjugate axis. If 
c?=a?+ b?, then the foci are 
(+ ¢, 0) (figure, p. 97). 

If the foci are on the y-axis, 
and if we preserve the notation, the equation of the hyper- 
bola is 

2 2 
(8) ax? — b2y? == —a2b?, or ——-¥= 1, 
b? a2 


* On the left-hand branch, (2) is replaced by PF — PF’ = 2a, 
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Equations (6) and (8) are typical equations of the 
hyperbola. They are of the form ; 

(9) Ax? + By? =C, 

where A and B differ in sign. 

In the preceding figures AB’ =a?+ 02. Substituting the 
value of b? from (5), AB” = c?. Hence the property: The 
distance between the extremities of the axes equals half the 
distance between the foct. 

The chord drawn through a 
focus and perpendicular to the 
transverse axis is called the latus 
rectum. We may determine its 
length by setting x =c in (IV) — 
and solving for y. Thus, by (5) 
we obtain 


y=t2Ve—@=4%. 


Hence 


(10) length of latus rectum = 2. 


Eccentricity. The value of the ratio OF: OA in the hyper- 
bola is called the eccentricity of the curve, as in the case of 
the ellipse. Denoting the eccentricity by e, then 

WOT oF 
oe = OA wig 

For a hyperbola, e > 1. The relation of the value of e to 
the shape of the curve will be made clear later. From (5) 
and (11), 

(12) b2 = c? — a? = a?(e? — 1). 


49. Construction of the hyperbola. A mechanical construc- 
tion, depending upon the definition (1) of Art. 48, is the 
following : 

Fasten thumb tacks at the foci. Pass over F’ and arownd 
F a string whose ends are held together (figure, p. 100). 
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If a pencil is tied to the string at P, and both strings are 
pulled in or let out the same length, then PF’ — PF will be 
constant and P will describe a hyper- 
bola. If the transverse axis is to be 
2a, the strings must be adjusted 
at the start so that the difference 
between PF’ and PF equals 2a. 


50. Plotting a hyperbola. To draw 
a hyperbola quickly when its equa- 
tion is in the typical form (9), pro- 
ceed thus: 

1. Find the intercepts and mark 
them off on the proper axis. Set a 
equal to the real intercept and 6 equal to the coefficient of 
V—1 in the imaginary intercept. Lay off the conjugate 
axis; letter it BB’ and the transverse axis AA’. 

2. Find c from c? = a? + b?.. Mark the foci F and F’ on 
the transverse axis. 

3. Calculate directly one or more sets of values of the 
coordinates, and sketch the curve. . 


MN 
x 


EXAMPLE 
Draw the hyperbola 
4a? —5 y?+20=0. 


Solution. The intercepts are, on 
XX; SN 5 LIN 6 Vea on 
YY’, +2. Hence b= V5, a= 2A, 
c= Va? + b?=3, and 
the transverse axis and 
the fociareon YY’. The 
eccentricity is 3. The 
Jength of the latus rec- 


- Dipay : 3 
tum is ape If P is any point 


on the hypernola, then, by the definition of Art. 48, PF’ — PF = 4. 
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PROBLEMS 


1. Plot the following equations and locate the foci. Find the eccen- 
tricity and the length of the latus rectum and draw the latus rectum. 


(a) 16 22 —9 y2 = 144, (g) 922-16 y2+144=0 
(b) 5a? —4 y2 = 20. (h) 8 x2 — y2 = 12. 

(ec) 9x“? —16 y2 = 144, (i) —38y?+3=0. 

(d) 7-8 y?+8=0. (j) 422 —9 y2 = 386. 

(e) 2 —y2=4, (k) 9 a2 —7 y? = 86. 

(f£) 922 —y2+9=0. (1) 7“? —2y?+8=0. 


2. Find the equations of the following hyperbolas with centers at (0,0) : 
(a) a= 4, b= 5, foci on the y-axis. 
(b) b = 5, c = 8, foci on the z-axis. 
(c) a= 6, e = 2, transverse axis along the x-axis. 
@Gia= V6, c = 6, conjugate axis along the x-axis. 
(e) a=7, latus rectum = 14, conjugate axis along the y-axis. 
(f) c= V15, latus rectum = 4, foci on the y-axis. 


8. Find the equations of the following hyperbolas with centers at the 
origin and axes along the codrdinate axes: 

(a) Transverse axis along the y-axis and passes through (2, — 4) and 
(6, — 7). 

(b) Transverse axis along the y-axis and passes through (0, 4) and 
(6, 5). 

(c) Transverse axis along the x-axis and passes through (6, 7) and 
(— 8, 8). 

(d) Foci on the x-axis and passes through (2, 0) and (V11, — 3). 

Ans. 9 “2 —7 y? = 36. 

4, Find the equation of the locus of a point which moves so that 

(a) its distance from the point (8, 0) is twice its distance from the 
line 4x —3=0; Ans. 12 x2 —4 y? = 27. 

(b) its distance from the point (0, 4) is 3 of its distance from the line 
9y—16=0; 

(c) its distance from the point (0, — 2) is 8 times its distance from the 
line 9y +2=0; 

(d) its distance from the point (— 5, 0) is 4 times its distance from 
the line 167 +5=0. 

5. If two vertices of a triangle are fixed at (0, 5) and (9, — 5), find 
the locus of the third vertex if the product of the slopes of the variable 
sides is 7. Ans. 7x? — y?+25=0. 

6. Find the equation of the hyperbola with center at the origin and 
foci on the y-axis if the transverse axis is 10 and the conjugate axis is 
one half of the distance between the foci. 
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51. Conjugate hyperbolas and asymptotes. Two hyperbolas 
are called conjugate hyperbolas if the transverse and con- 
jugate axes of one are, respectively, the conjugate and trans- 
verse axes of the other. 

If the equation of a hyperbola is given in typical form, 
then the equation of the conjugate hyperbola is found by 
changing the signs of the coefficients of x? and y? in the given 
equation. 

Thus the loci of the equations 


(1) 164227—y?=16 and —16272+ y2?=16 
are conjugate hyperbolas. They may be written 


The foci of the first are on the x-axis, those of the second 
on the y-axis. The transverse axis of the first and the con- 
jugate axis of the second are both equal to 2, while the con- 
jugate axis of the first and the transverse axis of pee second 
are both equal to 8. 

The foci of two conjugate hyperbolas are SaDity distant 
from the origin. For c? equals the sum of the squares of the 
semitransverse and semiconjugate axes, and that sum is the 
same for two conjugate hyperbolas. 

Thus in the first of the hyperbolas above, c2 = 1+ 16, 
while in the second c? = 16+ 1. 

If in one of the typical forms of the equation of a hyper- 
bola we replace the constant term by zero, then the locus 
of the new equation is a pair of lines (Theorem, Art. 24), 
which are called the asymptotes of the hyperbola. 

Thus the asymptotes of the hyperbola 


(2) b2x2 — a2y2 = a2b? 
are the lines 
(8) 62x? — a?y? = 0, or 


(4) bet+ay=0 and br—ay=0. 
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These may be written 
iden D eu 
(5) amar and y am. 


They pass through the origin and their slopes are, respec- 
tively, —2 and -. 
The property of these lines which they have in common 


with the vertical or horizontal asymptotes of Art. 20 is 
expressed in the 


Theorem. The branches of the hyperbcla approach in- 
definitely near its asymiptotes as the tracing point recedes to 
infinity. 

Proof. Let P(x, y:) be a point on either branch of (2) 


near the asymptote EEA Oy eat 


The perpendicular distance from this line to P; is 

(6) . = bx = ayi_, 
es V b2 + az 

We may find a value for the 
numerator as follows: 

Since P; lies on (2), 

6221? — a?y1? = a?b?. 

Factoring and dividing, 
__: ab? 
~ bar + ay 
Substituting in (6), 


bx, — ay, 


a2b? 


ee 
— Vb? + a?(bx + ay) 


As P, recedes to infinity in the first quadrant, x, and y; 
become infinite and d approaches zero. 
Hence the curve approaches closer and closer to its 
asymptotes. Q.E.D. 
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Two conjugate hyperbolas have the same asymptotes. 
Thus the asymptotes of the conjugate hyperbolas (1) are, respectively, 
the loci of 16x2—y2=0 and —1622+y?=0, 
which are the same. 


A hyperbola may be drawn with fair accuracy by the 
following construction : 

Lay off OA = OA’ =a on the axis on which the foci lie, 
and OB=OB’=6 on the other axis. Draw lines through A, 
A’, B, B’,parallelto 
the axes, forming 
a rectangle. Draw 
the diagonals of the 
rectangle. The di- 
agonals produced 
aretheasymptotes. 
For the equations 
of the diagonals 
are readily seen to 
be bx — ay = 0 and 
ba + ay = 0,and these are the same as (4). Draw he branches 
of the hyperbola tangent to the sides of the rectangle at 
A and A’and approaching nearer and nearer.to the diag- 
onals. The conjugate hyperbola is tangent to the sides of 
the rectangle at Band B’ and approaches the diagonals. 
The length of each diagonal is 2c (since a? + b? = c?). The 
foci of both hyperbolas are on the circle which circum- 
scribes the rectangie. 

From this construction the influence of the value of the 
eccentricity upon the shape of the hyperbola can easily be 
discussed. In the figure, let AA’ be fixed. Nowa from (12), 
Art. 48, b? = a?(e? — 1). 


When e diminishes toward unity, 6 decreases, the alti- 
tude BB’ of the rectangle diminishes, the asymptotes turn 
toward the x-axis. and the hyperbola flattens. 
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When ¢ increases, the asymptotes turn from the z-axis, 
and the hyperbola broadens. 


52. Equilateral or rectangular hyperbola. When the axes 
of a hyperbola are equal (a = b), the hyperbola is said to be 
equilateral. If we set a = b in equa- 
tion (IV), we obtain 
(1) xv — y? = 0?, 
which is accordingly the equation of 
an equilateral hyperbola whose trans- 
verse axis lies on XX’. 

Its asymptotes are the lines 


x—y=0 and x«+y=0. 


These lines are perpendicular, whence the designation 
“rectangular” hyperbola. (See also Art. 65.) 


53. Summary. Reserving for a later section (Art. 68) 
the problem of finding a test for a hyperbola, we may at 
this point summarize results as follows: 

The locus of the equation Ax? + By? = C is 
(1) an ellipse when A¥ B, and C have like signs; 

(2) a point ellipse when A and B have like signs and C= 0; 
(8) a hyperbola when A and B have unlike signs and C is not 


zero; 
(4) a pair of intersecting lines when A and B have unlike signs 
and C= 0. 


There is no locus when C is not zero and differs in sign 
from both A and B. 


54. Conic sections. Historically, the parabola, ellipse, and 
hyperbola were discovered as plane sections of a right cir- 
cular cone. Hence the generic term used for them, — conic 
sections, or conics. We discuss this subject in Art. 155. 


55. Systems of conics. When the equation of a conic 
contains one or more arbitrary constants, the locus is a 
system of conics- 
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EXAMPLE 

x? (a 
Tee) earn 

Solution. When k < 9 the locus is an ellipse whose foci are (+ ¢, 0), 
where ‘c? = (25 —k) — (9—k) =16. When 9 < k< 25 the locus is a 
hyperbola whose foci are (+ ¢, 0), where c? = (25 —k) — (9 —k) = 16. 
When k > 25 there is no locus. Since the ellipses and hyperbolas have 
the same foci (+ 4, 0), they are called confocal. 


Discuss the system represented by 


107 jel 
k=+56 
k=404 
ke +0 
a a 
a) 
aX O x 
7 h1 
he VA 
el 
Eo 4 3 : a 
bails a i 


In the figure the locus is plotted for k = — 56, — 24, 0, 7, 9, 11, 16, 21, 
24, 25. As k increases and approaches 9, the ellipses flatten out and 
finally degenerate into the x-axis, and as k decreases and approaches 9, 
the hyperbolas flatten out and degenerate into the x-axis. As k increases 
and approaches 25, the two branches of the hyperbolas lie closer to the 
y-axis, and in the limit they coincide with the y-axis. 


PROBLEMS 


1. Find the equations of the conjugate hyperbola and the asymptotes, 
and plot: 


(a) 44? — y2= 16. (e) 25 x? — 16 y? + 400 = 0. 
(b) 9 x? —4 y2 = 36. (£) a? — 4? = 10. 
(ce) 9 x? — 16 y? = 144, (g) x? — 16 y?+16=—0. 


(d) 16 y2 —2#?+64=0. (h) 7? -—9y24+9=y., 
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2. Show that the perpendicular distance from an asymptote of a 
hyperbola to either focus is numerically equal to the semiconjugate 
axis. 


3. Show that the product of the perpendicular distances from the 
asymptotes to any point of a hyperbola is constant. 


4. Show that the point of intersection of the lines bx + ay=k and 
bx — ay =t is on a hyperbola for all values of k. 


5. Show that the product of the distances from a point of an equi- 
lateral hyperbola to its foci is equal to the square of the distance of the 
point from the center of the hyperbola. 


6. Find the equation of the hyperbola with transverse axis on the 
y-axis which has 3y—2a2=0 for one asymptote and one focus at 
On A). Ans. 117 y2 — 52 2? = 576, 

7. Show that the eccentricity of an equilateral hyperbola is V2. 


8. Show that the segments on any line intercepted between a 
hyperbola and its asymptotes are equal. 
9. Plot the conics of the following systems for the given values of k: 
(a) 922+ y2=k; k=0, 4, 9, 25. 
(b) 9a? -—4y2=k; k=0,4+4,4+9, +36. 
(c) w=4y—k; k=0,+4, +8. 
(d) ky? —16 kx? = 64; k= 4:1,42, 44. 
(e) w=2ke; k=+1,4+4. 


10. Plot the following systems of conics and show that those of exch 
system are confocal: 
oe 1 eh sed ek Bote 020 
eas noes sed ick Bay ted Oy b120, 
(b) y2=2ka+k?; k= 41,44, 46. 


(e) eatgati k=0, +9, +20, + 50. 


11. Derive an equation for all ellipses with foci (0, + 8). 

12. What change will be necessary to make the result of. Problem 11 
represent all hyperbolas with the same foci? 

13. Find the relation connecting the eccentricities e, and e2 of two 
conjugate hyperbolas. Ans. ei? + €2? =: €12@02, 


CHAPTER VII 
TRANSFORMATION OF COORDINATES 


56. When we are at liberty to choose the axes as we please 
we generally take them so that our results shall have the 
simplest possible form. When the axes are given, it is 
useful to find the equation of a given curve referred to 
other axes. The operation of changing from one pair of 
axes to a second pair is known as a transformation of co- 
ordinates. We regard the axes as moved from their given 
position to a new position and we seek formulas which 
express the old codrdinates in terms of the new codrdinates. 


57. Translation. If the axes 
are moved from a first position 
OX and OY toa second position 
O’X’ and O’Y’ such -that O’X’ 
and O’Y’ are respectively paral- 
lel to OX and OY, then they are 
said to be translated from the 
first to the second position. 


Theorem. If the axes are trans- 
lated to a new origin (h, k), and af (x, y) and (x’, y’) are, re- 
spectively, the codrdinates of any point P before and after the 
translation, then 


I x=x'+h, 
te {ysl 


Proof. In the figure, 
OM=2, OA=h, OM =f 


MP=y, AO =]k MPV: 
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But OM=0A+AM=OA+0'M'; 
MP = MM'+ M'P= AO’+ M’P. 
Substituting, we have (I). Q.£.D. 


Equations (I) are called the equations for translating the 
axes. To find the equation of a curve referred to the new 
axes when its equatior referred to the old axes is given, 
substitute in the given equation the values of x and y given 
by (1) and reduce. 


EXAMPLE 
Transform the equation 
w+ty—6xe2+4y-—12=0 

when the axes are translated to the new origin (3, — 2). 

Solution. Here h=3 and k=—2; 
so equations (I) become ; 

w=2'+3, y=y'—2. 

Substituting in the given equation, 
we obtain 

(a! + 3)? + (y’ — 2)2— 6(x! + 3) 

+4(y’—2)—-12=0, 
or, reducing, 
a’? + y’2 =25. Ans. 
This result could easily be foreseen. SSeS ees 


For the locus of the given equation 
is a circle whose center is (8, — 2) and 
whose radius is 5. When the origin is translated to the center the equa- 
tion of the circle must necessarily have the form obtained. 


PROBLEMS 


1. Find the new codrdinates of the points (8, — 5), (—4, 3), and 
(— 2, — 5) if the axes are translated to the new origin 
(a)'@; 6); (b) (— 5,8); (c) (—6,—7); (d) 4, =3). 
2. Find the new codrdinates of the points (8, 0), (0, 0), (0, 3) if the 
axes are translated to the new origin 
(a) (2, ae ib)g (b) (a, b); (c) (= a, b); (d) (a, = db). 
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8. Find the equations of each of the following curves if the axes are 
translated to the new origin indicated. Plot the curves and draw the 
old and the new axes. 


(a)82—4y=6; (2, 0). Ans. 3%'—44'=0. 
(b) 54—y+2=0; (3, — 2). 

(c) w+ y2—4x4%4—2y=0; (2,1). Ans. x’? + y’2 = 5, 
(d) w%+y?-—6x2%+4y+12=0; (8, 5). 

(e) y2?—42%+8=0; (2, 0). Ans. y/?=4 2". 


(f) 2 +y2—-4x2—6y=18; (—2, 8). 

(g) y2?-20?-2y+6x=8; (%, 1). 

(h) w? —2he-—4y+4k+h?=0; (h, k). 

(i) y=4+ (@—38)8; (3, 4). 

(j) y2-62+9=0; (, 0). Ans. y/? =6 2’, 

(k) 2 —4y?+82%+24y=20; (—4, 3). 

(1) y2=a?; (—2, —8). 

4. Prove equations (I) if the new origin is in (1) the second quad- 
ant; (2) the third quadrant; (8) the fourth quadrant. 


5. What does the equation (x7 —h)? + (y—k)? =r? become when 
referred to parallel axes with the origin at (1) (hk — 1, k)? (2) (h, k—1)? 


6. What does the equation (m — n) (x? + y?) — 2 mny = 0 become if 


referred to parallel axes through the point (0, ae ? 


58. Simplifying equations by translation. The principal use 
made of transformation of coérdinates is to simplify a given 
equation by choosing suitable new axes. The methods of 
doing this are illustrated in the following examples. 


EXAMPLES 
1. Simplify the equation y? — 8 t +6y+17=0 by translating the 
axes. 


Solution. Rewrite the given equation, collecting the terms in y in 
the left-hand member. 


(1) | (YF +6y)=82—-17. 

Complete the square in the left-hand member, adding 9 to both 
members. (y2.4. 6y 4.9) =82—17+9=82—8, 

If we write this equation in the form 
(2) (y + 3)? = 8(x — 1), 
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it is obvious by inspection that if we substitute in this equation 


x—1=27', y+3=y’',or 
(3) e=2'+1, yoy’ 3, 
the transformed equation is 
Ui Sib 2 Ans: 
Equations (3) translate the axes to the new 
origin (1, — 3) since, comparing (8) and (1), 
we haveh=1,k=—3. 

Plotting y'2 = 8 x’ on the new axes O'X’, 
O'Y’, we see that the locus is a parabola with 
focus; 24—= 2, 47 = 0) and directrix 4°='— 2. 
Hence, by (3), the locus of (2) is a parabola 
with focus «<=3, y=-—8, and directrix 
Ape — AN 

2. Simplify 22+4y2-—2x2-—16y+1=0 
by translating the axes. 


Solution. Collect the terms in x and y in 
the left-hand member. Complete the squares 
within the parentheses, adding the corre- 
sponding numbers to the right-hand member. 


(4) (vw? —-24+1)+4(y?-4y+4)=—-14+1+16=16. 

If we write this in the form 
(5) (@-—1)?+4y—2)?=16, 
it is obvious by inspection that by sub- 
stituting 

hes i) Wp Rae Kaye 
(6) w=a'+1, y=y'+2, 
we obtain the simple equation 
v’2+4y'2=16. Ans, 
Equations (6) translate the axes to the new origin (1, 2). 

Plotting x’? + 4 y’2? = 16 on the new axes, we see that the locus is 
an ellipse with center z’ = y’= 0, a= 4, b = 2, and foci on the w’-axis. 
Hence (5) is an ellipse with center x = 1, y= 2 and with axes of sym- 
metry «= 1, y=2; ete. 
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The method used may be summed up as the 


First method. Complete the squares of the terms in x and in 
y, factor, and choose the transformation indicated by the result. 
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A more general method may be described as the 


Second method. 1. Substitutex =x’ +h, y=y' +k, and 
arrange the new equation according to terms of descending 
degree in x’ and y’. 

2. Set two of the coefficients containing h or k equal to 
zero, and solve these for h and k. 

3. Substitute these values in the equation in x’, y’, and 
reduce. 


EXAMPLES 
8. Simplify y2 —-8*%+6y+17=0 by translation. (Compare Ex- 
ample 1, p. 111.) 
Solution. 1. Substitute x=a’ +h, y=y'+k. This gives 
(7) (y’ +k)? —8(e’ +h) + 6(y' +k) +17=0. 
Squaring, multiplying, and arranging according to x’ and y’, we get 
(8) y%—82x'+(2k+6)y +k? -8h+6k+4+17=0. 
2. Set 2k+6=0, k®?—-8h+6k+17=0. 
Solving these, k= —3,h=1. 
3. Substituting these values in (8), we obtain 
y'? —8x2'=0. Ans. 


Hence the given equation reduces to y’2 — 8 x’ =0 by the translation 
z=2'+1, y=y’' —3, the same result as was obtained by the other 
method. 


~~ 


4. Simplify 3 zy —-22—4y—3=0 by translation. 
Solution. 1. Following the directions, we obtain 
(9) 3(a’ +h)(y’ +k) —2@' +h) —4(y’ +k) —3=0. 
(10) 82’y'+ (8k —2)e’+ Bh—4)y'+3hkK-2h-4k-8=0. 
2. Set the coefficients of x’ and y’ equal to zero. This gives 
8k—2=0, 3h—4=0; 
whence h= 4, k = 2. 
8. Substitute these values in (10), and the result is 
(11) 3 x’y’ — 42 =0. Ans. 
The given equation reduces to (11) by the translation x =2’ + $, 
y=y' +4. 
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In (11), x’ =0 and y’ = 0 are asymptotes. Hence for the given curve, 
z=+# and y= #2 are asymptotes. This 
example is significant, since it cannot be 
done by completing squares. 

What coefficients in the new equa- 
tion shall be made to disappear? 
In Example 3, if the coefficient 
of y’ in (8) is set equal to zero, 
no odd power of y’ remains, and 
y’ =0 becomes an axis of symme- 
try. Setting the constant term 
equal to zero places the new origin on the curve. In Ex- 
ample 4, when the terms of the first degree in x’ and y’ are 
made to disappear from (10), the new origin becomes a 
center of symmetry. Simplification is secured in these ex- 
amples by taking advantage of symmetry with respect to the 
new axes or the new origin. 


PROBLEMS 


1. Simplify each of. the following equations by translating the axes; 
plot the curve and both sets of axes: 


(a) w?+6x+4y+8=—0. Ans. 2/2 +4y'=0. 
(b) 442 —322-—4y-—138=0. 
(ec) y2—-6x—10y+19=0. Ans. y'* —62'=0. 


(d)22?-6x2+7y+15=0. 

(e) #2 —y2+322+4y+40=0. 

(f) 322+4y2?-12¢%-6y4+7=0. 

(g) x? +4y24+10x%—12y4+14=0. 

(h) w? —y2+8x2—14y—35=0. 

2. Translate the axes so that the new equation shall contain no term — 
of the first degree: 

(a) v2 —4ay+6y=—0. (b) x? +ay+y?+62=0. 

Ans. 4 «7/2 —162/y'+9=0. (c)2ay—8x+6y=0. 
(d) 8ay—4244+2=0. 

3. Find the equations of the following !oci and simplify them by 

translation. Plot, showing both sets of axes. 


(a) A point moves so as to be four times as far from (8, — 2) as from 
the linex+1=0. Ans. 225 x’ — 15 y’? = 256. 
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(b) A point moves so as to be always half as far from the line y -7=0 
as from the point (— 8, 4). 

(c) A point moves so that the product of the slopes of the lines join- 
ing it to (— 2, 4) and (6, 4) is always 3. 

(d) A point moves so that its distances from (8, 3) and the line 
2x2+5=0 are in the ratio of 1 to 3. 

(e) The locus of the center of a circle tangent to y = 2 and passing 
through (8, 6). 

(f) The locus of the center of a circle tangent to the y-axis and also 
tangent to the circle «7? + y2 —12%+4y+4+31=0. 


59. The first method (Art. 58), of completing squares and 
factoring, developed in the above examples can easily be 
applied to prove the 


Theorem. By translating the axes we are able to transform 
(1) Ay? + Bx + Cy + F = 0into* Ay’?+ Bu’ = 0; 
(2) Au? + Cx+ By+ F=O0into Ax’?+ By’ =0; 
(8) Ax?+ By?+ Dx+ Ey+ F=0into Axv’?+ By’?2+ F’=0 
Hence the locus of (1) is a parabola with its axis parallel 
to the x-axis, of (2) a parabola with its axis parallel to the 
y-axis, and of (3) an ellipse (A and B luke signs), or hyperbola 


(A and B unlike signs), with its axes parallel’, ‘to the axes of 
coérdinates. (See Art. 53.) 


Equations (1) and (2) are often written 
(4) r=ay?+by+ec, y=axr?+br+¢, 
respectively. 


60. Typical equations for conic sections. For the typical 
forms (1)—(IV) of Chapter VI we may now write the follow- 
ing more general equations: 


Parabola. (y — k)? = 2 p(x —h). 
Vertex (h, k); axis of symmetry, y = k. 
(x —h)? =2 p(y—k). 
Vertex (h, k); axis of symmetry, x = h. 


* We assume that A and B are difterent from 0. 
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Ellipse. Center (h, k); axes of symmetry, x=h, y=k. 
a f)\2 Se pse 
(x — te (y = ih (x = oy (y =a) a8 
a 


Hyberbola. Center (h, k) ; axes of symmetry, x =h, y =k. 
@—h)?_W—?_, (@-h?_W-h?__ | 
2 = ho meiees lk Go wae 


’ 
a b? a 


To verify these, translate the axes by substituting 
t= x’+h,y=y'+k. Then they reduce to the correspond- 
ing typical forms in Chapter VI. 


EXAMPLES 


1. Find the equation of the parabola with 
focus (3, — 3) and directrix the line x= — 1. 


Solution. The vertex is (1,—3), and 
p=A4. The axis of the parabola is parallel to 
the z-axis. Hence, by the first formula of this 
article, 


(y + 8)? = 8 — 1). Ans. 


By translation to the vertex (1, — 3) as 
new origin, this becomes 


Ae =i 0). 


The figure shows both sets of axes. 


2. Find the equation of an ellipse if the 
extremities of the major axis are (— 3, 2) and 
(5, 2) and the minor axis equals 4. 


Solution. The center is (1,2). Alsoa=4, 
b=2. Hence the equation is 


oe 2 nee 24 
ee a 2S 2 vi An, a 
16 4 aad 
Translating to the center as new origin, _ mi 
and reducing, we obtain EN o'j.2) | [7 
ae Seer 
w’2+4y"2=16. iw 


The figure shows both sets of axes. 
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PROBLEMS 


1. Find the equations of the following parabolas and transform each 
to one of the typical forms of Art. 40 by translation; plot and draw 
both sets of axes: 


(a) Vertex (8, 4), directrix the y-axis. 
(b) Focus (— 2, 3), vertex (3, 3). 
(c) Focus (0, — 3), vertex (2, — 8). Ans. y/2+82'’=0. 
(d) Axis the y-axis, vertex (0, — 4), passes through (6, 0). 
Ans. 2/2? -9y'=0. 

(e) Focus (0, 0), directrix y = 4. 
(f) Axis the x-axis, vertex (6, 0), passes through (0, 4). 

Ans. 3 y+ 82'=0. 


2. Find the equations of the following ellipses and simplify them by 
translation; plot, showing both sets of axes: 


(a) a =4, foci (5, 2) and (— 1, 2). Ans. 7 x’? + 16 y’2 = 112. 
(b) 6 = 4, foci (1, 0) and (— 4, 0). 
(Oio= Vi, vertices (— 2, 0) and (8,0). Ans. 72/2 + 25 y’2 = 175. 
(d) b= 2, foci (0, 2) and (0, — 4). 


3. Find the equations of the following hyperbolas; simplify and plot, 
showing both sets of axes: 


(a) Transverse axis 6, foci (— 2,0) and (6,0). Ans. 7x’/2—9 y’2=68. 
(b) Conjugate axis 4, foci (0, 2) and (0, — 10). 

(c) Conjugate axis 6, vertices (1, 2) and (—5, 2). 

(d) Transverse axis 23, foci (0, 0) and (— 4, 0). 


4, Find the equations of the following loci, simplify, and plot: 


(a) A point moves so that the sum of its distances from (8, 4) and 
‘8, — 2) is 8. 

(b) A point moves so that the difference between its distances from 
(8, — 3) and (— 1, — 8) is 8 


5. Plot and discuss each of the following systems: 


(a) vy=k: (d) (a —k)? +9 y2 = 386. 
(b) ka? + y2?-—4x2=0. (e) 4(y —k)? —9 x? = 144, 
(c) (@—k)?=2y. (f) 4(@a — k)? —9(y — k)? = 86. 


61. Rotation. Let the axes OX and OY be rotated about 
O through an angle @ to the positions OX’ and OY’. The 
equations giving the coérdinates of any point referred to 
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OX and OY in terms of its codrdinates referred to OX’ and 
OY’ are called the equations for rotating the axes. 


Theorem. The equations for rotating the axes through an 
angle 6 are 
(x=x'cos@—y'sin#@ 
jie es Jie 

x' sin 8+ y' cos @. 

Prcof. Let P be any point 
whose old and new coordinates 
are, respectively, (x,y) and (x’, y’). 
Draw OP. 

Now z= OM = OP cos ZMOP = OP cos (6’ + 6). 

Expanding cos (6’ + @) by trigonometry (9, p. 3), we get 
(1) x = OP cos 6’ cos 6 — OP sin @’ sin 0. 

Buiter = OM. — OP.cos.0.-47=M Pi=.OP sind! 


Substituting in (1), we obtain the formula for x as in (Ii). 
Similarly for y. _ Q.E.D. 


EXAMPLE 
Transform the equation x? — y?= 16 by rotating the axes through 45°. 


Solution. Since 3 


1 
and cos 45° = UF; ’ 


equations (II) become 
‘eee Naas i 
pane V2 


Substituting in the given 
equation, we obtain 


Est) (Eig) 


or, simplifying, z'y’ +8=0. Ans. 
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62. Simplifying equations by rotating the axes. 


Theorem. The term in xy may always be removed from an 
equation of the second degree, 


(1) Ax? + Bry + Cy2+ Dx + Ey+F=0, 
by rotating the axes through an angle @ such that 


B 
(IIT) tan20=7—: 
Proof. In (1), substitute formulas (II), Art. 61, 
x=’ cos é@—y’'sin 8, 
and y=x' sin @+y’ cos 6. 
This gives, after squaring, multiplying, and arranging* 
the terms according to x’, y’, the transformed equation 


(2) Acos?@ x’2—2Asinécosé§ |x’y’+Asin?é y'? 
+Bsin@cos@| + B(cos?@—sin?@) —Bsin6@cosé 
+C sin?6 +2Csin@cosé +C cos?6 
+ Dcos6|x’—Dsiné@ |y’+ F=0. 
+Esin@| +£cosé 


The term x’y’ will disappear from (2) if its coefficient i is 
equal to zero, that is, if 


(8) —2Asin@cos@+ B(cos?6@— sin?) +2Csin@ cos@=0. 
But 2sin@ cos@= sin 26 and cos?@ — sin?@ = cos 20 (by 
10, p. 3). 
Hence (3) becomes 


(4) (C—A)sin2@+ Bcos26=0. 
Dividing through by cos 2 6, and transposing, 
B 
5 — . oe re 2 
(5) tan 26 7 eae Q.E.D 


From (5), 2 @ will be less than 180°, and @ less than 90°. 


* The vertical bars take the place of parentheses. For example, the coef- 
ficient of 2’? is A cos?@ + Bsin@ cos@ + C sin?@. 
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EXAMPLE 


Simplify «?+4 zy+y?=4 
by rotating the axes. 


Solution. Here A =1, 
Bia Cie 


Hence, by (III), 
can’2\6' = cos eandys.6:— 455. 


Then (Ii) becomes (cf. ex- 


ample, Art. 61) 
x! eee y’ 7 a! = y’ 
r= yo. 
v2 v2 
Substituting and reducing, I ea S\N 
we obtain the hyperbola HHH 
ee Fe aS ES el 
32/2 -y’2=4, Ans. 


PROBLEMS 


1. Transform the following equations by rotating the axes through 


the indicated angle; plot the curve, showing both sets of axes: 
(a)xa+y=0; 45°. Anssx =0; 
(b) x2 + y2 =9; 60°. 
(ec) y2? — 4? =8; 90°: 
(d) x27 +42y+ y2=16; 45°. Ans. 3 4/2 — y’?=16. 
(e) 4ay —3 x2 =10; tand=2. Ans. “7/2 —4y'2=10. 
(f{) 322?—3ay—y?=5; tand=3. 
(g) w?+4aey+4y2?4+122—6y=0; tan 0=2. 


2. Show that the equation x? + y? = r? is invariant under any rota- 


tion whatever. 


8. Remove the xy-term from the following equations by rotation of 


the axes and plot the curve, showing both pairs of axes: 
(a) v2? -—2aey+y2=12. Ans. y’2 = 6. 
(b) r2+2V32y—y2=4. Ans, x! — y= 2. 
(e} 17 72 —16 vy +17 y? = 225. 
(d) 322?-4V32y—y2=9. 
(e) v7 +4xzy+y?=16. 
(f) «2 -—2ay +y?- 24 —2y4+1=0. 
(g) 3a2-2V8ayty?+424+4V3y=0. 
(ay) aoe Ans. 2/2 — y/* = 24, 


(i) 25 x? + 14 xy + 25 y? = 288. Ans. 16 x’? + 9 y’? = 144, 


(j) 8327-10 2y+3y?=0. 
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63. Locus of any equation of the second degree. When the 
axes are rotated through the angle @ given by (III), p. 118, 
the equation referred to the new axes is 


(1) Ala!?2 + Cly?? + Dix! + E’y’ + F=0, 
where, from (2), Art. 62, 

(2) A’= Acos?6+ Bsin @ cos6+ C sin?6, 
(8) C’= A sin?0 — B sin @ cos @ + C cos?6. 


Now equation (1) is of a form which we have met fre- 
quently in this chapter, and we have learned to simplify 
it by translating the axes. We saw in Art. 59 that if only 
one square (A’=0 or C’ = 0) and the first power of the 
other codrdinate were present, the equation could be trans- 
formed into one of the typical forms of the parabola. 

Suppose, however, that the first power of the other coérdi- 
nate does not appear. For example, suppose that in (1) 
A’=0 and D’=0. Then the equation is 


(4) C'y’? + E'y’ + F=0.> 


This is a quadratic in y. If the roots are real, the locus 
will be two lines parallel to the x’-axis. These lines will 
coincide if the roots are equal. There will be no locus if the 
roots are imaginary. 

If neither A’ nor C’ is zero, we may, by translation to the 


/ y 
new origin (- rd ~ ~), transform the equation into 
(5) A’n!!2 + C'y’”2 + F’ — 0. 


Consider the locus of (5). 

A’ and C’ like signs, assumed positive. Then we have an 
ellipse, a point ellipse (x’’ = y’’ = 0), or no locus, according 
as F’ is negative, zero, or positive. 

A’ and C’ unlike signs. Then the locus is a hyperbola or 
a pair of intersecting lines, according as F’ is not zero or zero. 
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We seek now a test to apply to.an equation containing an 
xy-term in order to decide in advance the nature of the 
locus. To do this we eliminate the angle 9 from equa- 
tions (2) and (3), making use of (4), Art. 62. The result is 
the simple equation, 


(IV). —4 A'C! = B?—4 AC. 


The steps in the elimination process are as follows: 
_ Adding and subtracting (2) and (8), 


(6) A’'+C’=A4+C, [since sin? @+ cos? 6= 1] 
(7) <A’—C’=(A-—C) cos26+4+ Bsin2 6. [10, p. 3] 


Squaring (7), 


(8) (A’—C’)2=(A—C)2cos?280+2 B(A—C) sin2 0 cos2 0 
+ B? sin? 2 6. 
Squaring (4), Art. 62, 
(9) 0=(A—C)? sin? 26+ 2 B(C— A) sin2 @cos2 6 
a + B?cos?2 6. 
Adding (8) and (9), 
(10) (A’— C’)? = (A— C)? + B?*. 


Squaring (6), 
(11) (A’+ C')? = (A+ C)?. 


Subtracting (11) from (10), we obtain (IV). 

If the locus of (1) is a parabola, A’ = 0 or C’= 0. Hence, 
from (IV), B27 —4 AC=0. 

If the locus of (1) is an ellipse, A’ and C’ agree in sign. 
Hence A’C’ is positive, and, from (IV), B? — 4 AC is nega- 
tive. 

If the locus of (1) isa hyperbola, A’ and C’ differ in sign. 
Hence A’C’ is negative,*and, from (IV), B?—4 AC is a 
positive number. 
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Collecting all the results in tabular form, we have the 
Theorem. Given any equation of the second degree, 
Ax? + Bry + Cy2+ Dr + Ey+F=0, 
the possible loci may be classified thus: 


Test General Case Exceptional Cases * 


B2—4 ACF parabola two parallel lines 
zeTO one line 


B2—4 AC 


é ellipse point-ellipse 
negative 


Be —4 AC hyperbola two intersecting lines 
positive 


The exceptional cases are recognizable by the condition that the 
equation is then factorable into two factors of the first degree in x and y. 
A number of problems of this kind were given on page 50. 

A point-ellipse is often called a “degenerate ellipse,”’ two intersecting 
lines a “degenerate hyperbola,” and two parallel lines a ‘‘degenerate 


parabola.” 
In algebra, B? — 4 AC is called the UEC UOT: of the terms of the 


second degree in the equation. 


64. Plotting the locus of an equation of the second degree. 
First METHOD. After transformation. We have seen that 
if the xy-term is lacking, the equation may be simplified 
by translating the axes. The transformed equation is then 
readily plotted on the new axes. 

When the zy-term is present, rotate t the axes through 
the angle @ given by (III), 

(1) tanZ Ge 


ACh 
The term in xy will then disappear and further simplifica- 
tion is accomplished by translation. 


* For tests to distinguish the exceptional cases, see Smith and Gale’s ‘‘ Ele- 
ments of Analytic Geometry,” p. 277. 

+ This case is recognizable by inspection, for the terms of the second degree, 
Az? + Bay + Cy?, now will form a perfect square. 

t See below, following Example 2, and also Art. 65. 
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To rotate, we substitute. 
(2) x=z2z’cosd—y’sind, y=x'sind+y’ cos 6. 

We find sin @ and cos 6 as follows. First compute cos 2 6 
from 


(3) cos 20 =+ } 


V1 + tan? 2 0 
and remember that cos 2 6 and tan 2 6 must have like signs. 
From 10, p. 3, we have 


(4) sn ?=+ fae, cos 90=+ (ne 


EXAMPLES 


[7, p. 3] 


1. Construct and discuss the locus of 
(5) v+4aey+4y2+12¢%7-—6y=—0. 
Solution. Here PAG lan S14 ae On 
..B2—4AC=0, 


and the locus is a parabola. 
Write the equation (5) in the form 


(6) (w+2y)?+12%—-—6y=—0. 
We rotate the axes through an angle @ such that 
4 4 
6 => 
tan 2 cay 3 
Then, by (8), cos 2 0 = — 3, 
and, by (4), 
: 2 1 
(7) sin @=—— and cos #=———. 
V5 V5 
The equations for rotating the axes are therefore 
hn = oY goer ty, 
V5 V5 
Substituting in the equation (6), we obtain 
xe’? — =n Ga=0: 


V5 
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The figure shows both sets of axes; also the parabola, its focus 
2’ =0, y’= V5, and directrix 
y'=— 5 V5. The axis OX’ has 
the slope tan g=sin8 _» from 

cos 0 
(7). Hence OX’ is the line through 
the origin whose slope equals 2. 

A good check in the figure is 
secured by finding the intercepts 
on OX and OY from the given 
equation (5). These are x = 0 and 
— 12, and y=—0 and 3. 


2. Construct the locus of 
6a?+6ry+5y?2?+222%-—6y+21—0. 
Solution. Here Nas, 1=6, Cam 
.. B? —4 AC = 36 — 100 = — 64 = a negative number. 
Hence the locus is an ellipse. 


By (III), tan 2 6 =f. =o, and 6 = 45°. 
Hence the equations of the rotation are 
a! ae. y’ x’ + y’ 
a= » you. 
V2 V2 ‘ 


Substituting in the given equation and reducing, we obtain 

4a’? + yl? +4V2 2! —7 V2 y' +22 =0. - 
Translating to the new origin (— } V2, 3 V2), the final equation is 
4a? + yl? = 16. te y 


Hence the major axis is 8, minor axis Let 
A, and the foci are on the y’’-axis. reg i. 

The figure shows the three sets of == 
axes and the ellipse. The codrdinates 
of the new origin O’(— 4 V2, $ V2) i E 
refer to the axes OX’ and OY’, and this uy Me 
must be remembered in plotting. as 


Remark. When the conic has x 
a center, we may translate the 
axes to this point as new origin, 
and then rotate to eliminate x’y’. We substitute x = x’ +h, 
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y=y' +k, set the coefficients of x’ and y’ equal to zero, and 
solve for h and k. The center is this point (h, k). 

To illustrate, take Example 2 on page 124. The equations to solve 
for h and k are 10h+6k+22=0, 6h+10k—6=0. Solving, 
h=—4,k=8. These are the codrdinates of O’ in the figure referred 
to OX and OY. The new equation is 52/2+62'y’ +5 y’2 —32=0. 
Rotating through 45° gives 4 x’’2 + y’’2 = 16, as before. 


SECOND METHOD. By direct plotting. Test by the theorem 
at the end of the preceding section, and then discuss and 
plot the equation directly. 


EXAMPLES 
1. Plot the locus of 
(8) w?—2ey+4y2?—427=0. 


Solution. Here ACh els te Otis 
..B?—4AC=4—16=—12—a negative number. 


Hence the locus is an ellipse. 

Discussion. 1. Intercepts. On the x-axis, 0 and 4. On the y-axis, 0. 
2. Symmetry. Not symmetric to x-axis, y-axis, or origin. 

8. Extent. Solve the equation for x as follows: 


(9) x? — (2y+4)e+ (aeoy =—Ay2+ eee). 
(Collecting terms in x and completing the square.] 
(10) “e@=yt24tVvV2—y)(2+3y). 
Y, 


Solving for y, 


(11) y=tut}Vx(16 —3 2). 


< 


2 
8 
0 
1 
2 
4 
Ss 


From the radicals in (10) and (11) we see that 
y may have values from — 2 to 2 inclusive; 
x may have values from 0 to 1£ inclusive. 
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Hence the ellipse lies within the rectangle 
y=—2, y=2, +=0, r= 48. 
Points on the locus may be found from (10) as in the table. 
2. Determine the locus of 
522+4ay—y?+24x%—-—6y—5=0. 
Solution. A=5, B=4, C=-—1. 
.. B2?-4AC=16 + 20=36. 


Hence, from the table of Art. 63, we may expect a hyperbola or a pait 
of intersecting lines. 
Solve the equation for y as follows: 


y?— (4x%—6)y+ (24-3)? =5 a? + 242-54 (24-3)? 
=9024+127+4=(82+4+2)?. 
[Collecting terms in y and completing the square.] 
“.y—(22%-3)=4+ (82442). 
Hence the locus is the pair of intersecting lines 
y=5x—-—1 and y=—-2x-5. Ans. 


PROBLEMS 


1. Simplify each of the following equations. Plot, and draw all sets 
of axes: : 


(a) x?7+3ay+5y2—=—11. 


is 


(b) w? —2ay+y2—5y=—0. Ans. 4y —5 V22'=0. 
(c)z?+32y+y?+4y=0. ‘ 

(d) 22 +2ayt+y2+42—4y=0. Ans. 2/2 —2 V2 y'=0. 
(e)8ay+4r4+8y4+4=0. 

(f) 2?+6x4-—3y+6=0. Ans. 7’? -—3y'=0. 

(g) 32?+47-927+y+4=0. 

(h) #7+4y?—162+424y+4 84=0. Ans. v2 +4y2= 16. 


(i) 72? + 50 cy +7 y? = 50. 
(j) 138 «2 +18 y2 +10 zy —42274+6y-—27=0. 
Ans. 9 x/2 4+ 4 y’? = 36. 


2. Plot the following equations by the second method given above: 


(a) 3”2—42y—1=0. (ec) v2—4y2-—4x4—382y—60=0. 
(b) 4ay+4y2-2244+3=0. (d)a?+y2?—427-—6y—18=0. 
(e) 4ay—32?=9. 
(f) 22?+3y?-—164%4+18y+538=0. 
{g)e?+4ary+4y?4+1227-—6y=0. 
‘h) 3224+ 4aey+y?-22—-1=0. 
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_ 8. Test and plot each of the following equations, using transforma- 
tions or direct plotting, as seems better: 
(a) 8a?-—2ay+y?—427—-—6=0. 
(b) x? —xy+y?—224-—6y=0. 
(c) 22+ V8 ayt+y2—42-—6y+5=0. 
(d)2a?+4ay+5y2?—42-—22y44+7=0. 
(e) ey—2?+4=0. 
(f) yy¥—2x—-—y+3=0. 
(g) w —2ay+y?—2e"-—2y4+1=0. 
(h) 2”?-—5ay—3y2?—-—2274+18y—12=0. 
(i) v7 —38ay+y2?+10¢%-—10y¥4+21=0. 
(j) y+4ay+422?-4=0. 


For individual study or assignment 


4. Show that the general equation 
Ax? + Bry + Cy?+Dx+Ey+F=0 
may be simplified by translation so that the new equation contains 
no terms of the first degree if the coérdinates of the new origin (h, k) 
satisfy the equations 2 Ah+ Bk+ D=0, Bh+2Ck+H=0. Hence 
show that the new origin is the center of the locus unless B? -4 AC=—0. 
In that case the transformation fails. 


5. Show by clearing the equation of radicals that the locus of 


xt + y2 =a is a conié, and determine the type. Plot for particular 
values of a. 


6. Describe the system of curves represented by each of the following: 
(a) @—y)?+ (y—k)?=0. 


(b) ay 4-h? — h(x + y) = 0. 
(e)'a? 92 — (Gh) (a? — 9?) = 0, 


65. A special case. Equilateral (rectangular) hyperbola. 


Theorem. The equation of an equilateral hyperbola referred 
to its asymptotes is 
(V) 2 xy +a?=0. 


Proof. Start with the equation of Art. 52 and rotate the 
axes through 45°. The result is (V) (see Example, p. 117), 
and the new axes are the asymptotes. Q.E.D: 

To simplify 
(1) Bey + Dx + Ey+ F=0, 
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translate the axes, set the coefficients of x’ and y’ in the new 

equation equal to zero, and thus transform (1) into 

(2) Be'y' + F’=0, 

which is in the form (V). It now appears that (1) is the 

equation of a rectangular hyperbola with asymptotes paral- 

lel-to OX and OY respectively (see Example 4, p. 112). 
Two special forms of (1) are used below. These are 


_ax+b Sh ee 
8) eke poe 4 ox +b 

Construction of an equilateral hyperbola. A construction 
often used for an equilateral hyperbola when the asymp- 
totes and one point A on the 
curve are given is as follows 
(Fig. 1): 

Let OX and OY be the asymp- 
totes and A the given point. 
Draw any line through A to 
meet OX at M and OY at N. 

Lay off MP = AN. Then P 
is a point on the required hy- 
perbola. 

Proof. Choose the asymp- 
totes as axes. Let the coordi- 
nates of A be (a, b) and of P, 
(x, y). Then 

OS=2, SP=y, 
OB = bb; "BA =4. 
By construction, AN = MP. 
~. A PSM = A NBA, 
and BN=SP=y, SM=BA=a. 
Since A OMN and BAN are similar, 
BN _ ON _OB+BN 
BA OM OS+SM 
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Substituting, ¥= +4, = ab. 
ubstituting, © Tee or «y= ab 


Comparing with (V), we see that P(x, y) lies upon an 
equilateral hyperbola which has OX and OY for its asymp- 
totes and which passes through (a, b). Q.E.D. 

By drawing different lines through A, and laying off 
MiP; = ANi, M2P2= ANz, etc., we determine as many 
points P;, Pe, etc., as we wish on the hyperbola (Fig. 2). 


66. Another definition of conic sections (conics). When a 
point P moves so that its distances from a given fixed point 
and a given fixed line are in a constant ratio, the locus 1s a 
conic. 

The given fixed line is called the directrix, the fixed point 
the focus, and the ratio of the distances of P from the. 
focus and directrix is called the eccentricity. 

In Problem 3, p. 38, we found the equation for any conic 
to be 
(1) (1 —e?)x? + y? —2 px + p? =0, 
if e is the eccentricity, YY’ the directrix, and (p, 0) the 
focus. Now (1) has no xy-term. Hence we see at once by 
comparison with our previous results that a conic is 

a parabola when e=1, 
an ellipse when e<\l, 
a hyperbola when e>1. 


Clearly, when e = 1 the definition of the conic agrees with 
that already given for the parabola. 

The ellipse and hyperbola, each having a center, are called 
central conics. 

Focus and eccentricity, as used in this section, agree 
with these terms as already introduced. This fact is left 
to the student to prove in the following problems. 


67. General transformation of coordinates. If the axes are 
moved in any manner, they may be brought from the old 
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position to the new position by translating them to the new 
origin and then rotating , 
them through the proper 
angle. 


Theorem. If the axes are 
translated to a new origin 
(h, k) and then rotated through 
an angle 0, the equations of oO 
the transformation are 
ee cos @— y' sin 8+ h, 
y=x'sin@+y'cosd+k. 
Proof. To translate the axes to O’X”’ and O’Y” we have, 
by CDs y= 7" a h, y= y" = k, 
where (x’’, y’’) are the codrdinates of any point P referred 
to O’X" and -O'Y¢': 
To rotate the axes we set, by (IJ), 


x 


(VI) 


x’ =2x' cos 8—y’ sin 0, 
y’=x'sin6+y'cos#. ~ ~~ 
Substituting these values of x” and y/, we obtain (VI). 
, " Q.E.D. 
68. Classification of loci. The loci of algebraic equations 
are classified according to the degree of the equations. This 
classification is justified by the following 


Theorem. The degree of the equation of a curve 1s unchanged 
by a transformation of codrdinates. 


Proof. Since equations (VI) are of the first degree in 2’ 
and y’, the degree of an equation cannot be razsed when the 
values of x and y given by (VI) are substituted. Neither 
can the degree be lowered; for then the degree must be 
raised if we transform back to the old axes. 

As the degree can be neither raised nor lowered by a trans- 
formation of codrdinates, it must remain unchanged. Q.£.D. 
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PROBLEMS 


1. By the proper translation of the codrdinate axes, refer the fullow- 
ing rectangular hyperbolas to their asymptotes as axes, and plot: 

(a) ey—-2x—y+8=0. Ans. x'y’ +6=9. 
(b) 8ay—6x—12y¥4+30=0. 
(c)2ay—64+4y—16=—0. 
(d)4ay+12%—4y-—6=0. 
(e) 5ay¥+52+20y4+24=—0. 
(f)32yta2+4y4+1=0. 

2. What is the conic A(x — h)(y—k) + C=0? 


3. Simplify (1 — e?)x? + y2 — 2 px + p?=0 by translation of the axes. 


For individual study or assignment 
4. Show analytically that in a central conic the focus coincides with 
the focus already adopted. 


5. Prove that e in Problem 3 agrees with e as defined in Art. 44 and 
Art. 48. 


6. Prove that the distances from a point (x, y) on the ellipse = = a 
to the foci (focal radii) are a + ex. 


y? 
ae 


7. Show analytically that if three points are taken on any ellipse 
whose abscissas are in arithmetic progression, the corresponding focal 
radii are also in arithmetic progression. 


8. Show that the focal radii of a point of the hyperbola = =—— ;- = 1 
are ex + a. 


LOCUS PROBLEMS 


1. Find the equations of the following loci and discuss and construct 
them. 


The base of a triangle is fixed in length and position. Find the locus 
of the opposite vertex if 


(a) the sum of the two variable sides is constant; 

(b) the difference between the two variable sides is constant: 

(c) the sum of the slopes of the variable sides is constant; 

(d) the slope of one variable side is proportional to the reciprocal 
of the slope of the other variable side; 

(e) one base angle is double the other; 

(f£) the sum of the base angles is constant; 

(g) the difference between the base angles is constant. 


CHAPTER VIII 
TANGENTS 


69. Equation of the tangent. A tangent to a curve at a 
point P; is obtained as follows. Take a second point Pe 
on the curve near P;. Draw the 
secant through P; and P2. Now 
let Pz move along the curve 
toward P;. The secant will 
turn around P;. The limiting 
position of the secant when P2 
reaches P is called the tangent 
Gis 12 Te 

Let the codrdinates of Pi be (1, y1) ang of Pe(m +h 
yi tk). Then k 

slope of secant PiP2= vitae 


To find the slope of the tangent, we begin by finding a value 
for t, as in the following example, in which is proved the 


sie 


Theorem. The equation of the tangent to the circle 


at the point of contact Pi(x1, y1) ts 
(I) yxtyy =r. 
EXAMPLE 


Find the equation of the tangent to the circle 
x2 + y2 = 72 
at the point of contact (a, y1). 
132 
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Solution. Let P(x, yx) and,P2(m +h, y1 +k) be two points on the 
circle C. 


Since these codrdinates satisfy the equation of the circle, we have 
(1) wm? + yi? =7?, 
and (i +h)?+ m+k)2=r?; or 
(2) m?+2amh+h? +y24+2yk+kh? =7?. 
Subtracting (1) from (2), we have 
2uh+h? +2 yk +k? =0. 
Transposing and factoring, we obtain 
k2y+k)=—h(2%+h), 
whence, by division, 


(3) t= slope of the secant through P; and P2 = — ee 


The secant becomes the tangent at P: when h and k equal zero. 
Hence m, the slope of the tangent at Pi, is the value of the right-hand 
member of (8) whenh=k=0; that is, 
oe 
Yi 
The equation of the tangent at P; is then 


y-yn=-4(@-m), 
2 Y1 
or, by (1), met yy=u2+y2—r. Ans. 


The method employed in this example is general and may 
be formulated in the following 

Rule to determine the slope of the tangent to a curve C at a 
point P; on C. 

First step. Let Pi(%1, yi) and Po(ai th, yi +k) be two 
points on C. Substitute these codrdinates in the equation of C 
and subtract. Factor this result and find a value for This 
is the slope of the secant through P; and Po. 

Second step. Find the value of the slope of the secant when 
h and k equal zero. This ts the slope of the tangent. 


Having the slope of the tangent, we find its equation 
by the point-slope formula. The point P; is called the 
point of contact. 
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By this rule we may prove the following 
Theorem. The equation of the tangent at the povnt of con- 
tact Pi(x1, y1) to the 
ellipse b2x2 + a?y? = a7b? is b®x,x + a®yyy = a?b*; 
hyperbola b2x2 — a?y? = a?b? is b?x,x — a®y,y = ab? ; 
parabola y* = 2 px is yyy = p(x +X). 


A point to be observed in the proofs is this: 


Always simplify the equation of the tangent by making use 
of the equation obtained when x; and y; are substituted for x 
and y in the equation of the given curve. 


PROBLEMS 


1. Find the equation of the tangent to each of the following curves 
at the point of contact (21, y1): 


(a) 342 =4 2. Ans.2%—-—3yy+2%1=0. 
(b) x= Ay? + By+C. 

(ce) w+ y?+2hx+2ky4+r?=0. or 

(d) 224+ 6y2= a Ans. 1i+6 wy = 16. 


(e)427?-2y= te 

-(f) yok. Ans. aiy + yt = 2 k. 

(g) Av? ++ By? + Dx + Ey+F=0. : : 

(h) y= 2°. Ans. 3 24 —y—2y=0. 
(i) 34227 =4 y3. 


(j) wy? = ay —y—-x. 


2. Find the equation of the tangent to each of the following curves 
at the point indicated: 


(a) x?.+ 9 y? = 40, (— 2, 2). 

(b) #7 +4y?+22%+8y—-—20=0, (2, —38). Ans. 32 —8y=30. 
(c) 242+ 3 y?= 50, (—1, — 4). 

(d) y=? + 22, (1, 3). Ans. 52 —y=2. 

OQ) OP Hae, (, ). 

(f) y= 2 23 + 8, (— 2, — 18). 

(g) 222-3 y2 = 12, (3, V2). Ans. V2 2 —y=2V32. 
(h) y=2a —2?, (0,0). Ans. y = 22. 

(1) zy =a + 3, (8, 2). 

(j) ty -—22+y=0, (4 = 8). 
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70. A general theorem. Taking next any equation of the 
second degree, we may prove the 


Theorem. The equation of the tangent to the locus of 
Ax? + Bry+ Cy?+ Dr+ Ey+ F=0 
at the point of contact P(x1, yi) is 


YX + xX, + x. SE 
— SCY yaaDe 5 seer ay ee = 


Proof. Let Pi(#, y:) and P2(a, +h, y1 +k) be two points on the 
conic., Then 


(1) Axi? + Bary: + Cy2 + Dai + Ey, + F=0, and 
(2) A@i+h)?+Baith)yi +k) +Cyit+kh?+D(ai+h) 
+EH(yit+k)+F=0. 

Clearing (2) of parentheses, and subtracting (1) from (2), we obtain 
(3) 2 Ath + Ah? + Baik + Byih+ Bhk +2 Cyik + Ck? + Dh+Ek=0. 

Transposing all the terms containing h, factoring and dividing, we get 

k_ _2Az,+ By +D+Ah+ Bk 
h Bu +2 Cy: +H + Ck 

This is the slope of the secant P:Pe. 

If we let P2 approach P,, h and k will approach zero, and the slope 
m of the tangent is- __2Am+By+D 

Bu +2Cy+# 

The equation of the tangent line is then 
2 Ari + By. + D 
By +2Cy +E 

To reduce this equation to the required form we first clear of frac- 
tions and transpose. This gives 
(2 Az + By. + D)x + (Bar +2 Cy. + E)y 

— (2 Axi? + 2 Bay: + 2 Cy? + Dx + Ey1) = 0. 
But from (1) the last parenthesis in this equation equals 
— (Dr + Ey. +2 F). 

Substituting, the equation of the tangent line is 

(2 Am + By, + D)x + (B11 + 2 Cy + BE)yt+ (Dr + Hy +2 F)= 


Removing the parentheses, collecting the coefficients of A, B, C, D, E, 
and F, and dividing by 2, we obtain the equation of the theorem. 0.E-D, 


Ax,x+B +F=0. 


y¥-YW=r- (x — %1). 
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The result above enables us to write down the equation of 
the tangent to the locus of any equation of the second 
degree. For, by comparing the equation of the curve and 
the equation of the tangent, we obtain the following 


Rule to write the equation of the tangent at the point of 
contact P1(%1, yi) to the locus of an equation of the second 
degree. 

Substitute x12 and yy for x? and y?, wet oy for xy, and 
2 zo 2 “1 and etn for x and y in the given ibn 


For example, the equation of the tangent at the point of contact 
(a1, yi) to the conic x? + 3 ay—4y+5=0is 


me+ F(ry+mx)—syt+mn) +5=0; 
or, also, (2m+3y)e+ (8%—-—4)y—4y14+10—0. 


71. Equation of the normal. The normal to a curve at a 
point P, is the line drawn through P; perpendicular to the 
tangent at P:. When the equation of the tangent has been 
found, we may find at once the equation of the normal in 
the manner of Chapter IV. Thus, using the equations of 
the tangents given on page 134, we find the * ~ 


Theorem. T'he equation of the normal at Pi(%1, yi) to the 
ellipse b?x? + a?y? = a7b? is a®y,x — b®x,y = (a? — b?) x,y; ; 
hyperbola b?x?—a?y? = a7b? 1s a®y,x + b*x,y = (a? + 6?) x,y, ; 
parabola y? =2 px is yx + py = xy, + fyi. 


For example, for the ellipse the slope of the tangent 
b2a1% + a2yiy = a?b? 


is m= B om 
Hence the equation of the normal is 
y-Nn= oie (« — 1), 


and this reduces to the equation in the theorem. 
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In numerical examples the student should use the rule 
given to write down the equation of the tangent and then 
find the normal as a perpendicular line, and should not use 
the special formulas. 


72. Subtangent and subnormal. If the tangent and nor- 
mal at P; intersect the x-axis in T and N respectively, then 
we define 
(1) P,T = length of tangent at Pi, 

P,N = length of normal at P,. 

The projections on XX’ of PiT 
and P,N are called, respectively, the 
subtangent and subnormal at P,; 
that is, in the figure, 

MT = subtangent at P, 
M,N = subnormal at Pi. 


(2) 
Theorem. If m is the slope of the tangent at (a1, yi), then 


(8) — e = subtangent, my, = subnormal. 


Proof. In the figure, since 2 Pi TM; = 2 M;P,N (sides 
mutually perpendicular), and m is the tangent of Z Pi: TM, 


then 
ine Pel Maisie aU 


TM, TM,’ 
: MiN _ subnormal 
In A MPN, n = — = ——_: 
es MP; yi 


From these, noting that TM; = — MiT, we have equa- 
tions (3). Q.E.D. 

Since the subtangent and subnormal are measured in 
opposite directions from the foot of the ordinate M,P., 
they will have opposite signs. 

The lengths of the tangent Pi1T and normal P;N are now 
easily found by geometry. 
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EXAMPLE 


Find the equations of tangent and normal, and the lengths of subtan- 
gent and subnormal, at the point on the parabola x? = 4 y whose abscissa 
equals 3. 


Solution. The point of contact 
(11, yi) is 
a 3; Y= 
The formula for the tangent at 
(a1, y1) is, by the rule, Art. 70 
mx = 2(y + y1). 


Substituting the values of x; and y,, 
3x=2(y + $), 
or 6x2—4y—9=0. Ans. 
This is the required equation of the tangent. 
The slope of this line is 3. Hence the equation of the normal at (3, 2) is 
y— 2 S— -3@ =a), or 8x2+12y—51=0. Ans. 


Using (3), we have m = 3, yi = 3. Hence the subtangent = — 3, and 
the subnormal = 27. Ans. 

The lengths of the tangent and normal may be found by geometry, 
for the lengths of the legs of the triangles PiTM, and M 1PiN are now 
known. ~\ 


73. Tangent with a given slope. The method of finding 
the equation of the tangent in this case is illustrated in the 
following 

EXAMPLE 


Find the equation of a tangent to theellipse 
(1) 5a? +y?=5 
with a slope equal to 2. 


Solution. Let Pi(a%, y1) be the point of 
contact. The equation of the required tan- 
gent is (Art. 70) 


(2) 5aix+ yy =5. 
The slope of (2) must equal 2. Hence 
(3) Bi) or eee 
Y1 2 
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Since P; is on the ellipse (1), we have 
(4) 5a? + yi? =5. 

Solving (3) and (4), we obtain the points of contact of two parallel 
tangents, namely, (2, — $) and (— 2, 8). Substituting in (2), we get 


2x%—y-—3=0, 2x-—y+3=0. Ans. 


74. Tangent from an external point. We may readily find 
the equation of a tangent drawn from an external point, 
as in the following 


EXAMPLE 


Find the equation of a tangent to the ellipse 
(1) 5ar?+y2=5 
from the point A(— 2, — 1). 


Solution. Let Pi(x;, y1) be the point 
of contact. The equation of the required 
tangent is (Art. 70) 

(2) Sart yy. 


But the point A(— 2, — 1) lies on this 
tangent. Hence 


(3) — 10%, —y =5. 
Also 2; and 4; satisfy (1); that is, 
(4) 5 41? + yi? = 5. 


Solving (3) and (4), we obtain the points of contact of two tangents 
from A, namely, (— 3, $) and (— #, —4). Substituting in (2), we get 


2e4—y+3=0, 2x+3y4+7=0. Ans. 


PROBLEMS 


1. Find the equation of the normal to each of the following curves at 
the point indicated : 


(a) 222 + 3 y? = 35, (2, 3). Ans. 9x%—4y=6. 
(b) y=42 +4, (3, 4). 
(c) «2 + 2y = 4, (— 2, 0). Ans.x-—-2y+2=0. 


(d) CU, (ae — 8). 
(e) 3 y2? = 2%, (8, 3). 
(f) 2?+4y?+52=0, (—4, 1). Ans. 82+3y+29=6. 
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2. Find the lengths of the subtangent and subnormal in each part of 
Problem 1. , Ans. (a) 62, — 14. 
3. Show that the subtangent for the parabola y? = 2 px is twice the 
abscissa of the point of contact, and that the subnormal is constant and 
equal to p. 
4, Find the equations of tangent and normal, and the lengths of sub- 
tangent and subnormal, to the given curve at the point of contact given: 
(a) y27-6y—8x—31=0, (-—3, —1). 
Ans. t+y+4=0,24-—y+2-—0; —1,1. 
(b) 2 x2 — y2= 14, (8, — 2). 
(ec) v?—38y?+6x%+12y=9, (0, 3). 
(d) 5227 +9y2+2024+36y+11=0, (1, —2). 
(e) 42249 y?+242%+ 36 y=0, (0, 0). 
Ans.2x+3y=0,8x-—2y=—0; 0,0. 
5. Derive the equations of the tangents drawn from the point given 
to the given curve: 
(a) «2+ y2=5, (8, —1). Ans. «—-2y—5=0,24%+y-5=0. 
(b) 2? +4 y? =4, (2, 2). 
(c) 1222 —10 y? = 120, (0, 2). 
(d) 322+ y? = 16, (2, 2). 
(e) y27=62, (8, 18). Ans. -8y+96=0,82-—2y4+2=0. 
6. Find the equations of the tangents to the conics below with the 
slope or inclination indicated: 


(a) 2024+3y2=6,m=—1. Ans, of y= + V5. 
(b) y2=42, a= 30°. ey 

(ce) 22 + y2 = 25, m= — 2. mee 

(d) 2 y2—1622=1, m= 2. 

(e) y2 —12 y— 8% +20=0, a= 90°. Ans.x71+2=0. 


(f) 15 22 —8 y2+ 302+ 32 y—187=0, m= V2. 
Ans. V2 2 —y+38+V2=0, V22—-y4+14+V2= 

(g) Sin Oz —iae Mime 

7. Find the equations of the normals to the following conics with 
slope as indicated: 

(a) cy=4, m=§. Ans.x%-4y+15=0. 

(b) 442+ 6y2=25, m=— 6. 

(ec) x2—4y2=9,m=3. 

(d) 2y2-—1622=1,m=+1. 


75. Formulas for tangents when the slope is given. For 
later reference we collect in this section formulas giving the 
equations of tangents to the conics with the slope m. The 
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student should derive these formulas, following the method 
of Art. 73. 
Theorem. The equation of a tangent with the slope m to the 
circle x? + y2 = 12 is y= mx+rV1+m?; 
ellipse b2x2 + ay? = a2b2 is y= mx+Va'm? + B; 
hyperbola b?x2 — ay? = a2b2 is y= mx + Vaem? — b; 


2 = 4, | ean 
parabola y2 = 2 px is y= mxt+ v7 


A second method is set forth in the following 


EXAMPLE 


Find the equations of the tangents to the ellipse 
(1) 6227+ y27=6 
whose slope equals 2. 

Solution. The equation of the system of lines whose slope equals 2 is 
(2) y=2ua+k, 
where k is an arbitrary parameter. 

For what value of & is the line (2) a 
tangent? To answer this, we start to 
solve for the points of intersection with 
the ellipse (1). Substituting from (2) 
into (1), 

(3) 522+ (2x2+hk)2?=5. 

Squaring and collecting terms, 

(4) 9a2+4keu+kh?-—5=0. 

The roots of (4) are the abscissas of 
the points of intersection of the ellipse 
and the line (2). When the line is tan- 


gent, these roots are equal. Comparing (4) with the quadratic of 2, p. 1, 
we haveA=9, B=4k, C=k? —5, and for equal] roots B2=4 AC. Hence 


(5) 16 k? — 86(k2 —5) =0, or kK=+3. 
The equations of the required tangents are therefore 
AB:y=2x2+3 and CD:y=22-3. Ans. 
Check. Writing k = 8 in (4), we obtain 
9x7+122%+4=—0, or (84%+4+2)2?=0. 
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The equal roots have the common value x = — 3. This is the ab- 


scissa of the point of contact P. From y=22+3 the ordinate is 
found to be y= 8. Hence P is (— 2, $). 
Similarly, putting k = — 3 in (4), we find Q to be (3, — 3). 


The method followed may be described as follows: 


To find the equation of the tangent to a conic when the slope 
of the tangent is given, 


1. Write down the equation of the system of lines with 
the given slope (y=mx+k). This equation contains a 
parameter (k) whose value must be found. 

2. Eliminate x or y from the equations of the line and 
conic and arrange the result in the form of a quadratic, 


(6) Ay?+ By+C=0 or Az?+Br+c=0. 

3. The roots of this quadratic must be equal. Hence set 
(7) B?—4 AC=0, 
solve this for the parameter k, and substitute the values in 
the equation of the system of lines. 

4. Check. When each value of the parameter satisfying 
(7) is substituted in (6), the quadratic becomes-a perfect 
square. kN 

PROBLEMS 


1, Find the equations of the tangents to the following conics which 
satisfy the condition indicated. Find the points of contact and verify 
hy plotting: 

(a) x? + 42= 16, m= — FZ. 

Ans.42+3y+20=0; (3, 22), (—34, —22). 

(b) y2=42, m=1. Ans. ¢—y+1=0; (1, 2) 

(c) x? +y?-22+38y—-—8=0, m=2. 

(d) x27 +y2-—2y=0, a=90°. 

(e) zy —12=0, m=— %. 

(f) «2 — 4y? =4, perpendicular to x —-2y —5=0. 

(g) v2 + 9y?=4, perpendicular to9z —y =0. 

th) 2? —-y2-—4x2+6y+7=0, parallel tox +2 y=7. 

(i) 92? — 16 y? = 82, parallel to 18a—8 V7 y= 15. 

Ans. 92-AVI y= + 8; (4, V7), (—4,— V7). 


TANGENTS 143 


(j)42?+7y=79, m= 3, 
Ans. 84% —21ly=+79; (— 2, 8), (2, — 3). 
(k) 242+ 5 y2=10, a=60°. 
(1) 2 + 2 y? = 22, parallel to27—6y+11=0. 
Ans.x-—38y+11=0; (—2, 3), (2, — 3). 
(m) 4 x? — 9 y? + 36 = 0, perpendicular to 52+2y=7. 
(n) 22 — 292 =1, m= 3. 
(0) syt+y?—42%+8y=0, m=}. 
(p) 2 4+2ay+y?+82%-—6y=0, m=#. 
: Ans.4x—3y=0; (0, 0). 


(q)e?+2ay—4244+2y=0, m=2. 
Ans. y==24,2x2—y+10=0; (0, 0), (—2, 6). 
2. Find the points of contact for each of the tangents given in the 


theorem on page 141. 
Ans. Points of contact of tangent with slope m to the ellipse are 


zope eed le year ete 
( Varm? + b2  Va2m? + b? 


76. Properties of tangents and normals to conics. If we 
draw the tangent AB and the normal CD at any point P; 
on the ellipse, and if we draw 
also the focal radii P; F and PF’, 
we may prove the following 


Theorem. The tangent and 
normal to an ellipse bisect, respec- 
tively, the external and internal 
angles formed by the focal radu 
of the point of contact. 


Proof. In the figure we wish 
to prove 0= ¢. To do this we find tan ¢ and tan 6 by (V), 


Art. 14. ; 
The slopes of the lines joining P1(71, yi) on the-ellipse 


b2x2 + a2y2 = a2b? 
to the foci F’(c, 0) and F(— ¢, 0) are 


slope of F’P, = —4—:; slope of FP; = —4~. 
1 —C m1+6 
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2 
The slope of the tangent AB is — ae 
1 
Now tan 9 =u — m2 | where m; = slope of AB, m2=slope 
’ 1+m me 
of ex Oke 


Substituting the above values of the slopes, 


1 tee is 
weer ils a7y; — t1—¢ _ — 07x)? + ber — ay? 
b?x1y1 aay — a2cy, — b2a1y1 

a?y1(X1 — C) 


& (ay b217) — bem | 


~ arey, — (a2 — b?) ay 
But since P; lies on the ellipse, a?y,? + 6221? = a?b? and 
also a? — b? = c?. 
Hence 


Ear Po es 2 OR ee 


acy, — Cay. cyi(a?— cx) cyy 
In like manner, . : 
— b2x7,2 — 20x — a? 2 2 
tan (180° — 6) = a Oe alla Se 
( ?) a7xyy1 + a2cy, — b?x1y1 CY1 
Hence tan @=tan ¢; and since 6 and @ are both less 
than 7, 0@=@. That is, AB bisects the external angle of 
FP, and F’P,, and hence, also, CD bisects the internal angle. 
Q.E.D. 
An obvious application of this theorem is to the problem 
To draw a tangent and normal at a given point Pi on an 
ellipse. 


This is done by connecting P; with the foci and bisecting 
the internal and external angles formed by these lines. 

The phenomenon observed in ‘whispering galleries” 
depends upon this property. Let the elliptic are A’PA be 
a vertical section of such a gallery. The waves of sound 
from a voice at the focus F will, after meeting the ceil- 
ing of the gallery at P, be reflected in the direction PF’. 
For if PN is the normal at P, ZNPF = ZNPF’, and the 
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law of reflection of sound waves is precisely that the angles 
of incidence (= 2 NPF) and reflection (= Z NPF’) are equal. 
Hence sound waves emanating from F in all directions will 
converge at F’. A whisper at 


F, which would not carry over a 

the distance FF’, might conse- Mes PRN 
quently, through reflection, be ae, a 
audible at F’. rhe figs 

In like manner we prove the following theorems: 

The tangent and normal to a hyperbola bisect respectively 
the internal and external angles formed by the focal radii of the 
point of contact. 

The tangent and normal to a parabola bisect respectively the in- 


ternal and external angles formed by the focal radius of the point 
of contact and the line through that point parallel to the axis. 


These theorems give rules for constructing the tangent 
and normal to these conics by means of ruler and compasses. 


To construct the tangent and normal to a hyperbola at 
any point, join that point to the foci and bisect the angles 
formed by these lines. To construct the tangent and normal 
to a parabola at any point, draw lines through it to the 
focus and parallel to the axis, and bisect the angles formed 
by these lines. 

The principle of parabolic reflectors depends upon the 
property of tangent and normal just enunciated. Namely, 
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the reflecting surface of such a reflector is obtained by re- 
volving a parabolic are about its axis. If, now, a light be 
placed at the focus, the rays of light which meet the sur- 
face of the reflector will all be reflected in the direction of 
the axis of the parabola; for a ray meeting the surface at 
P, in the figure will be reflected in a direction making with 
the normal PD an angle equal te the angle FP;D. But this 
direction is, by the above property, parallel to the axis OX 
of the parabola. 


PROBLEMS 


1. Show analytically that the point of contact of a tangent to a 
hyperbola bisects the segment of the tangent between the asymptotes. 


2. Show analytically (1) that the perpendicular to a focal chord of a 
parabola erected at the focus meets both tangents at the ends of the 
focal chord on the directrix; (2) that these tangents are perpendicular 
to each other. 


8. Show analytically that the perpendicular from the focus of a 
parabola to a tangent meets the directrix on the line drawn from the 
point of contact parallel to the axis of the parabola. 


4. Show analytically that a tangent at any point of a parabola meets 
the directrix and the latus rectum produced in points equidistant from 
the focus. te 


5. The line joining the focus to the point of intersection of two tan- 
gents to a parabola bisects the angle formed by the focal radii to the 
points of contact of the tangents. 


6. The angle between two tangents to a parabola is half the angle 
between the focal radii to the points of contact. 


For individual study or assignment 


7. Show analytically that the product of the perpendicular distances 
to the foci from a tangent to an ellipse (or hyperbola) is constant. 


8. An ellipse and a hyperbola which are confocal intersect at right 
angles. 


9. Find the equations of the parabola y? = 2 px when referred to the 
tangents (perpendicular) at the extremities of its latus rectum as axes. 


Ans. 22 + y2? = Vp V2. 
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10. Show that a point P on a gentral conic divides the segment AB 
intercepted by the axes on the normal at P in a constant ratio (a? to 62). 


11. A tangent at one vertex of a hyperbola meets the conjugate 
hyperbola in two points. Show that tangents at these points pass 
through the other vertex. 


12. Show that the foci of a hyperbola and the points where a tangent 
meets the tangents at the vertices are on a circle. 


18. Find the points of an ellipse such that the subtangent and sub- 


normal are equal. Ans ( a? 2 ) 

.(+—,; +——}. 

14. Show that the two equilateral hyperbolas so placed that the 
asymptotes of one are the axes of the other intersect at right angles. 


15. Show analytically that the triangle formed by a tangent to a 
hyperbola and the asymptotes has a constant area. 


CHAPTER IX 


POLAR COORDINATES 


77. Polar codrdinates. In this chapter we shall consider 
a second method of determining points in the plane by 
coordinates. We suppose given a p 
fixed point O, called the pole, and a 
fixed line OA, passing through O, p 


called the polar axis. Then the posi- Q 

tion of a point P is determined by the ON A 
length OP = p (Greek letter ‘“‘rho’’) ak 

and the angle AOP = @. The num- \ 


bers p and @ are called the polar coér- be 


dinates of P; p is called the radius vector and 6 the vec~ 
torial angle. The vectorial angle @ is positive or negative as 
in trigonometry (see 5, 

p. 2). The radius vec- ay 


tor is positive if P lies Ee, 

on the terminal line of ey, 

6, and negative if P lies bk »> 
on that line produced ,,. [/} [7 ee cs 1 
th h th le O. 

Thus, asi me figure ** tle i "A 
the radius vector of P iss Se : SLT) 34s 
; ae SRA Ll] 
is positive, and that of | YY AEROS? 

P’ is negative. ey NS. a i] d 

It is evident that co a 


every pair of real num- asst hy Bes? 
bers (p, @) determines a ; 
single point, which may be plotted by the 


Rule to plot a point whose polar coérdinates (p, 0) are given. 
148 
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Construct the terminal line of the vectorial angle 6, as in 
trigonometry. If the radius vector is positive, lay off a length 
OP = p on the terminal line of 0; if negative, produce the 
terminal line through the pole and lay off OP equal to the 
numerical value of p. Then P is the required point. 


In the figure on page 148 are plotted the points whose 
polar codrdinates are (6, 60°), 
(8, ¢7), (—3, 225°), (6, 180°), 
and (7, — #7). 

Every point has an infinite num- 
ber of polar coérdinates. 


Thus, if OB=p, the codrdi- 
nates of B may be written in 
any one of the forms (p, §@), 
(— p, 180° + 8), (p, 360° + 6), (— p, 8 — 180°), ete. 

Unless the contrary is stated, we shall always suppose that 
6 is positive or zero, and less than 360°; that is, 0 = 0 < 360°. 


PROBLEMS 


1. Plot the points (3, 30°), (6, 120°), (— 5, — 145°), (— 10, — 20°), 
{— 4, 60°). 

2. Plot the points (10, 0°), (— 2, 90°), (5, 180°), (5, 18°), (5, 100°), 
(4%, 185°). 

3. Show that the points (p, 0) and (p, — @) are symmetric with 
respect to the polar axis. 

4. Show that the points (p, @) and (— p, 8) are symmetric with respect 
to the pole. 

5. Show that the points (p, 0) and (p, 180° — @) are symmetric with 
respect to the line 0 = 90°. 

6. Give another pair of codrdinates for each of the points of Problems 
1 and 2. : 

7. What is the distance (1) between the points (8, 210°) and (4, 30°)? 
(2) between the points (4, 45°) and (— 6, 45°)? 

8. What is the angle made with the polar axis by the line joining 
(4, 60°) and (38, 30°)? 

9. Find the distance between (1, 30°) and (— 2, 240°). (Use the law 
of cosines, 11, p. 4.) Ans. 1.24. 
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78. Plotting polar equations. Solve the equation for p in 
terms of 6. Substitute convenient values for @ and cal- 
culate the corresponding values of p until the codrdinates 
of enough points are obtained to determine the form of the 
curve. Connect the points by a curve. 

The plotting is facilitated by the use of polar coérdinate 
paper, which enables us to plot values of @ by lines drawn 
through the pole and values of p by circles having the pole 
as center. 

The table of Art. 4 may be used in constructing tables of 
values of p and 0. 


EXAMPLES 
1. Plot the locus of the equation 
(1) p = 10 cos 0. 


Solution. Assume values for @ as in the table below, and calculate p, 
making use of 8, p. 8. For example, if 


6 = 105°, p= 10 cos 105° = 10 cos (180° — 75°) = — 10 cos 75° = — 2.6. 


p = 10 cos@ 


The complete locus is found in this example without going beyond 
180° for 6. 
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Discussion. 1. Symmetry. Sinee cos (— 9) = cos 6 (8, p. 3), equa- 
tion (1) may be written p = 10 cos (— 9); that is, for every point (p, 0) 
on the locus there is also a second point (p, — 8) on the locus. Since 
these points are symmetric with respect to the polar axis, we have this 
result: The locus of (1) is symmetric with respect to the polar axis. 

2. Extent. @ may have any value, but p ranges from 0 to 10. Hence 
the curve is closed. In Art. 81 we learn that it is a circle. 


2. Draw the locus of 
(2) p? = a? cos 2 6. 


Solution. Before plotting, discuss the equation. 


Discussion. 1. Symmetry. We may change 6 to — @ in (2) without 
affecting the equation. Also we may replace p by —p. Hence the 
locus is symmetric with respect to the polar axis, and with respect to 
the pole. 

2. Extent. Since the maximum: value of cos 2 @ is 1, the maximum 
value of p is a, and the curve must be closed. 

When cos 2 @ is negative, p will be imaginary. Now cos 2 @ is nega- 
tive when 2 @ is an angle in the second or third quadrant; that is, 


h 
haa 90° <20< 270°, or 45° <0 < 135°, 
pisimaginary. There is no part of the curve between the 45° and 135~ 


lines. ; 
In the table @ is given values from 0° to 45°. 


p2 = a2 cos 20 


cos20 


The complete curve results by plotting these points and the points 
symmetric to them with respect to the polar axis. It is called a lem- 
niscate. In the figure a is taken equal to 9.5. 
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3. Discuss and plot the locus of the equation 


Le aes 
@) P Seiraacony 


p=2+ (1+ cos @) 


1+ cos 0 ) cos @ | 1+ cos9 


2 — .259 «741 
1,966 500 .500 
1.866 107 293 
1.707 3 -866 .134 
1.500 : 966 034 
1.259 

1 


Solution. Discussion. 1. Syinmetry. The curve is symmetric with re- 


spect to the polar axis, since pers 180 eats 
2) 


6 may be replaced by — 0. 

2. Extent. p becomes in- 
finite when 1+ cos 0=0, 
or cos 8=—1, and hence 


30° 

6= 180°. The curve re- os 
cedes to infinity in the 16 [7 SX yh to 
values of 6 are excluded. Bec css 

The table of values is A eee ROT ‘ 
computed only to@=180°, 1 USF Bee, LT} ote 
and the rest of the curve ae Ox SEER OS? Sait 
is obtained from the sym- SSE a 
metry with respect to the 225 Re ee 315 
polars axist) ss bakema— ls 246 300° 
The locus is a parabola. 255 to R88 


Discussion of a polar equation. It is usually easy (see the 
above examples) to determine 


1. The symmetry of a curve with respect to the polar axis, 
the pole, or the line @=90° (see Problem 5, Art. 77). 
2. The extent of the curve (closed or not closed). 


Before plotting polar equations, the student should 
establish such simple facts as result from a discussion, as 
illustrated above. : 
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PROBLEMS 
Discuss and plot the loci of the following equations: 
lp = 8: 
D. O= 135°: 


3. p = 10 sin 0. 

4.p=2sin6+8 cos@ 
5. psin@ = 5. 
6 


waar 


oa 4 
ae 1+ cos 
8 
7. p=—_——_. 
e 2+ cos8 
8 15. p= a(1 — cos 6). 
8. p= ers ma6. CARDIOID 
9. p= asin 26. 


10. p = 2(1 + tan @). 
11. p? sin20=9. 
12. p? cos 260 = a2, 
138. p = asin 6 tan 0. 


16. p? = a? sin 2 0. 
Two-LEAVED ROSE LEMNISCATE 


14. p =asecO+b; b<a. 17. p=b—acos0; b<a. 
CONCHOID OF NICOMEDES LIMACON 
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18. Plot the conchoid (Problem 14) forb=a; b> 4a. 
19. Plot the limacon (Problem 17) for b> a. 


79. Rapid plotting of polar equations. The student should 
acquire skill in plotting polar equations rapidly when a 
rough diagram will serve. 


EXAMPLE 


Draw the locus of 
(1) p=asin 36, 


Solution. Let @ increase from 0°. Follow the variation of p from (1) 
as 3 0 describes the successive quadrants. 


When 36 varies from|0° to 90°/90° to 180°/180° to 270°|270° to 360°|360° to 450°|450° to 540° 
then 6 variesfrom |0°to030°) 30°to60° | 60°t090° | 90°to120°|120°to0 150°|150°to 180° 
and p varies from Otoa ato0 Oto—a —ato0 Otoa ato0 


For example, when 3 @ varies from 270° to 360°, that is, is an angle 
in the fourth quadrant, then p is negative and increases from — a to 0. 

Now draw the radial lines 
corresponding to the inter- 
vals of 6; that is, 0°, 30°, 
60°, 90°, 120°, 150°, 180°. 

Noting the variation of 
p and the corresponding va- 
riation of 0, we sketch the 
curve as follows: 

The curve starts from the 
pole in the direction 0°, 
crosses the 30° line perpen- 
dicularly at p = a, returns to 
and passes through the pole 
on the 60° line, crosses the 
90° line produced at p = — a, 
returns to and passes through 
the pole on the 120° line (produced), crosses the 150° line at p = a, and 
returns to the pole on the 180° line. 

This gives the complete locus. The pencil point has moved continu- 
ously without abrupt change in direction, and has returned to the original 
position and direction. 

The curve is called the three-leaved rose. 
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PROBLEMS 


Sketch the locus of each of the following equations: 


1. p=acos30. 8. p =a cos 20. 
THREE-LEAVED: ROSE FouUR-LEAVED ROSE 


2.p=asin2 A. 4.p—asin 40. 

FouUR-LEAVED ROSE EIGHT-LEAVED ROSE 
5. p =a cos 30, 10.p=asin(0+ 45°). 14.p=acos386. 
6. p= asin 30. ll p=acos(9 +2). 15. p = asin?3 0. 
7. p=acos40. 6 16. p = a cos? 4 0. 


8.p =a(1 +2sin6). 12. p = asin 3 0. 17. p = asin? 3 6. 
9. p = a(2 + cos 8). 13. p =acos 30. 18. p =a cos? 3 0. 
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80. Relations between rectangular and polar codrdinates. 


Theorem. Jf the pole coincides with the origin and the 
polar axis with the positive x-axis, then 


= 6 
1 x= pcos 8, 
© Coe 


where (x, y) are the rectangular codrdinates and (p, @) the polar 
codrdinates of any point. 


Proof. When p is positive (Fig. 1) we have, by definition, 


-cosO=%, sing =4, 
p p 


whatever quadrant P is in. Solving, we get 
(1) £—= pcos @) v= p sin: 


When op is negative (Fig. 2) we plot the point P’, whose 
rectangular and polar coérdinates are respectively (— x, — y) 
and (— p, @). Hence for P’, by (1), since — p is positive, 

—x=—pcos#, —y=—psin8@; 
or “x= pcos 0, y= psin 6, 
as before. Q.E.D. 


' Equations (I) enable us to find the equation of a curve 
in polar codrdinates when its equation in rectangular co- 


POLAR COORDINATES 157 


ordinates is known. From the figures we also have the use- 
ful relations 


pPe=x2+y?, 6 =tan-1 f 
2 
2) eer ee ae ety, 
+ V x? + y? AV x2 + y? 


These equations express the polar coérdinates of any point 
in terms of the rectangular codrdinates. 


EXAMPLES 


1. Find the equation of the circle x? + y? = 25 in polar codrdinates. 


Solution. From the first equation of (2), we have at once p? = 25; 
hence p= +5, which is the required equation. It expresses the fact 
that the distance of the point (p, @) from the origin is five units. 


2. Find the equation of the lemniscate (Example2, p. 151) p? =a? cos 20 
in rectangular codrdinates. 
Solution. By 10, p. 8, since cos 2 6 = cos? 6 — sin? 6, 
p? = a?(cos? 6 — sin? @). 
Substituting from (2), 
24 42 = g2 Lees wet Ibs ); 
x y ee of y? 2 + y? 
. ("2 + y?)?2 = a? (x? — y?). Ans. 


81. Applications. Straight line and circle. 


Theorem. The general equation of a straight line in polur 
coordinates 1s 


(II) p(A cos 8+ Bsin #)+C=0, 
where A, B, and C are arbitrary constants. 

Proof. .The general equation of the line in rectangular 
coobrdinates is Ag+ By + C= 0. 

By substitution from (I) we obtain (II). Q.E.D. 


Special cases of (II) are pcos 0=a, psin@=6, which result, re- 
spectively, when B = 0 or A=0, that is, when the line is parallel to 
OY or OX. 
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In like manner we obtain from (2), Art. 34, the 

Theorem. The general equation of a circle in polar codrdi- 
nates 1s 
(IIT) p?+ p(D cos 6+ Esin 0) + F=0, 
where D, E, and F are arbitrary constants. 

If the pole is on the circumference and the polar axis is a 
diameter, the equation is 

p= 27 cos 6, 

where 7 is the radius of the circle. 

Similarly, if the circle touches the polar axis at the pole, 
the equation is p=2rsin 6. These results may easily be 
derived directly from the accompanying figures. 


Theorem. The length | of the line. joining two points 
Pi(pi, 61) and P2(p2, 62) is given by 
(IV) I? = p? + p? — 2 pp, cos (8, — 9). 
Proof. Let the rectangular coérdinates of P; and Ps: be 
respectively (a1, yi) and (x2, y2). Then, by (1), Art. 80, 
41 = pi cos 6;, x2= p2 cos bo, 
Yi=pisinO;, yo2=pesin Oo. 
But I? = (a1 — %2)? + (yi — yo2)?, 
and hence 
I? = (p; cos 0; — p2 cos 82)? + (p1 sin 0; — pe sin 62)?. 
Removing parentheses and using formulas from 7 and 9, 
p. 3, we obtain (IV). Q.E.D. 
Formula (IV) may also be derived directly from a figure 
by using the law of cosines (11, p. 4). 
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, 82. Polar equation for the conic sections. 
Theorem. The polar equation of a conic section is 


V J 2 ee z P(P:8) 
~ a 1—ecos@ 


uf the pole is at the focus and the 
polar axis is perpendicular to the 
directrix, uf we assume that e is 
the eccentricity and p the distance 
from the focus to the directrix. 


Proof. For let P be any point on the conic. Then, by 
definition (see Art. 66), 


EP = é. 
From the figure, (2 iy, 
and EP=HM=p+ pcos @. 
Substituting these values of FP and EP, we have 
(ee Ey) 
~ »+ pcos é@ 
Solving for p, we obtain (V). Q.E.D. 
PROBLEMS 


1. Find the polar coérdinates of the points (5, 12), (18, 12), (— 4, —3), 
(251) (= 2 V7 3,-2),.(1,—1), (6; 5): 

2. Transform the following equations into polar equations and plot 
the loci: 


(a)2x—5y=0. Ans. tan 6 = 2. 

(b) 42-3y+6=0. ; 

(c) x? + y?2 = 25. Ans. p= +5. 

(d) w+ y?+2x=0. 

(e) v2 +y2—2x4+4y=65. Ans. p? — p(2 cos @— 4 sin 6) = 5. 
(Gi) ype. 

(g) v2? — y? = a?, Ans. p? cos 2 6 = a?. 


(hh) @? + 7)? = a7(@? — y?). 

(i) (22 + y? + bx)? — a?(x? + y?) = 0. 
(j) 1 —e?)a? + y? —2 pe + p?=0. 
(k) y27=3 23. 
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8. Transform the following polar equations into rectangular equa- 
tions: 


(apie (i) p(2 cos +8 sin 6) +5=0. 

(Dy = 15>. Ans.2%+3y+5=0. 

(c) p=4sin 0. (j) p(7 cos 6 — 5sin 6) = 7. : 

(d) p=6 cos@. (k) p=5 csc 0. 

(e) p?=9 cos 20. (1) p? cos2 0=16. 

({) p? =4 cot 0. (m) p+ 6 cot 6 csc 0=0. 
Ans. vy +yo4a, Ans. y?+62=0. 

(g) p= tané. (n) pies raton seV ee ; 

(h) p=4 sec. 1 +2 cos 0 


4, If we rotate the polar axis through an angle a about the pole, what 
are the relations between the old codrdinates (p, #) and the new (p’, 6’) 
of any point? 

5. If the polar axis is rotated 90° about the pole, that is, so that it is 
parallel to the directrix of the conic as discussed in Art. 82, what form 
does the equation (V) assume? Ans. p= Spee 

1+esin 0 

6. Compare the equations of each of the following conics with (V), 

Art. 82, or Problem 5, and find e and p. Plot and draw the directrix. 


7 Rob: 
2) p= —————— An sme nln oe) pS 
(a)'p 2 —2 cos8 sors] cre 14+ 3 cosé 
16 \ 10 
bo. —————- Ans.e=},p=16. .. (d) p= ———. 
(chs 2+sin 0 BP (a) p - 2 —sin 0 


83. Points of intersection. By a method analogous to that 
used in rectangular codrdinates we find the codrdinates of 
the points of intersection of two polar curves by solving 
their equations simultaneously. This is best done by 
eliminating p, which will give rise in general to a tran- 
scendental equation in 0. 

The following example will illustrate the method: 


EXAMPLE 
Find the points of intersection of 
(1) p=1+ cos 8, 
(2) p= 1 


2(1 — cos 6) 
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Solution. Eliminating p, 
il 


es os (7) 5 Se 
2(1 — cos @) 
or 1 — cos? @= 
cos 6 = M2 


“0 = + 45°, + 185°, 


Substituting these values in either equa- 
tion, we obtain the following four points, 


(1 oe, +45 “I (1 2, 185°). Ans. 


The result checks in the figure. The locus of (1) is a cardioid; of (2), 
a parabola. 


PROBLEMS 


Find the points of intersection of the following pairs of curves and 
check by drawing the figure: 


1 el 8 eas 
nlp: " Lp=v2 sin 6. 
Ans. (2, 30°}, (2, 150°). =F 2 ain 8 
Q. ai ae 9. — Ci 
p= 1 +sin 0 
p=2asin0, p? cos 20 = a?, 
i ane 10. { = V2 a. 
d6=4a ov 
4. oy ’ p cos (@ — 60°) =a, 
p=4a cos. sa p cos (8 — 30°) =a. 
Ans. (4a, 0°), (—4 a, 180°). : 
ez rcopanle eo cen 
p=cos 20. a 
Ans. (4, 30°), (4, 150°). ESS: 
p=cos 20, p=6sin8, 
6. a 13; eee oan 
p =4+4cos8, eee 
7. {gee 14. p=asin2 6. 


Ans. (6, + 60°), (2, +120°). 


p=2+4cos8, } , 
Me 14 p (1—cos 6) =9. Ans. ($, 120°), ($, 240°). 
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84. Loci using polar codrdinates. When a curve is de- 
scribed by the end-point of a line of variable length whose 
other extremity is fixed, polar codrdinates may be employed 
to advantage. 

EXAMPLE 


The conchoid. Find the locus of a point P constructed as follows: 
Through a fixed point O a line is drawn cutting a fixed line BC at Pi. 
On this line a point P is taken so that 
P,P = +5, where 0 is a constant. 


Solution. The required locus is the 
locus of the end-point P of the line OP, 
and O is fixed. Hence we use polar co- 
ordinates, taking O for the pole and the 
perpendicular OM to BC for the polar 
axis. Then 


(1) OP Jo: Z=AViOPI—10) 
By construction, 

(2) p=OP=OP, +b. 
But in the right A OMP,, 

(8) OP; =OM sec ZMOP, = asec. 
Substituting from (38) in (2), 

(4) p=asecO+6b. 


The locus of this equation is called the conchoid of Nicomedes. It has 
three distinct forms according as a is greater, equal to, or less than b. 


PROBLEMS 


1. Find the equation of the locus of the ee of chords of the 
circle p = 2 r cos @ drawn from the pole. 


2. The chord OB of a fixed circle p=a cos 6 
drawn from O is produced to P so that BP 
is determined as below. Find the locus of 
P and plot. 

(a) BP equals the perpendicular distance 
of B from the polar axis. 

Ans. p= a cos 6(1 + sin 6). 

(b) BP = diameter = a. (See Fig. 1.) 

Ans. The cardioid p = a(1 + cos 6). 


Fie. 1 
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(c) BP = radius = 3 a. (See Example 17, p. 153.) 

Ans. The limagon p = a(3 + cos @). 
(d) BP=MB. (See Fig.2.) Ans. The circle p = a(sin 6 + cos 6), 
(e) BP =2 MB. 
(f) BP =3.a. 


Fic. 2 5 Fig. 3 


8. Lines are drawn from the fixed point O on a fixed circle to meet a 
fixed line LM which is perpendicular to the diameter through O. On 
any such line OC lay off OP = BC. What is the locus of P? (Fig. 3.) 

Ans. p= b sec 6 — a cos 0. 

Plotthe locus when (1) b=4,a¢=3; (2)6=3,¢=4; @)a=0=4. 
When a= 0 the curve is the cissoid (Problem 8, Art. 95). 

4. A line is drawn from the pole O to meet the line p cos 6 = 4 at M. 
Find the equation of the locus of a point P on OM under the condition 
given, and plot. 

(a) MP=4. (b) MP=OM+4. (c)OM-OP=12. 


PROBLEMS FOR INDIVIDUAL STUDY OR ASSIGNMENT 
Plot carefully the following loci: 


1. p=asin6 + bsecO. 9. p=acos 8 6 — b cos 8. 
2. (p 5) =a? cos 26. ; 10. p= cos 30+ cos6+1. 

11. p= cos 30 + cos 20. 
8. p= a(cos 2 + sin 2 6). 12. p = cos 3 6 — sin 26. 
4. p=acos26+4+ 4 asec. 18. p? cos 6 = a? sin 3 0. 
5. p=asin26+4 asecd. tact ee 
6. p=acos26 +5 cos8. “ cose da aie 
7. p=asin26 +b cos0. _ 2cos20 

; 16) pts Se et 

8. p=acos26 + b(sin# +1). cos 6 +2 


164 NEW ANALYTIC GEOMETRY 
= eG Ss 
2 — cos 8 
lay off from Q toward F a segment QP = 4. Find the locus of P. (The 
segment QP = semi- 
major axis.) 

17. O is the center 
of a fixed circle and M 
a fixed interior point. 
Draw any radius OB, 
connect M and B, and 
draw MP perpendicu- 
lar to MB to meet OB 
at P. Required the 
locus of P. 


Ans. p =e —— 


16. On a radius vector (focal radius) FQ of the ellipse p = 


e—acosé 
ecos0 —a 

if OB=a, OM=e. 

Draw the locus 
when a=4,e=2, and 
show that it is the 
sameasin Problem16. 


18. Let the x-axis cut the circle x? + y2 = a? at C. An are CB is laid 
es on the circle equal to the abscissa xo of a point (Xo, yo) on the parabola 
=4cxz, and the radius OB is 
Ped to P, making BP = yo. 
Show that the locus of P is the 
parabolic spiral (p — a)? =4 ac 
(see figure). 


p=a0 
PARABOLIC SPIRAL SPIRAL OF ARCHIMEDES 


19. Find the locus of a point such that 


(a) its radius vector is proportional to its vectorial angle; 
Ans. The spiral of Archimedes, p = a0. 


POLAR COORDINATES 165 


(b) its radius vector is inversely proportional to its vectorial angle; 
Ans. The hyperbolic or reciprocal spiral, p = a. 
(ec) the square of its radius vector is inversely 
proportional to its vectorial angle; 
Ans. The lituus, p20 = a?. 
(d) the logarithm of its radius vector is pro- 
portional to its vectorial angle. 
Ans. The logarithmic spiral, log p = a. 


1 3 (282) 


20. Theorem on the logarithmic spiral. When 
two points, P; and Pe, have been plotted on a |B, (1,01) 
logarithmic spiral, points between them on the P 
locus may be constructed geometrically by the 
following theorem: 

If the angle P2OP, is bisected, and if on this 
bisector OP3 is laid off equal to the mean proportional between OP: and 
OP2, then P3 is on the locus. 


Prove this theorem (see figure). : 


LOGARITHMIC SPIRAL 


CHAPTER X 
TRANSCENDENTAL CURVES 


In the preceding chapters the emphasis has been laid 
chiefly on algebraic equations, that is, equations involving 
only powers of the codrdinates x, y. We now turn our 
attention to equations such as 

P=A0l Ss, YoL- f= sin y: 
which are called transcendental equations, and their loci, 
transcendental curves. 

85. Natural logarithms. The common logarithm of a given 
number N is the exponent x of the base 10 in the equation 
(1) 10* = N; that is, x =logio N.. * 

In a second system of logarithms, known as natural or 
Naperian logarithms, the base is denoted by e, called the 
natural base. Numerically, to three decimal places, 

(2) C= 2.415, 

The natural logarithm of a given number N is the exponent 
y in the equation . 

(3) ~ e? = N; that is, 7 = log, N. 

To find the equation connecting the common and natural 
logarithms of a given number, we may take the logarithms 
of both members of (3) to the base 10, which gives 
(4) logioe” =logio N, or ylogioe=logioN. [8, p. 2] 

Substituting the value of y from (3), we obtain 


(5) logio N = logio e : log. N. 
166 
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Hence the common logarithm of any number equals the 
product of its natural logarithm by the constant logio e. 
This constant is called the modulus (= M) of the common 
system; that is, using a table of logarithms, 


(6) M = logio e = 0.484; also + = 2.303. 


We may summarize in the equations 


Common log = natural log times 0.434, 


A 
Ge Natural log = common log times 2.303. 


These equations show us how to find the natural loga- 
rithm from the common logarithm, 
or vice versa. 


Exponential and logarithmic curves. 
The locus of the equation 


(7) y=e 

is called an exponential curve. From 
the preceding we may write (7) alse 
in the form 


(Sj a= log. 7 — 2.308 login y: 


The locus of (7) is therefore the 
curve whose abscissas are the natural 
logarithms of the ordinates. Let us 
now discuss and plot (7) (see figure). 

Discussion. 1. Intercepts. From (8), if y=0, x=log.0 
=)—107 /Froms(}), if «= . y=e®=1. Results are put 
down in the table. 

2. There is no symmetry. 

3. Since negative numbers have no loga- 
rithms, negative values of y are excluded, 
but no values of x. Moreover, x increases as y increases. 

4. The z-axis is an asymptote, for y approaches 0 as the 
negative values of x increase numerically. 
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The codrdinates of a few points on the locus are set 
down in the table. A table of values of e* and e~* is given 
below. 

If the curve is carefully 
drawn, natural logarithms 
may he measured off. Thus, 
in the figure, if y=4, by 
measurement x =1.39=log.4. 

The locus of 
(9) y = bem, 
where a and 0 are constants, is also an exponential curve. 
The discussion is left to the student. 


Table of values of the exponential function e*. 


0 At 22 - A 


ex e-x ex e-x ex e-x ex ex 


1.00 1.00 
2.72 0.37 
7.39 0.14 
20.1 0.05 
54.6 0.02 
148 0.01 


5 USO ORD 


3.00 0.33 
8.17 0.12 
22.2 0.05 
60.3 0.02 
164 0.01 


1.22 0.82 
3.32 0.30 
9.03 0.11 
24.5 0.04 
66.7 0.02 
181 0.01 


™~ 


‘1.49 0.67 


4.06 0.25 
11.0 0.09 » 
30.0 0.03 
81.5 0.01 
221 0.00 


9 


ex e-x 


ex e-x 


1.65 0.61 
4.48 0.22 
12.2 0.08 
33.1 0.03 
90.0 0.01 
245 0.00 


1.82 0.55 
4.95 0.20 
13.5 0.07 
36.6 0.03 
99.5 0.01 
270 0.00 


2.01 0.50 
5.47 0.18 
14.9 0.07 
40.4 0.02 
110 0.01 
299 0.00 


2.46 0.41 
6.69 0.15 
18.2 0.06 
49.4 0.02 
134 0.01 
365 0.00 


For example, to find the value of e?:3, we look in the column under 
x tor the value 2 and then pass to the right under .8. The value sought 


is found in the column under e” to be 9.97. The next value to the right 
of this under e-? is e-2-3 = 0.10. 
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The locus of the equation 
(10) y = logio x, 


called a logarithmic curve, differs from the locus of (9) only 

in its relation to the axes. In fact, both curves are exponen- 

tial or logarithmic curves, depending upon the point of view. 
Solving (10) for 2, 


(11) x = 10" = 62.803», 


2 ie ae 

(10,1 

tH 

meen rig et 
Sen cemier ise 


Discussion. 1. The intercepts are 1 on OX, — won OY. 

2. There is no symmetry. 

3. Negative vaiues of x are excluded, but no values of y, 
which increases with x. 

4. The y-axis is a vertical asymptote. 

The locus of (10) is given in the figure. Some coordinates 
are given in the table. The scales chosen are 


unit length on OX equals 2 divisions, 
unit length on OY equals 4 divisions. 


Compound-interest curve. The problem of compound interest intro- 
duces exponential curves. For if r=rate per cent of interest, and 
n= number of years, then the amount (= A) of one dollar in n years, 
if the interest is compounded annually, is given by the formula 


A= (ri 
For example, if the rate is 5 per cent, the formula is 


(12) A=(1.05)”. 
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If we plot years as abscissas and the amounts as ordinates, the corre- 
sponding curve will be an exponential curve. For logio 1.05=0.021. 
Hence, from (A), 


log, 1.05 = 2.302 times 0.021 
= 0.048 (to three decimal places). 


Hence, by (8), e°948 = 1,05, 
and equation (12) becomes 
(13) A =e-0487, 


which is in the form of (9); that is, a= 0.048 and o=1. 


In solving the following problems, a table of logarithms is 
necessary. 
PROBLEMS 

Draw * the loci of each of the following: 

1, yi 3 e57. 3. y = 4 e?%, On y= 13-6 a 

Q.y =2 €-3*. 4. y = xe-22, 6. y =2 logio Vz. 
7. y = logio (2 +2). 
8. y=log, (9 —x?). 
9. y =logio Va +38. 

10. y = log, (4 & — x?). 


SS 


Wy 


O aXe 
Ly = en 


12. y = S(c# + 78) 
~-Y¥=s\eqr+e 4%. 
PROBABILITY CURVE 2 

The locus in Problem 12 is called the catenary (see figure). The 
shape of the curve is that assumed by a heavy flexible cord freely sus- 
pended from its extremities. 


* If the shape only of the curves 1-5 is desired, we may replace e by the 
approximate value 3. 
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86. Sine curves. As already explained (6, p. 2), the two 
common methods of angular measurement, namely, circular 
measure and degree measure, employ as units of measure- 
ment the radian and the degree respectively. The relation 
between these units is 


(1) q radians = 180°. 
° © 
B % o 3 i 
SLO. & & ° ~~ S 
Hs 8 mae So Se 5 


oot | 
al Oy md We IR £4 3 


—z Radians = us 


Thus 47 radians = 90°, + 7 radians = 45°, etc. The 
two scales laid off on the same line give the figure above. 
In advanced mathematics, circular measure is commonly 
used. The numerical value of sin 2 x for x = 1 radian, for 
example, is found as follows: 
(2) an. += sin 2 radians — sin 114935) — 0.909. 
Let us now draw-the locus of the equation 
(8) y= sin w: 


Solution. In making the calculation (see page 172) for 
plotting, it is convenient to choose values of x at intervals 
of, say, 30°, then find the values of x in radians, and y from 
the table of Art. 4 (see also 8, p. 3). ° 

To plot, choose a convenient unit of length on XX’ to 
represent 1 radian, and use the same unit for ordinates. 
Plotting, the curve APOQB is the result. 
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x ix se 
degrees radians radians 


0 0 0 
30 52 : — .52 
60 1.05 — 1.05 
90 1.57 — 1.57 

120 2.09 5 — 2.09 
150 2.62 . — 2.62 
180 3.14 — 8.14 


The course of the curve beyond B is easily determined 
from the relation 


sin (27+ 2) = sin 2. 
Hence y=sinx=sin (27+ 2); = 


that is, the values of y will be repeated if each value of x is 
increased by 2 7. This means that any point on the curve 
will be also on the curve when moved a distance 2 7 to the 
right parallel to OX. Hence the are APO may be moved 
parallel to XX’ until A falls on B, that is, into the position 
BRC, and it will also be a part of the curve in its new position. 
This property is expressed by the following statement: 
The curve y = sin x is a periodic curve with a period equal 
to 27. Also, the are OQB may be displaced parallel to XX’ 
until O falls upon C. In this way it is seen that the entire 
locus consists of an indefinite number of congruent arcs, 
alternately above and below XX’. 

Discussion. 1. Intercepts. If x=0, y=sin0=0 = in- 
tercept on the y-axis. If y= 0, then sinx = 0, and x= nz, 
m being any integer. Hence the curve cuts the axis of x an 
indefinite number of times on both the right and left of O, 
these points being at a distance of 7 from one another. 

2. Symmetry. The origin is a center of symmetry, for 
sin (— x) = — sin x (8, p. 8). Hence, replacing (x, y) in (8) 
by (— x, — y), we have — y = sin (— x) = — sin 2, or, chang- 
ing signs, equation (3) as before. 
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3. Extent. The curve extends indefinitely along XX’ in 
both directions, but lies between the lines y=+1 and 


If the axes are translated to (4 7, 0), then (3) becomes 
(4) y’ =sin (x’ + 4 1) =sin (90° + x’) = cos 2’. 

The locus of y = cos x is therefore a sine curve, as in the 
figure. This curve differs from the locus of y= sin x only 
in the position of the y-axis. 

In the figure, p. 171, the 
curve APOQB may be re- 
garded as a ‘“‘pattern curve.” 
When this is displaced par- 
allel to X’X, either to the 
right or to the left, a distance equal to any multiple of the 
period, it will belong to the locus in its new position. 


87. Periodicity. The equations 
(1) sinx=sin(«+27), tanx=tan («+ 7) 
indicate that sin and tan x are periodic functions. The 
formal definition is 

A function of x 1s a periodic function if its value 1s repeated 
when x is replaced by x + P, P being a constant and x any 
value. 

The constant P is called the period if it is the least num- 
ber for which the function has the specified property. From 
(1), sin x and tan x are periodic functions, the former with 
the period 2 7, the latter, 7. Of course, tan (x-+ 2 7) = tan z, 
also, but the period is 7. 


The period of sin kx 1s Ze In fact, replace x by x + a 


Then kx becomes kx + 2 7, and sin kx becomes sin (kx-+ 2 77). 
But these are equal. 
In the same way it may be shown that the period of 


tan ax is ©. 
a 
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88. Plotting sine curves. Assume the equation 
(1) y = asin ke. 
The period is ar. The values of y range from — a to+ a 


inclusive. The maximum value a is called the amplitude. 
As it is important to sketch sine curves quickly, the 
following directions are useful : 


1. Find the amplitude a and the period P. 

2. Choose the same scale on both axes. 

3. Lay off points on XX’ from O at intervals of a quarter- 
period. The highest and lowest points are at the odd 
quarter-periods. The intersections with XX’ are at the even 
quarter-periods. 

Thus, in the figure, p.171, where +P=i7, at Q, 
w=in; at R,xr=37; at B, x =T; etc. 


EXAMPLES 
1. Sketch the sine curve 
TE 


2 2 —= x 
(2) sin z 


Solution. Amplitude a=2. Period P =6. Hence } P= 13. Mark 
the points x=0, + 13, +3, etc. on the x-axis. The corresponding 
values of y are given in the table. The curve from x =—3 tor=3 is 
shown in the figure. 


Mv 
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6 


2. Sketch the curve ° 
(3) y=2sin 3 wa +2 7). 


Solution. Taking the coefficient of x (that is, } 7) outside the 
parenthesis, (3) becomes 
(4) y=2sin4 r(x +3). 


Set r+ }$=2’', that is, x= 2’ —4, and y=y’. Then (4) becomes 
(5) y’ =2sin 4 rz’, 


the same as (2). The figure for (5) is that on page 174, with x’ = 0 at O. 
But the transformation x =x’ —4,y=~y/’ translates the axes to the 
new origin (— 4, 0). The point O in the figure is therefore (— 4, 0) 
referred to the: anes of (3). Hence the figure for (3) is obtained: by 
drawing the y-axis at a distance of half a unit to the right of OY. 


General sine curves. The locus of 
(6) y=asin(kx+c) or y=acos(kxr+c) 


is a sine curve with amplitude a and period 20 ; for the 


: k 
translation piesa : ,y=y’ 


transforms (6) into 
y'=asinkx’ and y’=acoskr’ 
respectively. 
PROBLEMS 


1. Make out a table of values of cos x (see Art. 86) and plot and dis- 
cuss fully y = cos z. 


Sketch each of the following for a full period. Compute y for the 
value of x given, plot, and check in the figures. 


2.y=sin 32, 7=3. 10. y=2 cos (1—3 2), x= —3 
8.y=2sin 32, c= 9 7. : 11. y= 2 cos (2 a7x+3 7), 4 =2. 
= =e, 
a eres = 12. y=4sin (4+ 4), v=2. 
5. y=} cos22,2=1. wt : 
6. y= cos} m2, 7=3. 13 yi=sin G re — 5 4), 2 — 2. 
7. y=2sin 3 wz, 7 =2. 14. y=asin (kx + 7). 
= 3 =—3. 
8. y SS ed 15. s=a.cos(22t+ 8). 
9.y¥=3sin (vx +2), 7=1. 


176 NEW ANALYTIC GEOMETRY 


89. Other trigonometric curves. The tangent curve. The 
figure shows the tangent curve, locus of 
(1) y = tan 2. 


1 
' 
! 
| 
! 
! 
| 
| 
1 
1 
| 
' 
! 
' 
| 
| 
‘ 
1 
1 
| 


IGS 


The period P= 7, and values of y for multiples of a 
quarter period are shown in the table. 

Discussion. 1. Intercepts. On the y-axis, 0; on the z-axis, 
+n, n any integer. 

2. Symmetry. The curve is symmetric with respect to O. 

3. Extent. No values of x or y excluded. 

4, Asymptotes. «= 3 7 + nm, n any integer. 

Note that the distance between consecutive asymptotes 
equals the period 7. 

The secant curve. The locus of 


(2) y = sec x 
is shown in the figure. 
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The period is P=2 7. Lay off points on the z-axis at 
intervals of a quarter-period 4 7, write (2) in the form 


(3) y= Da 


COS X 


and recall the values of cos x for these values of x. The 
table gives also values of y for other values of z. 
The pattern for a tangent curve may be taken as the 


branch between the asymptotes x=— 4P, x=4P; for 

a secant curve, the two branches between the asymptotes 
ees 1 G3) 

CS — aA Es r= 4 12. 


The cotangent curve. The figure for the locus of y = cot x 
is shown in Art. 111. The following discussion shows that 
this curve can be obtained from the tangent curve by a 
simple geometric transformation. 

In Fig. 1 translate the axes to (4 7, 0). Then (1) be- 
comes 


(4) y’ =tan (4mr+2')=—cotxz’. [By 8, p. 3] 


The figure for (4) is a 1 except that the y' ‘-axis lies 
along the asymptote x= 357. In (4), replace y’ by —y’. 
Then we obtain 


(5) —y' =—cotz’, or y’=cotr’. 


The figure for (5) is oan from Fig. 1 by drawing 
O’Y’ along the asymptote x= 45 7, and replacing* each 
point (x, y) by the point (x, — ae 

The cosecant curve. In Fig. 2 translate the axes to 
(— 37, 0). Then (2) becomes 


(6) - y’ =sec (x’ —47) = ese 2’. [By 8, p. 3] 


In Fig. 2, therefore, if O’Y’ is drawn along the first 
asymptote to the left, we obtain the figure for (6). The 
cosecant curve is, accordingly, a secant curve. 


* Called a reflection in the x-axis. 
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PROBLEMS 


1. Plot directly and discuss (1) y= cotx; (2) y=csewx. 
2. Sketch each of the following for one period, compute y for the 
values of x given, plot, and check in the figure: 
(a) y=S8tanz; x=i ct. 
(b) y=8 tan(4 we —2 7); r= 3. 
(ec) y=cot3mz; r= 2. 
(d) y=4 cot 4 ma+2nm); r=—-12. 
(e)2y=S8cot32; c=%. 
(f) 3y=sec([— @+1)]; x= 0.8. 
(g) 2y=sec$ x; +=5. 
(h) 4y=cese4 rx; 2=38. 
(i) y= ese (e+ 2); c=5. 
(CN He B COR le ES 
Plot the following loci and discuss: 


8.x=siny. Also written y= are sin or sin-!x, and read “the 
angle whose sine is 2.” 


4, x = 2 cos y, or y = arc cos 3 &. 

. “= tan y, or y = arc tan x (see figure). 
.c=2sin 3 ry. 

.2£=4 cos 3 ry. 


Aji aretanea vc: 


o CO st DX 


. y= 7 arc cos $ x. 


90. Addition of ordinates. When the equation of a curve 
has the form 


y = the algebraic sum of two expressions, 
as, for example, y=sinzx+cosz, y=42+sin?z, etc., 
the principle known as addition of ordinates may be em- 


ployed with advantage. For example, to construct the 
locus of 


(1) y=2siniae+iz, 
we employ the auxiliary curves 
(2) yi = 2sin } 72, 


(3) Yy2= 2. 
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Plot these curves one below the other, keeping the Y-axes 
in a straight line. The same scales must be used in both 
figures. The locus of (2) is the sine curve of Fig. 1. The 
locus of (8) is the straight line in Fig. 2. 

The ordinates of Fig. 1 are now added to the correspond- 
ing ones in Fig. 2, attention being given to the algebraic 


Fig. 2 


signs. The derived compound curve A,B,OB2A2 has the 
equation : 

(4) y=ytye=2siniawe+hx 

as required. The locus winds back and forth across the line 
y=, crossing the line at r=0, +4, +8, +12, etc., 
that is, directly under the points where the sine curve in 
Fig. 1 crosses the x-axis. 
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PROBLEMS 
Draw the following curves, calculate y accurately for the given value 
of x, and check in the figure: 
Ly=2sine+ $2; e=1. 
2.y=2cosx+ yy x2; T= F. 
3. y=sinx —cos22; x=—F. 
4.3y=2—=8 sin} a2; c=2. 
5. y =logiox — 4 cos} Tz; 4 = 2. 
6. y =e#* — cos mx; x=} 
q. gee a4 aein 2) Coa 1S. 
S.y=grte*; x=—}, 
9.y=sin 2x2 +cos2x; 2=15. 
10.y=2 sinx +3 cosx; + =1.5. 
ll.y=2sin2x%—e%%; x=1. 
12. Problems 9 and 10 illustrate the following 
Theorem. The compound curve obtained by adding corresponding ordi- 
nates of sine curves with the same period is also a sine curve with equal 
period, : 
For example, consider the equation & 
(5) y = asin (kx + a) + b sin (kx + B),~ 
in which a, 6, a, 8, and k are constants. Expand the right-hand member 


by the rule (9, p. 8) for sin (x + y) and collect the terms 
in sin kx and cos kx. Then equation (5) assumes the form 


(6) y=Asinkx + B cos ka, y B 


where A and B are constants, independent of x. Let 

us now introduce the angle y of the right triangle 

whose legs are A and B. Let the hypotenuse VA? + RKC. Then 
B=Csiny,A=Ccosy. Substituting these values in (6) gives 


(7) y = C(sin kz cos y + cos kx sin y) = C sin (kx + y). 


This is a sine curve with period 27 (the same as for both terms in (5)), 

and amplitude C = V A2 + B?., Q.E.D. 
The compound curve resulting from the addition of ordinates of sine 

curves with unequal periods is, however, not a simple sine curve. 


13. What is the amplitude of the compound sine curve of Problem 10? 


Show that the equation may be written y= V18 sin (x + a), where 
a= arctan 1.5=0.98. Plot, and compare with the compound curve. 
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91. Boundary curves. In plotting the locus of an equa- 
tion of the form 


(1) y = product of two factors 
one of which is a sine or cosine, much aid is obtained by 
the following considerations. 

For example, consider the locus of 
(2) y=e ** sini ra. 

We make the following observations: 

1. Since the numerical value of the sine never exceeds 
unity, the values of y in (2) will not exceed in numerical 
value the value of the first factor, eas, Moreover, the 
extreme values of sin} 7x are +1 and — 1 respectively. 
Hence y has the extreme values e~** and — e~** 

Consequently, if the curves 
(3) y=e** and y=—e** 
are drawn, the locus of (2) will lie entirely hetween these 
curves. They are accordingly called bownd- 
ary curves. 2 ; 

Draw these curves (see figure on page 
182). The second is obviously symmetric 
to the first with respect to the x-axis. To 
plot, find three points on the first curve, 
as in the accompanying table. (Use the table of Art. 85.) 

2. When sin 4 7x = 0, then in (2) y=0, since the first 
factor is always finite. Hence the locus of (2) meets the x-axis 
in the same points as the auxiliary sine curve 
(4) y = sin} rx. 

3. The required curve towches* the boundary curves 
when the second factor, sin $ 72, is+1 or —1, that is, when 
the ordinates of the auxiliary curve (4) have a maximum 
or minimum value. 


* The discussion shows merely that the curve (2) reaches the boundary 
curves. Tangency is shown by calculus. 
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Hence draw the sine curve (4): The period is 4 and the 
amplitude is 1. This curve is the dotted line of the figure. 

The discussion shows these facts : 

The locus of (2) crosses XX' at x= 0, +2, +4, + 6, eic., 
and touches the boundary curves (8) atx = +1, +3, +5, ete. 

We may then readily sketch the curve, as in the figure; 
that is, the winding curve between the boundary curves (8). 


4. For a check remember that the ordinate of (2) is the 
product of the ordinates of the boundary curve y = si= 
and the sine curve (4). In the figure, for example,.the re- 
quired curve lies above XX’ between x = 0 and x = 2, for 
the ordinates of y = e ** and of the sine curve are now all 
positive. But between x = 2 and x = 4 the required curve 
lies below XX’, for the ordinates of y = e** and the sine 
curve now have unlike signs. 


PROBLEMS 


Draw the following loci, calculate y accurately for the given values 
of x, plot, and check in the figure: 


l.y=zsin 2; 2=3, ¢ =. 5.10 y= 2? sin $ wz; x=}, 3. 
2. cy =sinz; z=}. 6. y=3e-3%sin2e2;2=1, 2. 
SA ERTS CHS Tl 5 YE — COSA ie 


4.3 y¥—==2 cos we; t= 8. 8. y=e-2* sind wz; x= 1, 3. 
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9. y = (4@ +1) sina; 2 =1 3. 
10..2?y = cos $4; 2 =2,4 7. 
11. yet® = cosh rz; 4 = 1.6. 
12. y = 2e-3* sin r(x +1); c=—3 
1357.= 3 ef ain $n(e 42); n= —%. 
14. y =2¢ 2” cos (mx —4 7); x=0. 


For individual study or assignment 


15. Draw the two loci obtained (1) by adding and (2) by multiplying 
the ordinates of the following pairs of curves: 


(a) y=sin 22, (d) y = 3(16 — 2), 

y =e-*, y = cos} TH. 
(b) y = e8*, (e) y =e, 

y = COS#a. y = log. x. 
(c)y=2+7¢ 2, (f)y =2, 

Yy = COS 5 TH. y = % cos (4 mz +2). 


16. Plot the compound sine curves 
(a) y=2sin (wx +4 7)4+8 sin foie 1). 
(b) y =3 cos (24 +2 7m) — cos (24-47). 
(c) y =sin(x + asm) — 2 cos (x —qy7). 


17. Express each equation in Problem 16 in the form y=A sin (74 +) 
and find A and a, plot, and compare with the compound curve. 


CHAPTER XI 
PARAMETRIC EQUATIONS AND LOCI 


92. Plotting parametric equations. If x and y are rec- 
tangular codrdinates, and if each is expressed in terms of a 
variable or parameter t, as, for example, 


(1) z=70, y=sh, 
2 4 


then these equations are called the parametric equations of 
the curve, — the locus of (a, y). 

To plot the curve, give values to t increasing algebraically 
and compute values of x and y, arranging the results in a 
table. Plot the points (x, y) and draw a smooth curve 
through them in the order of the table. 


“~ 


EXAMPLES 


1. Plot the curve whose parametric equations are 
Oy ee Hate 
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Solution. 
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The table is easily 
made. For example, if t= 2, then 
Gee a5 CLC 

The curve is called a semicubical 


parabola. 


2. Draw the curve whose para- 


metric equations are 


(8) x=2rcos0+r cos 2 8, 
y=2rsin 0 —rsin 2 6, 


where @ is the parameter. 


Solution. Take r= 5. Arrange 
the computation as below: 
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x=10cos68+5cos20, y=10sin@ —5sin20 


6 cos 8 20 cos 20 x sin 8 sin 26 y 
o | 1 0° 1 15 0 0 0 
30° 866 | 60° 5 fi2) 366 | 0.7 
ee |B 120° | —.5 2.5 866 366 | 43 
api 
goe | 0 180° | —1 =5 1 0 10 
120 leew 2402 |. Dobe lames 866) 102-1866! leatS.0 
150° | —.866 | 300° up ye? 5 — .866 9.3 
HS0°0 = 1 360° 1 5 0 0 i a6 
210° | —.866 | 420° (Bromleeete eal, a5 3664 }e= 9:8 
240° | —.5 Reon 2s has | 866 866 | — 13.0 
S eroe | 540° | —1 5 ial 0 =o 
600° | —.5 Pe iieceitt decom mas 
660° 5 112| -.5 | —.866 | -0.7 | 
720° 1 iota le lo hae! | 


The three-pointed curve thus obtained is called a hypocycloid of three 


cusps. 
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93. Rectangular equation from parametric equations. To 
obtain the rectangular equation from the parametric equa- 
tions, the parameter must be eliminated. The method used 
depends upon the example. 


EXAMPLES 


1. Find the rectangular equation of the curve whose parametric | 
equations are 
(1) e=2t+8, yo 4. 


Solution. The first equation may readily be solved for ¢t. We find 
t = 4(x — 3), and substituting in the second equation gives 
y=% (x — 8)? —4, 
or, expanding and simplifying 
x?—6x—8y—238=0, a parabola. Ans. 


2. Find the rectangular equation of the curve whose parametric 
equations are 
(2) x=3+4cos0, y=38sin@. 

Solution. Remembering that sin? 6 + cos?@=1, we solve the first 
equation for cos 8, the second for sin@. This gives 


(3) cosO=4f(@—8), sind=dy.%&< 


~ 


Hence the rectangular equation is 


(4) Tan a - = 1, an ellipse. Ans. 


PROBLEMS 


Plot the following parametric equations, ¢ and @ being the param- 
eters. Find the rectangular equation in each case. 


Vie yee $25) POtya a 


t— 2) 

5 Pee sea 9ec=FU+1, y=} 8-2 
pee Gat : 10. x = 2 cos 0, y = 2 sin 8. 
4.c=5t,y=?—8. : 

11.2=3 sin 0, y = 4 cos8. 
eS Ab Iee Le 12. ¢=5 + cos 0, y=sin@ —5 

. = re) — a 

6B2=P+t,y=FP-3t. pas 
bh 2 nn 13.7 =3 sec0, y = 3 tan 0. 
ir) => c 
: gd 14. 2£=cesc0, y= 5 coté. 
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15. % = 2 cos 0, y = cos 20. 

16. x =3 tan, y = cot é. 

17. x = 5t cos 30°, y= 5 t sin 30° — 16 #7, 
18.%=3+4cos6, y=8 siné — 2. 
19.%=6+4sec0, y=8 tan d — 2. 


20. Plot the following parametric equations: 


(a)vw=#—-—4t,y=8—-—302—3t. 

(b) © =t+sint, y=1+ cosé. 

(c) © =2rcos@—rcos20, y=2rsin@ —rsin2 6. 
(d) x=8rcos0 —}$1rcos36, y=8rsind —4rsin3 6. 
(e) x=rcos6 +76 sin 6, y=rsin 6 — 76 cos 0. 


Xe aX 

x= a(0 —sin 6), x = até + sin @), 

21. (a) ay — cos 8). (b) steal — cos @). 
CycLorp, CUSP AT ORIGIN CYCLOID, VERTEX AT ORIGIN 


22.7 = a0 —s asin}, y=a—4 a cos. 
23. «= ab —2asin0, y=a—2acosf. 
24. x = b cos?0, y=atan 0. 


94, Various parametric equations for the same curve. 
When the rectangular equation of a curve is given, any 
number of parametric equations may be obtained for the 
eurve. : 

For example, given the ellipse 
(1) 442+ y? = 16. 


Let x =2cos6, where 6 is a parameter. Substituting 
in (1), 
16 cos? 6+: y2 = 16, or y?=16(1 — cos? 6) = 16 sin? 0. 
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Hence the equations 
(2) x=2cos8, y=4sin8, 
are parametric equations of the ellipse (1). 
Again, substitute in (1), 


y=te+4, 
where ¢ is a parameter. 
This gives 
(8) 4424+ #2?4+ 8tr+16=16, or (44 #)2?+8itrx=0. 
St 
y =— : 
Substituting this value in y = tx + 4 and reducing, 
1G SA 


Hence the equations (4) and (5) are also parametric 
equations of the ellipse. 


The point is: We obtain parametric equations by setting 
one of the codrdinates equal to a function of a parameter, sub- 
stituting for this codrdinate in the given_rectangular equation, 
and solving for the other codrdinate in terms of the parameter. 


To obtain semple parametric equations we must, of course, 
assume the right function for one codrdinate. No general 
rule can be given for this purpose, but the study of the 
problems below will aid the student. 

In some cases the parametric equations represent only a 
portion of the curve; for example, the equations 


* = sin 0; y= eos 20 


represent the are of the parabola 2 x2 + y— 1~=0 on which 
the numerical values of x and y do not exceed 1. 

Many rectangular equations difficult to plot directly are 
treated by deriving parametric equations and plotting the 
latter. 
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EXAMPLE 
Draw the locus of the equation 
(6) 23 + y3 —3 ary=0. 
Solution. Set y = tz, where t is the parameter. Then, from (6), 
(7) x? + x? — 3 atx? = 0, y 


Dividing out x?, solving for x, and 
remembering that y = tx, we obtain the 
desired parametric.equations 


3 at 3 al? 
8 = Riel A q 
ae Lee X 


The locus is the curve of the figure, 
called the folium of Descartes. 
The line drawn in the figure is an 
oblique asymptote. The equation of this 
lineis tr +y+a=—0. 
The parameter ¢ in (8) is obviously the slope of the line y = tz, that 
is, of the line joining a point on the curve and the origin. 


The reason for assuming the relation y = tx in the pre- 
ceding example is ‘that x? divides out in (7), leaving an 
equation of the first degree to solve for x. Problems 1 (a) 
and (b) below are worked on the same principle. In many 
cases trigonometric functions are employed with advantage, 
as in (c). 

PROBLEMS 


1. Find parametric equations for the following curves by making the 
substitution indicated in the given equation and solving. The parame- 
ter is t or 8. Plot the locus in each case. 


(a) y2=4a2?-—523;y=tr Ans.1=2(4—2); y=ti(4—). 
(b) y¥X=5 a? —8 233; y= ta. 

(c) 422+ y2?—16%+12—0; y=2 cos. Ans. x=2+sin 6. 

(d) w2 —4ay+18 y2=9; y=sin 0. Ans. x =2sin 0+ 8 cos 6. 
(e) x2y? — 62a? — a®y?; y= bsin 0. Ans. «=a tan @. 

(f) x2y? = a?y? + b2x?; y= bese 0. 

(g) 2 +2ay+y2+2x2%—2y=—0; xe-t-?#. 

(h) gee! 16 pyich Aged e 16 yt 13 03,8 — 1.4.2 cos.0. 
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For individual study or assignment 


2. Plot the following curves by de- 
riving parametric equations: 


i 


agit as 
She x (d) at + y? = ai; we 


PARABOLA 


(a) W(2Za—2) =23; y= te. as 
CISSOID OF DIOCLES 
(b) y= ar SEE, y = ee. VY 

Ay ee ae a le 


Pie eee 


(ec) 2? +ay+2y2?+224+1=0; 


2 2 2 . 
e) x3 S = @3; 7—a sin? 0. 
ope (e) a+ ys =a 


HYPOCYCLOID OF FOUR CUSPS 
(f) 24 + 2 axv?y — ay? =0; y=%2. 
(g) (x2 + y2 + 4 ay — a?) (a? — a?) +4 a?y? = 0; x? =a? — t?y?. 
(h) 2? = y(y — 2)?; y—2 =e. 
(i) (a? — 3 02)? + 2a? — b4) = 0; a? = $b? + Wy. 
(j) @—=x)y? = (a+ @)x?; x =a cos 0. 


95. Locus problems solved by parametric equations. Para- 
metric equations are important because it is sometimes 
easy in locus problems to express the codrdinates of a point 
on the locus in terms of a parameter, when it would be 
difficult to obtain directly the rectangular equation. The 
following examples illustrate this statement. 
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EXAMPLES 


1. ABP is a rigid line. The points A and B move along two perpen: 
dicular intersecting lines. What is the locus of the point P on AB? 

In the figure, A moves on XX’, B moves on YY’; required the locus 
of the point P(z, y). 

Solution. Take the codrdinate axes as in- 
dicated, and consider the line in any one of its 
positions. Choose for parameter 2 XAB = 6. 

Let INP = Gh, YPN 

Now OM a MP4: 


In the right A MPA, 


nip eee. 
(1) sin 9 = ar 
In the right A BSP, Z PBS = 0. 


(2) .. cos Z PBS = cos = in 
From (1) and (2), 
(3) x=beos6, y=asin 8. 


These are the parametric equations of the 
locus. 
Squaring (1) and (2),and adding, 


‘Hence the point P moves on an ellipse whose 
axes, 2a and 2), lie along the given perpen- 
dicular lines. 

A method commonly employed for drawing ellipses depends upon 
this result. The instrument consists of two grooved perpendicular bars 
X'X and YY’ and acrossbar ABP. At A and B are screw nuts fitting 
the grooves and adjustable along ABP. If the crossbar is moved, a 
pencil at P will describe an ellipse whose semiaxes are PA and PB. 


2. The cycloid. Find the parametric equations of the locus of a 
point P on a circle which rolls along the axis of x. 


Solution. Take for origin a point O at which the moving point P 
touched the axis of x (see figure on page 192). Let the circle drawn be 
any position of the rolling circle. Let a be the radius of the circle, and 
take for the parameter 6 the variable angle CBP. 

From the figure, if (x, y) are the codrdinates of P, 


r=OD=OA—PC, y=DP=AB—CB. 


\ 
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But PC =a sin 0, CB =a cos 0, and, by definition, 
OA =are AP=29, 
(For an arc of a circle equals its radius times the subtended angle, 
from the definition of a radian.) Hence 
x = a(O — sin 8), 
(4) {ae 
y = a(1 — cos 9). 


M 


These are the parametric equations of the cycloid. 

The cycloid extends indefinitely to the right and left and consists of 
arcs equal to OMN. 

Construction of a cycloid. The definition of the cycloid Suggests the 
following simple construction: 

Lay off ON = 2 7a = circumference of the generating circle. ‘ Draw 
the latter touching at C, the mid-point of ON. Divide OC into any 
number of equal parts, and : 
the semicircle CM into the 
same number of equal arcs. 
Letter as in the figure. 
Through M,, Mz, etc. draw 
lines parallel toON. Lay off 
MiD;= CC; 5 M2D2 =) CC2, 
M. 3D3 = CG etc. 

Then D;, D2, Ds, ete. are points on the cycloid. 

For, let the generating circle roll to the left, the point M tracing the 
curve. When the circle touches ON at Ci, M will lie on a level with My, 
and at a distance to the left of M; equal toCC;. Similarly for Dz, Ds, ete. 

The arc MN of the cycloid may be constructed by using CM as an 
axis of symmetry. 


OG 6, G GC, ¢ 


3. The hypocycloid. Find the parametric equations of the locus of a 
point P on a circle which rolls on the inside of a fixed circle. 


Solution. Take the center of the fixed circle for the origin and let 
the x-axis pass through a point A where the tracing point P(x, y) 
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touched the large circle. Let OA=R, BC=r. Then OC=R—r. 
Now 


(5) x«=OF=O0E+ DP, y=FP=EC— DC. 
In the right A OEC, 
(6) OE = (R — r) cos 8, 
EC = (R — fr) sin 6. 
In the right A DPC, 
(7) DP =r sin Z PCD, 


DC =r cos Z PCD. 
But 


ZBCP + ZPCD = 90° + 6, whence 
(8) ZPCD=90°— ZBCP +6.’ 
By definition, are BP =arec AB. Hence r- ZBCP=R6, whence 
AB Pic Fe; and, substituting in (8), we obtain 


(9) ZPCD = 90° — xt 6. 
Then, from (7) and (9), 
(10) DP =r cos ie = ")6, DC =rsin (e = ")6. 


Substituting from (6) and (10) in (5) gives the result 


c= ‘R —7) cos +r eos (== "Vo, 


(11) Ans. 
ae) sin 9 — sin (S—"V9, 


The curve is closed when r and R are commensurable. In the figure, 
R=4r, and we have the hypocycloid of four cusps, p. 190, called the 
astroid, a special case. See also Example 2, p. 185, where R = 3r in (11). 


PROBLEMS 


In the following problems express x and y in terms of the parameter 
and the lengths of the given lines of the figure. Sketch the locus. 


i. Find parametric equations for the ellipse, using as parameter the 
eccentric angle >, that is, the angle between the major axis and the radius 
of the point B on the circle »? + y? = a? which has the same abscissa as 
the point P(x, y) on the ellipse (see figure on page 194 and Art. 45.) 

Ans. «=acos¢d, y=bsing 
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2. In the right-hand figure below, ABP is a rigid equilateral triangle. 

A moves on YY’, B moves on XX’. Find the locus of the vertex P. 
Ans. «=acos@ +a cos (120° — 8), y= asin (120° =O 
ellipse x? — V3 ayt y= ta, 


8. The epicycloid. A circle of radius 7 rolls on the outside of a circle 
of radius R. Find the equations of the locus of a point on the rolling 
circle, 


Ans, «= (R+1) cos 6 —r cos 2+ 9; 


y= e+ sind—rinE tt 


Replacing r by — r in equations (11) 
on page 193 for the hypocycloid gives 
this result. 

The curve is closed when r and R are 
commensurable. In the figure R =4r. 


4. Describe constructions for the 
epicycloid and hypocycloid analogous 
to that given on page 192 for 
the cycloid. 


5. The witch of Agnesi. Find 
the locus of a point P con- 
structed as follows: Let OA be 
a diameter of a circle, and let 
any line OB be drawn through 
O to meet the circle at P; and the tangent at A at B. Draw P,P 1 to 
OA and BP || to OA. 


Ans. seo Cte. y= 2a cos? 0; 
rectangular equation, y(z? + 4a?) = 8 a3 
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6. Find the locus of a point Q on 

the radius BP (figure, Example 2, 
p. 192) if BQ=6. 
Ans. «= a0 —bsin 0, y=a— bcos. 
The locus is called a prolate or cur- 
tate cycloid according as a is greater 
or less than 6. 


7. The involute of a circle. Given 
a string wrapped around a circle; { 
find the locus of the end of the string 
as it is unwound. 


Ans. «=rcos6+76sin 0, y=rsin 0 — 76 cos 0. 


Hint. Take the center of the circle for origin and let the 
x-axis pass through the point A at which the end of the 36 
string rests. If the string is unwound to a point B, let 
ZAOB=68 (see figure). 


8. The cissoid of Diocles. A chord OP, of the circle 
x? + y2? —2ax=0 meets the linex = 2 aata pointA. 
Find the locus of a point P on the line OP, such that 


OP = P,A. Ans. y?(2a—2x) = x3 (see figure). ThN a) A 


For individual study or assignment 


9. AB isa fixed line and O a fixed point. Through 
O draw OX parallel to AB and ON perpendicular to 
AB. Draw a line from O through any point Q on AB. 
Mark on this line a point P such that MP = NQ, 
MP being perpendicular to OX. What is the locus of P? 
Ans. Parabola y? = az. 


10. Through the fixed point R(a, b) lines are drawn meeting the codr- 
dinate axes in A and B. What is the locus of the mid-point of AB? 
Ans. Equilateral hyperbola (2 x — a)(2 y—b) = ab, 
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11. Two vertices, A and B, of a rigid isosceles right A ABP move on 
perpendicular lines. Find the locus of the vertex P. 
Ans. Ellipse «2 — 2 xy + 2 y? =a’, 


12. AB is a fixed line and RF a fixed point. Draw RQ to any point Q 
on AB and erect the perpendicular QP, making QP + QR equal to a con- 


stant e. What is the locus of P? Ans. Hyperbola = — ae ad 


13. OB is the crank of an engine 
and AB the connecting rod. B 
moves on the crank circle whose 
center is O, and A moves on the 
fixed line OX. What is the locus 
of any point P on AB? 

Ans. Ellipse when r=a+b; other- 
wise an egg-shaped curve. 

14. OB is an engine crank re- 
volving about O, and AB is the 
connecting rod, the point A moving on OX. 
Draw AP 1 to OX to meet OB produced 
at P.* What is the locus of P? 

Ans. (#2 + r2 — ¢2) Vx? + Dp 7A eee 

When c =r, the locus is the circle 

e+ yr =4r?, 

96. Loci defined by the points of in- 
tersection of corresponding lines. If 
the equations of two systems of lines 
involve the same parameter, the 
lines belonging to the same value of the parameter are called 
corresponding lines. In some cases a curve may be defined as 
the locus of the point of intersection of corresponding lines. 


* P is the “instantaneous center” of the motion of the connecting rod. 
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EXAMPLE 


1. In the figure, LM is any half-chord of the circle parallel to the 
diameter AB. Find the locus of P, the intersection of BL and OM. 


Solution. The equation of OM is y= z tant, 
if 2 XOM=t. The codrdinates of M are 
(a cost, asint); of L, (0, asint). Hence the 
equation of BL is y=sint(a—«x). Then the 
two systems of lines are 


(1) y=xtant, y=sini(a—~z). 

Solving for x and y, we obtain 
(2) ° —_a@ cost —_asint ; 
1+ cost’ 1+ cost 


the parametric equations of the locus. The rectangular equation is 
found by eliminating ¢ from (2) or from (1), and is 


y2 =a? —2 ax. Ans. 


The locus is the parabolic are within the circle. 


The method of solving Example 1 may be summed up 
in the 


Rule to find the equation of the locus of the point of intersec- 
tion of corresponding lines of two systems. 

First step. Find the equations of the two systems of lines 
defining the locus in terms of the same parameter. 

Second step. Solve these equations for x and y wn terms 
of the parameter. This gives the parametric equations of the 
locus. Or eliminate the parameter from the equations of the 
lines. This gives the rectangular equation. 


EXAMPLE 


Find the locus of the foot of the perpendicular drawn from the vertex 
of a parabola to the tangent. 

Solution. If we take the typical equation y? = 2 px, the equation of a 
tangent AB in terms of the slope ¢ is (Art. 75) 


= =P. 
(3) Rae ar 
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The equation of the perpendic- 
ular OP is 
(4) ys=—se. 
The rectangular equation is found 
by eliminating ¢ from (8) and (4). 
From (4), t=— a Substituting 
in (8) and reducing, 
y2(u +3 p) =— 23. Ans. 


Comparison with the answer to 
Problem 8, p. 195, shows that the 
locus is a cissoid. 


PROBLEMS 


1. Find the locus of the point of intersection of a tangent to an equi- 
lateral hyperbola (Art. 52), and the line drawn through the center per- 
pendicular to that tangent. 


Ans. The lemniscate (x? + y?)2 = a?(a2 — y?) (Example 2, p. 157). 


2. Find the locus of the point of intersection of the altitudes of a 
triangle if its base is fixed and the altitude on this base has a fixed 
length. Ans. A parabola. \ 


8. Find the locus of the point of 
intersection of two perpendicular 
tangents to the ellipse 

b2x2 + a?y? — a2b2, 
Ans. The director circle 
2 + y= a? + b?, 
Hint. By Art. 75, the equations of 


tangents with slopes? and — ;, respec- 
tively, may be written 


y—te=Vort+b2, tyta=Var+ be, 
Eliminate ¢ by squaring and adding. 
4. A tangent to the ellipse b2x? + a?y? = a2b2 meets the axes of x and 


y in A and B respectively. From A draw a line || to OY, and from B a 
line || to OX. What is the locus of their point of intersection? 


Ans. x?y? = a?y2 + b2x2 (Problem 1 (f), p. 189). 
5. Work out Problem 4 when the ellipse is replaced by a hyperbola. 
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6. Find the locus of the point of intersection of perpendicular tan- 
gents to (1) the parabola, (2) the hyperbola (IV), Art. 48 (see Problem 8). 
Ans. (1) The directrix; (2) x? + y? = a? — b?. 
7. Find the locus of the point of intersection of a tangent to (1) an 
ellipse, (2) a parabola, (8) a hyperbola, with the line drawn through a 
focus perpendicular to the tangent. 
Ans. (1) x7 + y?=a?; (2)%=0; (3) x? + y? = a? (see Problem 8). 
8. Find the locus of the point of intersection of a tangent to the circle 
%? + y? + 2 ax + a%—b?=0 and the line drawn through the origin 
perpendicular to it. 
Ans. The limacgon (x? + y? + ax)? = b?(4? + y?) (Problem 17, p. 153). 
9. A tangent is drawn at any point M on the ellipse b24? + a?y?=a?b?. 
The perpendicular drawn from the center upon this tangent meets the 
ordinate at M (produced if necessary) at P. Find the locus of P (see 
Problem 2, p. 148). Ans. The ellipse a2x? + b2y? = a4. 


10. A tangent is drawn at any point M on a parabola. The perpen- 
dicular drawn from the vertex upon this tangent meets the focal radius 
of M tee if necessary) at P. What is the locus of P? 

Ans. A circle. 


For individual study or assignment 

11. Find the locus of the foot of the perpendicular drawn from 
the origin to a tangent to the parabola 
y2+4ax+4a?=0. 

Ans. The strophoid, y? =x 
figure). 

12. Find the locus of the point of inter- 
section of the normals drawn at points on 


the ellipse “ a x = 1 and major auxiliary 


(see 


eat 
a— 


circle x? + y? = a? which have the same 
abscissas. 

Ans. Circle x? + y2 = (a+ 6)?. 

13. AB isa fixed diameter of a circle and 

M any point on the circle. The perpendicular drawn from A to the tan- 

gent at M meets BM produced at P. Find the locus of P. Ans. A circle. 


14. A and B are fixed points and LM a fixed line. Lines PA and PB 
are drawn so that they intercept a given length on LM. What is the 
locus of P? 


97. Diameters of conics. A somewhat different class of 
locus problems is illustrated in the following example. 
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EXAMPLE 


What is the locus of the mid-points of a system of parallel chords ot 
an ellipse? 

Solution. Let the equation of the 
system of parallel chords be 
{1) y=met+k. 

Let the value of k for the chord P; P2 
be ki; that is, 
(2) y=met+ hy 
is the equation of P:P2. Assume that 
the coérdinates of P; are (21, yi), and 
of Po, (x2, Y2). 

If P’(z’, y’) is the middle point of Pi P2, then 
(3) w=t(+22), y =F(y+y2). 


Since (21, yi) and (%2, y2) are the points of intersection of the chord (2) 
and the ellipse, we shall find their values by solving 


(A) y=me+h, and bx? + ay? = a2b?, 
Eliminating y, we obtain the equation 
(5) (a2m? + b?)x? + 2 a2kima + a?k,? — a2b?= 0. © 


The roots of this equation are x; and xe, and, from (3), x’ equals one 
half the sum of these roots. Hence we need to know in-(5) only the sum 
of the roots. But, by algebra,* : 


(6) t+ m= — BO 
Hence, from (8), 
(7) Pop re ky. 
m 
Since (a’, y’) satisfy (2), 
8 A= i; ih at ee a2m?k, = b2 
(8) y =m + ky ra aeE + be + ky PCIe © ra ky. 


Eliminating k; from (7) and (8) and dropping the accents gives the 
equation of the locus, 


(9) bx + a?my = 0. 
The locus is the straight line DD’ in the figure. 
In a circle a diameter may be defined as the locus of the 
mid-points of a system of parallel chords. The correspond- 
* In the quadratic Ax? + Br + C=0, sum of roots = — 2, product of roots =<. 
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ing locus for a conic section is called a diameter of the conic. 
Hence we have the 


Theorem. The diameter of the ellipse 
b2x? + a?y? = a2b? 
which bisects all chords with the slope m is 
b?x + a*my = 0. 
In like manner we may prove the 
Theorem. The diameter of the hyperbola 
b2x2 — a2y? = a2b? 
which bisects all chords with the slope m 1s 
b*x — a’my = 0; 
the diameter of the parabola 
Ye — De 
which bisects all chords with the slope m is 
my = p. 


Every line through the center of an ellipse or hyperbola 
is a diameter, while in a parabola every line parallel to its 
axis is a diameter. 

The method of the above example should be analyzed so 
that the student can apply it to the equation of any conic. 
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PROBLEMS 


1. Find the equation of the diameter of each of the following conics 
which bisects the chords described. Draw a figure in every case. 


(a) 422 + 9 y? = 36, slope of chords = 3. 


(b) x2 = 8 y, chordsx+y=k. Ans.x+4=0. 
(c) 4”2 — y2= 16, chords 8x—y+k=0. 
(d) xy = 12, slope of chords = — 2. Ans.2x—y=0. 


(e) x27 —4y2+42—16=0. chordsx+y=k. Ans. x+4y+2=0. 
(f{) cy —y?+2x2—4=0, chords8 y=227+k. 


2. Find the equation of the diameter of the given conic which is 
determined by the given condition, and the slope of the system of chords 
bisected by the diameter. 

(a) y2=6 x, passing through (38, — 1). 

Ans. y+1=0; slope of chords = — 3. 

(b) 9 x? + 86 y? = 324, passing through (4, 2). 

(c) 4 “2 — 16 y? = 25, passing through (1, — 2). 

Ans. 2%+y=0; slope of chords = — . 

(d) x2 +2y2—4x2—2y-—6=0, passing through (8, 0). 

(e) y2? + x2y — 8 =0, passing through (38, — 3). 

8. Find the equation of the chord 


(a) of y2 = 6 x which is bisected by the point (4, 3); 

Ans. 2 -y—-1=—0. 
(b) of 9 x? + 36 y? = 324 which is bisected by (4,2); ~ 
(c) of 4%? —y2=9 which is bisected by (4, 2); Aus. ‘Sax —y—30=0. 
(d) of zy — 4 =0 which is bisected by (2, — I). : 


4. A diameter is drawn to the point (2, 3) on the ellipse 4 x? + y? = 25. 
Find the codrdinates of the extremities of the diameter which bisects 
chords parallel to the first diameter. Ans. (3, — 4) and (— 3, 4). 

5. Prove that the tangent drawn at the point where a diameter meets 
a conic is parallel to the chords which that diameter bisects. 


For individual study or assignment 


6. Prove the following theorem: 
If the slopes m and m’ of two diam- 
eters of the ellipse b2x? + a?y? = a?b? 

A A 2 
satisfy the relation mm’ = — a then 


each diameter bisects chords parallel 
to the other. They are called conju- 
gate diameters. AB and CD in the 
figure are conjugate diameters. 
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7. The point A (%, yo) on the ellipse 62x”? + a2y? = a2b? is one ex- 
tremity of a diameter. Prove the following theorems: 


(a) The extremities of the conjugate diameter CD are 


b a 

(b) The area of the parallelogram formed by the tangents drawn at 
the extremities of two conjugate diameters AB and CD equals eight 
times the area of A OAC, and is equal to 4 ab. 

(c) If OB and OC are the lengths of any two semiconjugate diameters, 
then OB’ + OC” = a? + b?. 

8. A line drawn through a focus 
perpendicular to a diameter of an 
ellipse intersects the conjugate diam- 
eter, produced, at P. Find the locus 
of P. 


9. State and prove the theorems 
corresponding to those in Problems 
§ and 7 for the hyperbola b2x? — a?y? 
= a?b? (see the figure, in which AB 
and CD are conjugate diameters). 


CHAPTER XII 
FUNCTIONS, GRAPHS, AND EMPIRICAL EQUATIONS 


98. Functions. In many practical problems two variables 
are involved in such a manner that the value of one de- 
pends upon the value of the other. For example, given a 
large number of letters, the postage and the weight are 
variables, and the amount of the postage depends upon 
the weight. Many other examples will occur to the student. 
This relation is made precise by the following definition : 

A variable is said to be a function of a second variable when 
its value depends wpon the value of the latter and is determined 
when a definite value is assumed for the second variable. 

Thus the postage is determined when a definite weight is 
assumed. eo 

Notation of functions. The symbol f(x) is used to de- 
note a function of x, and is read “‘f of x. In order to distin- 
guish between different functions, the prefixed letter is 
changed, as F(x), d(x) (read ‘phi of x”’), f’(x), ete. 

During any investigation the same functional symbol 
always indicates the same law of dependence of the function 
upon the variable. In the simpler cases this law takes the 
form of a series of analytical operations upon that variable. 
Hence, in such a case, the same functional symbol will in- 
dicate the same operations or series of operations, even 
though applied to different quantities. Thus, if 

f(x) =x? —92x4+14, 
then fy) =y? —9y4+14; 
also f(0) =0?-—-9-0+14=14, 


f(— 1) = (1)? - 9(— 1) +. 14 = 24, ete. 
204 
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99. Graph of a function. Examples of simple functions. 
Plotting values of the variable as abscissas, with correspond- 
ing values of the function as ordinates, and connecting the 
points gives a curve called the graph of the function. In 
studying functions it is often helpful to draw the graph. 

Linear function, ax +b. The graph, that is, the locus of 
(1) y=axr+b, 
is a straight line. The change in y per unit change in x 
equals the slope a; that is, the rate of change of y is con- 
stant. In other words, if h and k are corresponding changes 


in the values of x and y respectively, the ratio of k to h 
equals a. This property is characteristic for a linear function. 


Theorem 1. If the differences of successive values of x in a 
linear function are equal (h), then the differences of the cor- 
responding values of y will also be equal (ah). 


Quadratic function, ax? + bx +c. The graph, the locus of 
(2) YY = ax? + be +e, 
is a parabola with the axis of symmetry parallel to the 


y-axis (see Art. 59, equation (4)). 
If «+h and y+ are corresponding values, then 


(3) ytk=a(et+h)?+ba+h) +e. 
Expanding, and subtracting equation (2), we have 
(4) k = 2 ahx + (ah? + bh). 


If h is constant, k is a linear function of zx. 


Theorem 2. If the differences of successive values of x in a 
quadratic function are equal, then the difference of successive 
corresponding values of y is a linear function of x. 


If ky, ko, kz, ete., are the differences in successive values 
of y, we see that ko — ki, kz — ke, ete. are equal, by the 
above property of a linear function. By (4), this difference 
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is 2ah2. The numbers ki, ke, ks, etc. are called the first 
differences of y, and k2— ki, etc., the second differences. 
The latter are constant (not zero) in the case assumed in 
Theorem 2. 

Notation. A first difference of y is denoted by Ay, a 
second difference by A?y, and similarly for any variable. 


EXAMPLE 


Show that the values of x and y in the 
accompanying table satisfy 
(2) y=ax? + bu +e 
exactly, and find a, b, c. 

Solution. Here Ax = 1 and is constant. 
The first and second differences of y are 
tabulated. Since the latter are constant 
(not zero), y is a quadratic function of x. 
To find a, 6, c, we may proceed in either of 
two ways. 

First method. By (4), since k = Ay, we must have 


(5) Ay = a’x + b’, where a’ = 2 ah, b’ = ah? + bh. 
Also A2y = a’/h, by Theorem 1. Since h=1, thena\=—2. Hence 
—2=2ah, anda=—1. Putting any pair of corresponding values of 


x and Ay in (5), say x= 1, Ay = 16, we find b’ = 18. Hence ah? + bh 
= 18, and b=19. Then (2) is y=>—2x?+19x2+c. To find c, sub- 
stitute for x and y any pair of values given in the table. Then c= 7, 
and the relation sought is y= 7 + 19 x — x?. All given values of x and y 
satisfy this equation. 

Second method. Substitute three pairs of values of x and y in (2), 
and solve for a, 6, c; that is, determine a, b, c so that the parabola (2) 
shall pass through three of the given points. 


PROBLEMS 


1. In the tables below find Az, Ay, and A2y. Then show that the 
values of x and y satisfy exactly a linear relation y = ax + b, and find 
a and 6. 
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2. Construct a table of values of x and y satisfying an assumed 
linear relation. Find Az, Ay, and A?y. What is the rate of change of y? 


3. In the tables below find Az, Ay, and A?y. Then show that the 
values of x and y satisfy exactly y = ax? + bx +c, and find a, }, ¢. 


(a) 


(b) 


4. Construct a table of values of x and y satisfying an assumed quad- 
ratic relation of the form (2). Find Az, Ay, and A?y. When is A2y 
constant? 


5. Show that the rate of change of y is constant for the values given 
below. Express y as a function of x. 


Ans. y= 1.1% + 8.26. 


6. Find a, b, ¢ in the parabolic law y = ax? + bx + ¢ which is satis- 
fied exactly by 


(a) 


(b) 


4. Given f(x) =x? —4x”+42. Find the values of f(3), f(0), f(— 2). 
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For individual study or assignment 


8. If Po(xo, yo) is a fixed point on the parabola y = ax? + bx +c, and 
P(x, y) any other point, show that the slope of the chord PP» is a linear 
function of zx. 

9. Apply the theorem of Problem 8 to Problem 6. 


10. Show that the real roots of ax? + bz + c= 0 are the intercepts on 
the x-axis of the graph of the left-hand member. 


100. Setting up and graphing functions. When the func- 
tional relation is given in words, it is often easy to express 
it by a formula. We may then “graph the function.” 


EXAMPLES 


1. Express the area of a rectangle inscribed in a circle of diameter 
5 in. as a function of a side x. 


Solution. The altitude is found to be 


(25 — #?)2. Hence if A denotes the area in 
square inches, we have 


(1) A=f(x) = x(25 — x?)2. Ans. 


This equation gives the functional rela- 
tion between the function A and the vari- 
able x. From it we are enabled to calculate 
the value of A corresponding to any value 
of x. For example, if x = 3 in., 


AVG) = NAO aa 12 
The figure shows the graph of the 410 
function. The values of x range from 0 


to 5, inclusive. Suitable scales must be 
chosen as in the figure. 


Square inche 


O] Rw se EABVNHO 


What do we learn from the graph? 


1. If the graph is carefully drawn, we 
may measure from it the area of the in- 
scribed rectangle with any side between 
t— Ohandeyie=5: 

2. Beginning with a small value, let x increase. Then the area in- 
creases until x attains a certain value between 3 and 4, then decreases. 
Hence the function defined by equation (1) has a maximum value. 
This value is the ordinate of the point of contact of the horizontal 


Inches 
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tangent. Careful measurement will give for the base of the maximum 
rectangle, x = 3.5, and for the area, A= 12.5. These results, as may 
be shown by the methods of the differential calculus, are, in fact, correct 
to one place of decimals. The maximum rectangle is a square; that is, of 
all rectangles inscribed in a given circle, the square has the greatest area. 


2. A wooden box, open at the top, is to be built to contain 108 cu. ft. 
The base must be square. Express the amount of material used as a 
function of a side x of the square base. 


Solution. Let M = amount of lumber in square feet. 
Then area of base = x? sq. ft., 


and area of sides = 4 hx sq. ft. 
Hence M=x?+4 hz. 
But ha? = 108, and h = 128. 
Therefore i 
(2) M =f(x) =2? + a, Ans. 


0 1 72 3 4 5 6 4 St hens 20 ete. feet 


0 | 433 | 220 | 153 | 124 | 111 | 108 | 111 | 118|...] 422 ete. sq. ft. 


Now graph equation(2), choosing scales as in the figure. Correspond- 
ing values of « and M = f(x) are given in the table. 
What do we learn from the graph? M 


1. If the graph is carefully drawn, 
we may measure from it the number 


s 


of square feet of lumber in any box 3 
which contains 108 cu. ft. and has a 2 bod 
square base. 8 BO 
2. Beginning with a small value, & 
let x increase. Then the function a 


decreases until x attains a certain 
value, then increases; that is, M has —, : ‘ 
a minimum value. This value is the o Feet 
ordinate of the point of contact of 

the horizontal tangent. This point on the graph can be determined 
exactly by Calculus, but careful measurement will in this case give the 
correct values, namely, x = 6, M=108. That is, the construction will 
take the least lumber (108 sq. ft.) if the side of the base is 6 ft. and 
Pa sit 


789 


10 X 
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In the following problems the student should work out 
the functional relation, draw the graph, and state any con- 
clusions to be drawn from the figure. Care should be 
exercised in the selection of suitable scales on the axes, es- 
pecially in the scale adopted for plotting values of the func- 
tion. The graph should be neither very flat nor very steep. 
To avoid the latter we may select a large unit of length for 
the variable. The plot should be accurate, and the maxi- 
mum or minimum value of the function should be measured 
and verified by calculation. 


PROBLEMS 


1. Rectangles are inscribed in a semicircle of radius 3 in. Plot the 
area A of the rectangles as a function of the width y. 
Ans. A=2yV9—y. 
2. Given a right triangle with legs 15 and 20. Rectangles are drawn 
having one side x on the hypotenuse and the opposite vertices on the 
legs. Express the area A as a function of x and plot. 
Ans. A=432(25 x — x?). 
3. Right circular cylinders are inscribed in a sphere of given radius r. 
Plot the area of the curved surface S as a function of the altitude zx. 
Ans. S = ga(4 12 — 2)? 
4, Right circular cones are inscribed in a sphere of given radius r. 
Plot the volume V as a function of the altitude x. 
Ans. V =3 r(2 rx? — x3), 
5. Right circular cones are constructed with a given slant height L. 
Plot the area of the entire surface T as a function of the altitude x. 


Ans. T = wL(L? — x2)? + m(L? — 22). 

6. A funnel is made of tin in the shape of a right circular cone. If V 
represents its constant volume, express the amount of tin T used as a 
function of the radius x of the base, and plot. Veg (28 9 v2)F 


7. An open box is to be made from a sheet of cardboard 16-by 12 in. 
by cutting equal squares from the four corners and bending up the 
sides. Plot the volume V as a function of the side x of the square cut 
out. 

8. Plot the distance d from the point (0, 5) to the point (zx, y) on the 
ellipse x? + 2 y? = 98. Ans. d = (123 — 10 y — y2)?. 
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9. A line is drawn through the fixed point (8, 4). Plot the length of 
the line between the axes as a function of its xv-intercept x. 


10. A window consists of a rectangle surmounted by a semicircle. 
Given the area A, plot the perimeter P as a function of the radius x of 
the semicircle. Doak Pee 4 x? + 1x? 

a 

11. Two poles 40 and 20 ft. high are 60 ft. apart on a level street. 
Stay wires are attached to the ground at the same point between them. 
Plot the length of the wires as a function of the distance x from one pole 
to the point where they are attached to the ground. 


12. A carpenter has 96 sq. ft. of lumber with which to make a box 
with a square bottom and top. Express, plot, and discuss the volume of 
the box as a function of the side of the base. 


18. Plot the length of the frame of a window of given area A asa 
function of its width if its shape is a rectangle surmounted by an 
equilateral triangle. 


14. Given a piece of wire of length L. If it is cut into two pieces and 
one piece is bent into the shape of a square and the other into a circle, 
plot the combined areas of the two figures as a function of the radius 
of the circle. 


15. The volume of a right prism having a regular hexagon as base is 
16 cu. in. Plot the area of its total surface as a function of the edge of 
the base. 2 


16. A wall 10 ft. high surrounds a square house which is 15 ft. from 
the wall. Express the length of a ladder placed without the wall, 
resting upon it and just reaching the house, as a function either of the 
distance of the foot of the ladder from the wall or of the inclination of 
the ladder to the horizontal. Plot and discuss. 


17. A cylindrical boiler is to be constructed having a capacity of 
1200 cu. ft. The material for the ends cost $3.50 per square foot and 
that for the curved surface $2.50 per square foot. Plot and discuss the 
cost as a function of the length of the boiler. 


18. A person in a boat 3 mi. from the nearest point of a straight 
beach wishes to reach a house on the beach 5 mi. from that point. He 
can walk 4 mi. per hour and can row 34 mi. per hour. Plot the time 
required to reach the house as a function of the distance of his land- 
ing place from the house. 


101. Function defined empirically. Information concerning 
the relation between variable and function may consist of a 
table of corresponding values which have been determined 
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by experiment, that is, empirically. Usually the values of 
the variable are exact, while those of the function are in- 
exact, being measured values and hence subject to errors 
of observation, errors due to defective instruments, ete. 
When the given values of the variable (7) and function (y) 
are plotted, and a relation between them is sought, it is 
observed at once that the graph of this relation is a curve 
which must ‘‘fit” the points 
but not necessarily pass through 
them, merely coming as near to 
them as the accuracy of the 
experiment demands. Hereto- 
fore we have always drawn 
the curve through the points 
plotted. This is no longer 
necessary (see the figure). 


[TTY 
aP: 


a 


EeEeH 
He 
sraiiee 
a 


The problem is: Given cer- 
tain corresponding values of x 5 ; 54 
and y, to find a formula (or law) : seh 
which these values satisfy approximately, that is, within the 
degree of accuracy justified by the data. : 


The general treatment of this important problem is 
beyond the scope of an elementary text, and the following 
articles are concerned with simple cases only. 


102. Straight-line law. If the curve suggested by the 
plotted points is a straight line, assume the law 


(1) y = mx + b, 


and determine the values of m and b from the observed 
data. Note again that the straight line does not necessarily 
pass through all (or any) of the points plotted, for experi- 
mental work is subject to error. In general, it may be 
drawn through two of the plotted points, and m and b 
calculated from their coédrdinates. 
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EXAMPLE 


In an experiment with a pulley, the effort, E pounds, required to raise 
a load of W pounds was found to be as follows: 


Find a law to fit these data. 
Solution. Plotting the points asin the figure, we see that the straight 


line drawn through (80, 6.25) 


and (100, 16.5) fits the ob- 7 - 
served data very well. To i 

find its equation, substitute HH 

these values in the equation o 


(2) E=mW +0. 


This gives 6.25 = 30 m+), 
16.5 =100 m+ 6. Solving for 
m and b, and substituting in 
(2), we obtain s+ert 


(3) H=0.146 W + 1.86, 
2 ; at 0 20 40 60 80 10 W 
the required equation. Load W in Ibs. 


Effort £ in Ibs." 
S 
| 


103. Method of averages. The preceding example illus- 
trates the method of selected points ; that is, two points were 
chosen to determine the straight line. A second method 
which takes into account all the points is the following: 


First step. Substitute each pair of values x and y in the law 
(1) y= mx + 6, 
thus obtaining as many equations as there are pairs of cor- 
responding values. These are the observation equations. 

Second step. Dinde these equations into two groups as 
nearly equal in number as possible. Add the equations of each 
group, thus obtaining two equations in m and b. 

Third step. Solve these equations for m and b and sub- 
stitute their values am (1). 
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EXAMPLE 


Apply the method of averages to the data of the example of Art. 102. 


Solution. 1. Herre W=x, E=y. Substituting in (1), we obtain 
ten equations, which we divide into two groups of five each, as follows: 


3.250 =10 m+), 10.500 = 60 m + b, 
4.875 = 20 m+), 12.250 = 70 m+, 
(2) 6.250 = 80 m+ 8, 13.750 = 80 m + 6, 
7.500 = 40 m+}, 15.000 = 90 m + , 
9.000 = 50 m+ 0b. 16.500 = 100 m+ 0. 
2. Adding the equations in each group, we obtain 
(3) 30.875 = 150 m+ 5 b. 68.000 = 400 m+ 50. 


3. Solving these equations, m= 0.1485, b = 1.720. 
Hence the law is 
(4) E = 0.1485 W + 1.720. 


To test this law we shall use it to calculate the values of E corre- 
sponding to the given values of W and compare them with the observed 
values. The results are shown in the following table: 


Ww 10 20 » 30 40 50 60 70 


80 90 100 


Eobs.| 3.250} 4.875) 6.250) 7.500} 9.000) 10.500} 12.250] 13.750] 15.000] 16.500 


Ecalc.| 3.205) 4.690) 6.175) 7.660) 9.145) 10.630) 12.115) 13.600 15.085 16.570 


Diff. |+ 0.045|+ 0.185|+ 0.075] — 0.160)— 0.145) — 0.130|+ 0.135)+ 0.150|— 0.085|— 0.070 
RS. 


The comparison shows that half of the differences are positive and 
half are negative. The sum of the positive differences is + 0.590 and 
the sum of the negative differences is — 0.590; that is, the algebraic 
sum of the differences is zero. This indicates that the points are evenly 
distributed on the two sides of the line. No point plotted from the ex- 
perimental values lies exactly on the line. 


104. Comments on the preceding example. Denoting the 
difference (first difference, Art. 99) between any value of y 
and the preceding value by Ay, we obtain the table below, 
setting W = x, E= y, and observing that the first two values 
of y give Ay = 4.875 — 3.25 = 1.625, ete. 


x 10 


Ay | 1.625 | 1.3875 | 1.25 | 1.5 | 1.5 | 1.75 | 1.50 


4 
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Here Az = 10 and is constant. Hence if x and y satisfied 
y= mx + b exactly, Ay would be constant (Art. 99). The 
values of Ay are, however, approximately equal, and do 
not on the whole increase or decrease. This test may be 
used for a straight-line law when the successive values of x 
have a constant difference Ax. In other cases the values of 
the ratio Ay to Az (the rate of change of y) may be examined. 
Residuals. The difference between an observed value of 
the function and the corresponding calculated value is called 
a residual. In the table at the end of Art. 103 the last line 
gives the residuals. When the values found for m and b 
are substituted in the right-hand members of equa- 
tions (2) of that article, they become the calculated values of 
E. Then 3.25 — (10 m + 5b) is the first residual. The sum of 
the first five residuals is therefore 30.875 — (150 m+ 5b). 
But this is zero by the first equation of (8). Hence the 


Theorem. When the constants in a straight-line law are 
found by the method of averages, the sum of the residuals for the 
values of y in each group of the equations vn the second step 
will be zero. 


Practically, these sums will be zero only approximately. 
In the example both sums are exactly zero. The important 
theoretical point is that the residuals are positive and 
negative in such a way that their sum is zero. 

Remark. In practical applications it is not always ae 
able to divide the observations into two equal groups, and 
this fact introduces an element of uncertainty depending 
upon judgment of the value of the different observations. 
Slightly different values of m and b may be obtained by 
dividing the observations into two groups in different ways. 
To avoid this uncertainty in the problems which follow, we 
agree to divide the data into two equal groups if the number 
of observations is even; if the number is odd, we shall take 
the extra observation with the second group. 
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ne 


The more elaborate method of least squares is adapted to 
the solution of the preceding problem, but it is beyond the 
scope of this book. 

PROBLEMS 


1. Find a straight-line law by the method of averages to fit the fol- 
lowing data. Calculate the residuals. (See the theorem of Art. 104.) 


2.5 3 


2.51,| 3.02 
Ans. y= 1.10 x — 0.29. 


(b) 


(d) 


Ans. y= 2.02 « + 3.90. 


2. Examine the values of the ratio Ay to Az in Problem 1, and hence 
justify the use of the straight-line law. 

8. Plot the points determined by the following values, and find a 
straight-line law V = mt + 6 to fit them. 

The volume (V cubic centimeters) of a certain quantity of gas under 
constant pressure and at different temperatures (¢° C.) was measured with 
results shown in the table below. (See Remark at the top of the next page.) 


20 30 40 50 60 70 


106.5 | 110.9 114 117.2 | 121.2. | 124.7 
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Remark. Values of ¢ are plotted’as abscissas, V as ordinates. It is 
convenient to consider the point of intersection of the axes as 20 on the 
t-scale and 105 on the V-scale, in order to have the points lie on the 
codrdinate paper. This means simply that the axes have been trans- 
lated to the new origin (20, 105). 


4. Find straight-line laws for each of the following by the method of 
averages. Calculate the residuals. Plot the points and the straight line 
found. 


(a) S is the weight of potassium bromide which will dissolve in 
100 gm. of water at the temperature {° C. 


10.4 13.4 16.7 


(c) Corresponding values of the speed and the induced volts in an 
are-light dynamo were found to be 


= 


Revolutions per minute, R 200 320 495 621 744 


Volts induced, V 165 270 | 410 525 625 


0 5 10 15 20 25 


25.00. | 25.49 | 25.98 | 26.48 | 26.99 | 27.51 


105. Laws with two constants. When the straight-line 
law does not hold, the problem of finding a satisfactory 
formula for the given data falls under one of two heads: 
(1) the type of formula may be known from theoretical 
considerations; (2) nothing may be known about the for- 
mula in advance. The first of these cases only will be 


. 
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discussed. The formulas with two constants commonly 
used are 


(1) y = ax” (power law); 

(2) y = be** (exponential law) ; 

(8) y= a = (first hyperbolic law) ; 
(4) y= = (second hyperbolic law). 


ax+b 
Each of these may be transformed into a straight-line law. 


106. Power law. To find a and n in 


(1) Yy = ax", 
take logarithms of both members (8, p. 2); this gives 
(2) log y = log a +n log x. 
Set log y= y’, loga=a’, log x = x’, and (2) becomes 
(3) y’ =nz' +a’. : 
Equation (1) has thus been transformed inte a straight- 
line law. oe 


Theorem. The power law holds when log x and logy satisfy 
a straight-line law. 


EXAMPLE 


The following data satisfy approximately a law of the form y = az". 
Find the values of a and n. 


x 4 15 | 21 


Ege 


y | 28.6 318 | 589 


19.4 | 182 
Solution. Tabulating the values of log x and log y, 


logx=x’ | 0.6021 | 0.8451 | 1.0414 | 1.1761 | 1.3222 


logy=y’ | 1.4564 | 1.8998 | 2.2601 | 2.5024 | 2.7701 
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Plotting (a#’, y’), we find that a 
straight line will fit these points. Pro- 
ceed with equation (3) as in Art. 103. 
The work is as follows: 

1.4564 = 0.6021 n + a’. 
1.8998 = 0.8451 n+ a’ 
Adding, 3.8562 = 1.4472 n+2 a’ 


2.2601 = 1.0414 n + a’ 

2.5024 = 1.1761 n+ a’ 

2.1101 = 1.38222 n + a’ 
Adding, 7.53826 = 3.5397 n+ 3a’ 


Solving, n= 1.8251, a’ = 0.3575, and 
x’, y’ follow the law 
(4) y’ = 1.8251 wx’ + 0.3575. 


Calculating y’ and comparing with 
the above values, we find 


y’ obs. 1.4564 | 1.8998 2.2601 2.5024 2.7701 


y’ cal. 1.4563 | 1.8998 2.2582 2.5039 2.7706 


Diff. + 0.0001 0 + 0.0019 | — 0.0015 | — 0.0005 
These differences (residuals) conform to the theorem of Art. 104. 
Hence (4) is satisfactory. Since log a= a’ = 0.3575, we find a = 2.278, 
and the required power law is y = 2.278 «}-8251, Ans. 
Finally, compare the observed and calculated values of y, using the 
calculated values of y’. This gives the table 


y obs. | 28.6 | 79.4 | 182 | 318 


y cal. 28.6 | 79.4 | 181 | 319 


Diff. 0 0 +1}=—1 


The curve YS 2.278 11-8251, 
which has been found to “‘fit’”’ the given points x, y, passes through 
two of them. 

In the example above, a graphical test of the correctness 
of the power law was afforded by plotting the points (x’, y’) 
and the straight line (3). This should be done in all cases. 
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PROBLEMS 


1. The following values satisfy approximately a power law y = az”. 
Find a and n by the method of averages, and calculate the residuals. 


9.2 | 6.1 | 4.7] 3.9 | 3.5 | 3.2 


2. The following table gives the diameter (D inches) of wrought-iron 
shafting required to transmit H horse power at 70 R.P.M. Find a 
law of the form D = mH”. 


20 30 40 


oom 
2.11 2.67 | 3.04 3.36 | 3.61 | ~3.82 


Ans. D = 0.991 H 9-330, 


3. The following table gives the force (F dynes) between two mag- 
netic poles at a distance of d centimeters. Find a law of the form 
F=md". 


4. The following table gives the volume (u cubic feet) of 1 lb. of satu- 
rated steam at a pressure of p pounds per square inch. Find a law of 
the form pu” = constant. 


u 26.43 | 22.40 19.08 16.32 14.04 


b 14.70 | 17.53 | 20.80 | 24.54 | 28.83 
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5. The indicated horse power I required to drive a vessel with a dis- 
placement of D tons at a ten-knot speed is given by the following data. 
Find a law of the form I = mD”. 


D 1720 2300 3200 | 4100 


I 655 789 1000 | 1164 


107. Exponential and hyperbolic laws. To find a and 6 in 


(1) y = be, 

take logarithms of both members (8, p. 2), giving 

(2) log y = log b + ax log e, 

and set log y=y’, logb= 0)’, a loge=a’. Then we have 
(8) y =a'x+ 0’. 


Equation (1) has now been transformed into the straight- 
line form. 

Theorem 1. The exponential law holds when x and log y 
satisfy a strarght-line law. 

The law (1) is often called the compound-interest law 
(see Art. 85). 

Writing (8), Art. 105, in the form xy = ax + b, and put- 
ting u = xy, we have 
(4) u=ar+b. 

Theorem 2. The first hyperbolic law holds when x and xy 
satisfy a straight-line law. 

Again, the law (4), Art. 105, may be written 


(5) Z—axg+b, or u=2=ar+b. 
7] y 


Whence the result, 
Theorem 3. The second hyperbolic law holds if x nd z 
satisfy a straight-line law. 

. For each of the laws of Art. 105 there is, therefore, a 
straight-line test. We find the values of a’ and b’, or a and b 
in this straight-line law by the method of averages, and 
from them the constants in the required formula. 
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EXAMPLE 
Find alaw of the form y = be* for the values in the accompanying table. 


Solution. Tabulate the values of log y = y’, as indicated. Then, using 
equation (3) on p. 221, we have the ob- 
servation equations 


1.3010 = 0 + b’ 
1.2769 = 2.1 a’ + b’ 
Adding, 2.5779 = 2.1 a’ + 2 b’ 


1.2390= 5.6a’+0’ 

1.1987 = 9.3a' +0’ 

1.1749 = 11.5 a’ + 0’ 
Adding, 3.6126 = 26.4 a’ + 3b’ 


1.00 
OMI 25S ATOM GU Te Se ORO eZ 


Values of x 


Solving, a’ = — 0.01091, b’ = 1.8003. Hence the straight-line law is 
y’ = — 0.01091 x + 1.3008. 


Calculating y’ and comparing, the result is 


y' obs. 1.3010 1.2769 1.2390} 1.1987] 1.1749 


y’ cal. 1.3003 1.2774 1.2392 1.1988 1.1748 


Diff. + 0.0007 |—0.0005 | — 0.0002 | — 0.0001 | + 0.0001 


The differences (residuals) conform to the theorem of Art. 104. 
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Since a’=aloge, we have a=-— 0.01091 x 2.3026 = — 0.0251, 
taking log e = 0.4343. Also log b = b’= 1.3008. Hence 6 = 19.96, and 


the required law is y = 19.96 e-9-02512, Ans, 


The comparison of the observed and calculated values of y given in 
the table is left to the student. The figure on page 222 shows that x 
and log y (=y’) satisfy nearly a straight-line law. 


In the above example, the straight-line test (8) was ap- 
plied, and the figure drawn. The straight-line test (8), (4), 
or (5) of page 221 should be carried through in each of the 
following problems. 

PROBLEMS 


1. Find a law of the form y = be for the following data. Calculate 
the residuals. 


119.30 | 28.8 40.1 53.75 


14.9 12.9 10.9 8.9 
Ans. y = 19.9 e-0-0152, 


40 50 


b 
my 48.54 41.75 


2. The following data follow the law y = ae Find a and b by the 


method of averages, and calculate the residuals. 


196 | 246 | 297 | 3.45 | 396 | 4.97 


50.25 | 48.7 47.9 47.5 46.8 45.7 


43.2 ¢ + 13.8. 
zx 


Ans. y = 
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2.5 3 3.5 4 


3.12 3.14 3.15 3.162 | 3.174 


3. Find a law of the form y =—* ; for the following data. Calcu- 
late the residuals. ax + 


(a) 
Mere, (ja 
8 OS Gr enOns 
10 
(b) 
12.8 | 17.1 23.1 | 23.8 | 23.8 | 24.2 
(ce) 


4, Readings of the barometer in inches p for altitudes hin feet were 
as follows: a 


<— 
886 2753 4763 | ~6942 10,593. 


Find a law of the form p = be. 


5. Find a law of the form y = 6 + aa for the data below, and find the 
residuals. e 


6. Find a law of the form y = aVz +b for the given data and cal- 
culate the residuals. ‘ 
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108. Parabolic laws. The simple formula 
(1) y=a-+ bx? (special parabolic law) 
has for its graph a parabola with the y-axis an axis of 
symmetry. 
Letting x? = t, (1) becomes 
(2) y=a-+ bt. 
Hence x? and y satisfy a straight-line law. 


EXAMPLE 


An experiment to determine the coasting resistance R in pounds per 
ton of a motor wagon for the speed V miles per hour gave the following 
data: 


Solution. When these points are plotted the curve suggested (Fig. 1) 
appears to be a parabola with the equation 


(3) R=a+bvV?. 
. “ 
3100 ; 
3 ao 
3 F Rk noma 
ae 7% SE 
a : 
RS a 
2 50 n 50 
i S 
i) S) 
z 25 8 25 
nD 
H @ 
(<= 
0 5 10 15 20 V 0 
Speed V miles per hour. 
Fic. 1 


To check this, calculate the values of V2, set V? = 7, and retabulate 
the data thus: 


100 | 1561 | 225 


55 63 
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When these points are plotted (Fig. 2), it appears that they are fitted 
by a straight line. By the method of averages we find the equations 
determining a and b to be 


122=81.25b4+3a, 218= 537.5064 4a. 
Solving, a= 89.6, b= 0.102, and the law is 
R=39.6+0.102V2. Ans. 

The theorem of Art. 104 concerning the sums of the 
residuals applies also to the above law (1). 

Turn now to the law with three constants, 
(4) y = ax? + bx + (general parabolic law), 
which often applies when none of the two-constant laws 
given above will hold. If«-+h and y + Ay are correspond- © 
ing values, then, by (4), Art. 99, 


(5) Ay = 2 ahx + ah? + bh. 
If h is constant, put a’ = 2 ah, b’ = ah? + bh; then 
(6) Ay = a’x + db’. 


Theorem. If the successive values of x have a constant dif- 
ference, the general parabolic law will hold of .x and Ay follow 
a straight-line law. 


A numerical test for this case is provided by setting up 
the second differences of y and noting if they are sub- 
stantially equal. We use A?y for a second difference (see 
Art. 99, following Theorem 2). 


EXAMPLE 


Find a law of the form y= ax? + bx + for the values in the ac- 
companying table. 


Solution. Since the values of 
x have a constant difference 5, 
we examine the values of Ay 
and find them substantially 
constant. Taking equation (6) 
above, and proceeding by the 
method of averages to find a’ 
and b’, we obtain the following 
observation equations: 


FUNCTIONS, GRAPHS, EMPIRICAL EQUATIONS 227 


6 


38.6=15a'’+0' 
44= 5a’'+0’ 3.2 = 20a’ +0’ 
4.0=10a' +0’ 2.9 = 25a’ + 0’ 
Adding, 8.4=15a’+2b’' 9.7=60a'+30' 
Solving, a’=— 0.0778, b’=4.78. But a’=2ah=10a. Hence 
a= -— 0.00773. 


Also b’ = ah? + bh = 25a +5 b. Hence 
b=—5a+4¢b'=0.994. 
To find c in (4), substitute the given values of x and y and add the 


resulting six equations. To help in this, x? has been tabulated, and the 
columns have been added in the table on page 226. Hence we have 


178.1 = 2275a+1056+ 6c. 
Substituting a = — 0.00778, b = 0.994, we get c= 15.21. Hence the 
law is y = 15.21 + 0.994 x — 0.00773 a2. Ans. 


The observed and calculated values of y are the same to one place 
of decimals. 


109. Method of averages applied to the general parabolic 
law. A second method, which applies also when the values 
of x do not have a common difference, is the following. This 
is the method of averages applied to the formula 


(4) y = ax? + bu +. 

Rule. Substitute the given values of x and y in (4), divide: 
the resulting equations into three groups, add the equations in. 
each group, solve the three equations thus obtained for a, b, ¢, 
and substitute vn (4). 

EXAMPLE 
Solve the example worked out in Art. 108 by the above rule. 
Solution. There will be six equations, namely, 


20=25a+5b+¢, 
244=—100a+10b+¢e; 
28.4 = 2254a4+15b+6, 

32 = 400 a+ 206+ ¢; 


35.2 = 6254+ 256+6, 
38.1 =900a+30b+¢. 
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Divide these into three groups as indicated, and add the two equa- 
tions in each group. This gives 


444=125a+15)b+2¢, 
60.4 = 6254+ 356426, 
73.8 = 1525a+5564+2¢c. 
Solving, a=-— 0.00775, b= 0.994, c= 15.23. 
Hence the law is 
y = — 0.00775 x? + 0.994 7 + 15.28. Ans. 


This result is substantially that found above. 


The theorem on residuals in Art. 104 applies also to the 
parabolic law (4) with the single change from two groups 
to three. 


PROBLEMS 


1. Find alaw y= a + bz? for the given data. Calculate the residuals. 
Plot the points and the parabola found. 


2. Find a parabolic law y = ax? + bx + ¢ satisfied approximately by 
the values below. Use the method of the second example of Art. 108. 
Calculate the residuals. 


0 20 40 60 80 100 


8290 | 8258 | 8215 | 8176 | 8136 | 8094 


Ans. y = — 0.0014 x? — 1.82 x + 8290. 
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3. Justify the use of the parabolic law in Problem 2 by examining the 
values of Ay. 


4. Work Problem 2 (b) by the method of averages (Art. 109). 


5. V = velocity of a train in miles per hour, R = train resistance ir 
pounds per ton. 


60 80 100 120 


14.9 22.8 33.3 46:0 


Show that the values satisfy R= aV2+bV +c, approximately. Plot 
the points determined by the data, and the parabola represented by 
the law. 


110. Solution of algebraic equations by graphs. The real 
roots of equations may be found approximately by drawing 
intersecting curves. 

Quadratic equation. Solve the given equation for x?. 
The result is of the form 


xv? = Ax-+ B, 


where A and Bare constants. Plot the parabola y = x? and 
the straight line y= Ax+ Bon a large scale. The values 
of x at the points of intersection are the real roots of 
x? = Ax+B. (Why?) These values may be read from 
the diagram. Note the different cases: 

If the line is a secant, the roots are real and unequal. 


If the line is a tangent, the roots are real and equal. 
If the line is external to the parabola, the roots are 


imaginary. 
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EXAMPLE 


Solve 3 x2 +4 a —5=0 graphically. 

Solution. Transposing and dividing by 3, we get 
(1) v= § —$ 2. 

Plot the equations 
(2) you? and y=§$— Gx 


on the same axes. The abscissas of the points of intersection are 0.79, 
— 2.12, the real roots of the given equation, approximately. By solving 
we find x = 0.786, — 2.120. 


In the figure not all the lines parallel to OY at intervals of 0.1 have 
been drawn. ne 


Cubic equation. To find approximately the real roots of 
the cubic, 


(3) x3 + pr+q=0, 


where p and qg are constants, by means of a graph, solve the 
equation for x3, obtaining 


x? = — px — gq. 
Draw the cubical parabola y= x and the straight line 
y = — px —q, and read off the values of x at the points of 


intersection. 

Equation (8) will have one or three real roots. Two of 
the three roots may be equal, namely, when the line used is 
tangent to the cubical parabola. 
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EXAMPLE 
Find the real roots of 
(4) v3—42—8=0., 
Solution. Draw the graphs of 
y= x3, =42z+ 8, 
as in the figure. There is one real root, x = 2.65. Ans. 


Checking by interpolation is shown in the appended calculation. 


4 x3 4x+8 x3 — (4x4 + 8) 
oat 19.683 18.8 + 0.8838 
2.6 + 2 (root) 0 
2.6 17.576 18.4 — 0.824 
Difference 0.1 + 1.707 
2 — 0.824, 70.048. 21=2.6+2=2.648. 
OL WeLe707 


Suppose all the terms of the equation to be solved are 
transposed to the left-hand member, as in (4) above, then, 
if we draw the graph of this function, the intercepts on the 
x-axis will be the real roots. 

For example, the intercepts on OX of the graph of 
(5) y=u?—42-—8 


will be the real roots of equation (4). In the interpolation above, two 
points on this graph have been found, namely, (2.6, — 0.824) and 
(2.7, + 9.883), since the last column gives values of y in (5). Obviously 
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the graph will cross the x-axis between these points. Hence a root lies 
between x = 2.6 and x = 2.7. In interpolation, the portion of the graph 
joining these points is replaced by a straight line. This is justified by the 
fact that the two points on the graph are near together. The intercept 
of this line on the x-axis is calculated and taken as a close approxima- 
tion to the correct root. 


The graphical solution of general cubics of the form 
(6) e+ axr2?+be+c=0 
is taken up below in Problem 38. 


PROBLEMS 


1. Solve the following quadratic equations graphically. Check by 
algebraic solution. 

(a)2a2—4x2—5=0. (ec) w+ 112+ 30=0. 

(b) 222?-—8x2%—2=0. (d)822?+42+6=0. 

2. Solve the following cubic equations graphically. Check by inter- 
polation. Also note that, by higher algebra, the sum of all the roots is 
zero, since the term in x? is lacking. 

(a) x? -—9x—-—5=0. (d) #3 +2x2—5=0. 

Ans. — 2.67, — 0.58, 3.25. (e) #® —5x%+1=0. 
Ans. — 2.38, 0.20, 2.18. 

(b) # —6x2—12=0. (f) #+8xe-T7T=—0. 

(ec) —5x2+2=0. : 


For individual study or assignment 


8. Prove the following statement: Equation (6) will reduce to the 
form (3), 713 + px +4 =0, by the substitution x=2, —4a. Use this 
result to solve the following: 

(a) wv —62?+327+5=0. (b) x3 —3 22 —27+5=—0. 

4. A cylindrical shell with a hemispherical end contains 700 cu. in. The 
length of the cylindrical part is 24 in. Find the diameter. Ans. 5.86 in. 


5. The volume »v of a spherical segment of one base and height h is 
v = m(rh? — 4 h3), where r = radius of the sphere. Find h if r= 2 ft., 
v = 20 cu. ft. 


111. Graphical solution of transcendental equations. Sim- 
ilar methods to those of the preceding section apply to equa- 
tions not algebraic. 
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Consider the equation 


y=cotx 
(1) cots =z, or cotz—2z= 0. 
4 : Degrees x 
To find values of x (in radians) ee 
for which this equation holds. 0 
aN T, — 0.174 
To aid in determining the 0.349 
roots, let us plot re 
(2), "9 = cote and “y= 7, 0.785 
0.878 
Now the abscissa of each point 1.047 
of intersection is a root of equa- er 
tion (1), for, obviously, at each 1571 


point of intersection of the curves 
(2) we must have cot x= 7; that is, equation (1) is satisfied. 


YA 1A 


190°190 2007.4" 


NN SS eS 


In plotting it is well to lay off carefully both scales 
(degrees * and radians) on OX. 

* Tf a table is available in which natural values of the trigonometric func- 
tions are given for angles divided into decimal parts of a radian, it is not neces- 


sary to use degrees in the figure. See W. R. Longley’s ‘Tables and Formulas” 
(Ginn and Company), p. 8. 
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Number of solutions. The curve y = cot x consists of an 
infinite number of branches congruent to AQB of the figure 
(Art. 89). The line y = x will obviously cross each branch. 
Hence the equation (1) has an infinite number of solutions. 

Smallest solution. From the figure this solution lies be- 
tween 45° and 50°, or, in radians, between x = 0.785 and 
x =0.873. Hence the first significant figure of the smallest 
root is 0.8. Interpolation is necessary to determine sub- 
sequent figures. 

For this purpose arrange the work thus, using the preced- 
ing table. 


x (radians) cot x cot x — x 
0.873: 0.839 — 0.034 
0.785 + z (root) 0 
0.785 1.000 + 0.215 
Difference + 0.088 — 0.249 
Then, by proportion, 
Po NETS) © 8 ere: 


0.088 —0.249° 
Hence x = 0.785 + 0.076 = 0.86 (to two decimal places). 


PROBLEMS 


Determine graphically the number of solutions in each of the fol- 
lowing, and find the smallest root (different from zero). 


1. cosizi= x 5. cotx—1l+27=0., 
Ans. One solution; x = 0.74. 6. em +e —2=0. 
2.sin2r7=—-7x. Ans. One solution; x = 0.44. 
Ans. Three solutions; + = 0.95. 7. sin « — login x = 0. 
3. tanx+r—1=—0. Ans. Three solutions. 
Ans. Infinite number. 8. cos x — login(a +1) =0. 
4.3sinzx—x#=0. 9. sin2“—cos382=0. 


1057 — tan2a =10: 


For indiwwidual study or assignment 


11. The area of a circular segment whose ate subtends a central 
angle of x radians is 5 sq. in. The radius is 2 in. Find zx. Ans, 2.82. 


CHAPTER XIII 
CARTESIAN COORDINATES IN SPACE 


112. Cartesian codrdinates. The study of solid analytic 
geometry is based on the determination of the position of a 
point in space by a set of three real numbers z, y, and z. 

Let there be given three mutually perpendicular planes 
intersecting in the lines XX’, 
YY’, and ZZ’. These lines 
also are mutually perpendic- 
ular. The three planes are 
called the coérdinate planes 
and may be distinguished as 
the X Y-plane, the.Y Z-plane, 
and the ZX-plane. Their 
lines of intersection are the 
axes of codrdinates and are 
called the x-axis, y-axis, and 
z-axis respectively. The posi- 
tive directions on them are indicated by the arrowheads. 
The point of intersection of the codrdinate planes is callea 
the origin. 


Z 


XX’ and ZZ’ are supposed to be in the plane of the paper, the posi- 
tive direction on XX’ being to the right, that on ZZ’ being upward. 
YY’ is supposed to be perpendicular to the plane of the paper, the 
positive direction being in front of the paper, that is, from the plane of 
the paper toward the reader. 


Let P be any point in space and let three planes be drawn 
through P parallel to the codrdinate planes and cutting the 


axes at A, B, and C. These three planes together with the 
235 
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coordinate planes bound a rectangular parallelepiped, of 
which P and the origin O are opposite vertices, as in the 
figure. The three edges OA=2z, OB=y, and OC =z are 
called the rectangular codrdinates of P. Obviously OA = SP, 
OB=RP, OC=QP. That is, the rectangular coérdinates of 
P are equal numerically to its perpendicular distances from 
the codrdinate planes. The coérdinates of P are written 
(x, Y, 2). 

The coordinate planes divide all space into eight parts 
called octants, designated by O-XYZ, O-X’YZ, etc. The 
signs of the codrdinates of a point in any octant may be 
determined by the 


Rule for signs. 


x is positive or negative accord- 
ing as P lies to the right or left 
of the Y Z-plane. 

y 1s positive or negative accord- 
ing as P lies in front or in back 
of the ZX-plane. 

ZS positive or negative accord- 
ung as P lres above or below the 
XY-plane. 


Points in space may be con- 
veniently plotted by marking 
the same scale on XX’ and ZZ’ and a somewhat smaller 
scaleon YY’. For example, draw OY making 7 X’OY = 45° 
and lay off unit distance on OY equal to half unit distance 
on OX (‘‘cabinet projection”). Then to plot any point, for 
example (7, 6, 10), we lay off OA = 7 on OX, and draw AQ 
parallel to OY and equal to 6 units on OY, and QP parallel 
to OZ and equal to 10 units on OZ. Note especially that Q 
in the XY-plane is plotted by the rule in Art. 7 for oblique 
coordinates. Points in the YZ-plane also are plotted by this 
rule. 
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113. Important relations. Inthe figure on page 235 we have 
OP’ = 0Q° + QP? = OA” + OB’ + OC”. 
Hence, if OP = p, 
(1) Pav + y+ 2 
Let the angles between OP and OX, OY and OZ be, re- 
spectively, a, B,andy. The triangle OAP isa right triangle, 
for OA is perpendicular to AP. Also Z XOP =a. Hence 


OA = OP cosa, or x= pcosa. Similar values for y and z 
are found from the right triangles OBP and OCP. Hence 


(2) x=pcosa, y=pcosf, Z7=pcosy. 


Squaring these equations, adding them, using (1), and 
dividing by p?, we obtain the important relation 


(8) cos? a + cos? B + cos? y = 1. 


Equations (2) may be written as a set of equal ratios, 
namely, 


(4) cos.a_cosf_cosy_1- 
LV MAY CPwZ ee p 


Solving (2) for cos a, cos 8, cos y, and using the value of 
p from (1), we obtain 


(5) cosa = ———*———,, cos p=——— , 
Vx2+ y? + 2 Vx? + y? + 22 
Zz 
cos Y =o 
Y Vx2 4+ y? + 2? 


The perpendicular distance of P from the z-axis in the 
figure on page 235 is AP. In the right triangle OAP, we 
have AP” = OP’ — OA’. Substituting OA =2, and using (1), 
we obtain the result, the perpendicular distance of P(x, y, z) 
from the x-axis is Vy? + 27. Similarly, the perpendicular 
distances of P(x, y, 2) from the y-axis and the z-axis, respec- 


tively, are V22 +27 and V2? + y?, 
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PROBLEMS 


1. Plot the following points and calculate the perpendicular distance 
of each from the axes and the distance from the origin: 

(a) (0, 0, 4), (0, Fe as 0), (— 4, 0, 0), (38, 0, 5), (7, 3, 0), (0, ine 4, 3). 

(b) (1, 3, 5), qd, 6, iD). (- 2, cae il 4), (3, 4, — 2), (— 3, — 4, me 6), 
(— 4, 5, 7). 

(c) (4, 5, 8), (8, —4, 8), (6, 4, —2), (8, —2, 6), (—2, 3, 1), 
(— 38, —6, —7). 

2. Show that the following points lie on a circular cylinder whose 
axis is the z-axis: 


(3, 4; 1), (5.0, 42 V6, n5;-— 8), 2 V6, 11, — 4): 
3. What is the locus of P(x, y, 2) if 


(a) c=07 Oin=7= 07 (2) yey 
(bD)ig= 07 (Ojic=—2=— 02 OD) Syne 07 
(c)z=0? (f) y=2z250? GQ) iii? 


4. Draw a rectangular parallelepiped with its edges lying in or 
parallel to the codrdinate planes if (0, 0, 0) and (3, 6, 7) are the ex- 
tremities of a diagonal. 


5. What are the distance from the origin and the perpendicular dis- 
tances from the axes to each of the points (a, 6, c), (a, b, — c), (a, — b,c), 
(— a, — b, c); (— a, 6, —TiC)5 (a, =u), = C)» (—a, b, €), te a, 70; ae 
What pairs of these points are symmetric with respect toa coordinate 
plane? a coédrdinate axis? the origin? 


6. Find the angle between each axis and the line drawn from the 
origin to 


(aide sol eth Ans. a = 54° 44’, B = -y = 125° 16’. 

(b) = 23 32)5 

(ce) (4, 3, 12); ANS: Qie=2215 pi =O LU Give O Oo nie 
(e) (— 6, 2, 3); Amssar= 149°) Bie(sa24 so 6408s 


(f) (4, — 2, — 3). 


7. A line is drawn through the point (— 6, 5, 2) parallel to the y-axis. 
Find the codrdinates of the points on this line that are at a distance of 
9 units from the origin. 

8. Solve Problem 7 if the line is drawn parallel to the z-axis; the 
Z-axis. 

9. Describe the locus of a point if it moves so that 


(a) its perpendicular distance from the y-axis is 3; 
(b) its distance from the origin is 6; 
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(ce) its perpendicular distances from the codrdinate planes XY and 
YZ are equal; 
(d) its perpendicular distance from the plane ZX is — 5. 


114. Direction cosines of a line. The angles a, 8, and 
y between a directed line OP and the axes of codrdinates 
are called the direction angles of the line. If the line does 
not pass through O, then its 
direction angles a, 8, and y 
are the angles between the 
axes and a line drawn through 
the origin parallel to the given 
line and agreeing with it in 
direction. 

The cosines of the direction 
angles of a line are called its 
direction cosines. 

Reversing the direction of 
a line changes the signs of its direction cosines ; for reversing 
the direction of a line changes a, 8, and y into t—a, 7 — 8, 
and a — ¥y respectively, and cos (7 — x) = — cos x (8, p. 3). 

From (8) in Art. 118, we have the 


Theorem. The swm of the squares of the direction cosines 
of a line is unity; that is, 
(1) cos? a + cos? B + cos*y = 1. 


115. Direction numbers of a line. Instead of using the direc- 
tion cosines, we employ more often three numbers to which 
they are proportional, called direction numbers of the line. 


Theorem. If a, b, c are direction numbers of a line, its 
direction cosines are given by the formulas 


(1) cosa =——$————, cos B = a 
+ Va?+ b? +e + Va? + b? + c2 
cos y = : 


oN Gt 07 6" 
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Proof. By definition, 
cos@ _ cos 8 _ cosy, 


a b c 
Let r denote the common value of the ratios. Then 
(1) cos a= ar, cos PB = br,~ cosy = cr. 


Squaring, adding, and applying (1), Art. ue 
1l=r?(a?+ b?+c?), and r= ————————- 
; ! +Va? z bran 


Substituting in (1), we get the formulas. Q.E.D. 
The important conclusion just derived may be thus 
stated (comparing (II) with (5), Art. 118): 


Any three numbers a, b, and c determine the direction of a 
line in space. This direction is the same as that of the line 
joining the origin and the point (a, b, c) when the positive 
sign of the radical is chosen in (II); otherwise this direction 
reversed. 


If one direction number is zero, the line is perpendicular 
to the corresponding axis of coérdinates. If two are zero, 
it is parallel to the remaining axis. Bi 


If a line cuts the XY-plane, it will be directed upward or downward 
according as cos y is positive or negative. 

If a line is parallel to the X Y-plane, cos y = 0, and it will be directed 
in front or in-back of the ZX-plane according as cos PB is positive or negative. 

If a line is parallel to the x-axis, cos 8B = cos y = 0, and its positive 
direction will agree or disagree with that of the x-axis according as cosa =1 
or — 1. 

These considerations enable us to choose the sign of the radical in 
the theorem so that the positive direction on the line shall be that 
given in advance. 


PROBLEMS 


1. The numbers given in each case are direction numbers for a line. 
Write down other sets of direction numbers for the same line, and cal- 
culate the direction cosines. 


(a) 2, Ti 3, 4. (b) 3, 0, = Ils (ce) $, 3, 2. (d) 0, a Oe $ 
Construct a line with the given direction numbers in each case. 


CARTESIAN COORDINATES IN SPACE 241 


2. Find the direction cosines and angles of 2 line directed upward 
if its direction numbers are 


(a) — 6, 2, 3; Ans. a= 149°, B = 73° 24’, y = 64° 37’. 
(b) Pi 2scos 

(c) 4, 1, 0; 

(d) —2, — 3, 1; 


(e) 1,-—1, -—1; Ans. a= 125° 16’, B=y = 54° 44’. 
(f) 5, — 4, 7; 
(g) 5, 0, = (2: 


fn each case draw a line with the given direction numbers. 


3. Describe the direction of a line if 


(a) cosa =0; (d) cosa=cosB=0; 
(b) cosy = 0; (e) cosa=cosy = 0; 
(c) cos B = 0; (f) cos B=cosy = 0. 


4, A line makes equal angles with the axes of codrdinates. Find the 
angle. 


5. A line makes an angle of 45° with the x-axis and an angle of 60° 
with the y-axis. What angle does it make with the z-axis? 


6. Find the direction cosines of a line which makes an angle of 30° 
with the z-axis and equal angles with the x- and y-axes. 


Ans. +} V2, +3 V2, 34 V3. 


7. Can any of the following sets of numbers be the direction cosines 
of a line: 


(a) (as, 1,5)? (b) (4, 3, 3)? (©) (0, V2, - 3-2)? (d) (4,3, #)? 

8. If two of the direction angles of a line are 60° and 30°, what is the 
third? 

9. Two direction cosines of a line are} and — 3. What is the third? 


10. In what octant (O-XYZ, O-X’YZ, etc.) will the positive part of 
a line through O lie if 


(a) cosa >0, cos B > 0, cosy > 0? 
(b) cosa >0, cos 8 > 0, cosy < 0? 
(c) cosa >0, cos B < 0, cosy < 0? 
(d) cosa > 0, cos B < 0, cosy > 0? 
(e) cosa< 0, cos B > 0, cosy > 0? 
(f) cosa < 0, cos B < 0, cosy > 0? 
(g) cosa< 0, cos B < 0, cosy <0? 
(h) cosa <0, cos 8 >0, cos y < 0? 
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116. Lengths. 
Theorem. The length | of the line joining two potinis 
Pi(a1, y1, 21) and P2(x2, yo, 22) 1s given by 


(IIT) l= V(x — 2)? + Gi — Yo)? + Ga — 2). 


Proof. Construct a rectangular parallelepiped by passing 
planes through P; and Pz parallel 
to the codrdinate planes. Its 
edges will be parallel to the axes 
and equal respectively to r2— 21, 
Y2— Yl, <2 — e1- P,P2 will be a 
diagonal of this parallelepiped, 
and hence /? will equal the sum 
of the squares of its three ¥ / 
edges. Q.E.D. 

Let a, B, y be the direction angles of P,P2. Then, from 
the figure, ZAP;P2=a, and PiA=Icosa. Similarly 
PB =1 cos 6, PiC = bcos y. 

Hence we have the equations ‘ 

(1) r2—2,=leosa, y2— y1 = 1 cos B, a= leosy, 


Then x2 — %1, Ye — Yi, 22 — 21, OF numbers proportional to 
them, may be taken as direction numbers of P1P2. 


117. Angle between two directed lines. 

Theorem. If a, B, y and a’, B’, y' are the direction angles 
of two directed lines, then the angle 0 between them is given by 
(IV) cos@=cosacosa'+ cos B cos f' + cosy cos y'. 

Proof. Draw OP and OP’ parallel to the given lines. 
Then we define the angle between the given lines a 
Z*POP’= @: 
Let OP =p, ;OP’='p' 2 Pt =i Wigs 4243). hen, eby 
the law of cosines (11, p. 4), 
( 1) cos 6 = cabo is eal 
2 pp’ 
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If (x, y, z) and (2’, y’, 2’) ° Z 
are the coordinates of P and 
P’ respectively, we have 
pr =x? + y? + 2?, 
pl? = x/2 + y!2 + 2/2, 
d? = (a! — x)? 
Gast Ae (a=: 2): 
Hence 
Fo EG ee oy 
= 2e/e+y’yte'z) *¥ 
By (2), Art. 118, we have x’ =p’ cos a’ etc., r= pcosa 
etc. Substituting these values in (1), we obtain (IV). .x.p. 


118. Test for parallel lines or perpendicular lines. 


Theorem 1. Two lines are parallel and in the same direc- 
tion when and only when their direction angles are equal, and 
perpendicular when and only when the sum of the products 
of their direction cosines 1s zero. 


Proof. The condition for parallelism follows from the 
fact that both lines will be parallel to and agree in direction 
with the same line through the origin when and only when 
their direction angles are equal. 

The condition for perpendicularity follows from (IV), for 
if 6 = 90° then cos 6 = 0, and conversely. Q.E.D. 


Two lines will be parallel and have opposite directions when and 
only when the direction angles are supplementary. Two lines in space 
are said to be perpendicular when the angle between them is 90°, but 
the lines do not necessarily intersect. 


When two parallel lines are constructed by using Car- 
tesian codrdinates in space, they are parallel in the drawing. 
Two perpendicular lines so constructed do not necessarily 
appear perpendicular, however. (See the figure at the be- 
ginning of Art. 112.) 
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In the applications we usually have given not the direc- 
tion cosines, but direction numbers. Hence the importance 
of the following 


Theorem 2. If the direction numbers of two lines are re- 
spectively a, b, cand a’, b’, c’, then the conditions for parallelism 
and perpendicularity are, respectively, 

CR aa’ + bb’ + cc’ = 0. 
CO re. 
The proof follows from Theorem 1 above and (II), Art. 115. 


119. Point dividing a line segment in a given ratio. 


Theorem. The codrdinates (x, y, 2) of the point P dividing 
the line joining P1(21, yi, 21) and P2(X2, Ye, 22) so that 


P,P 
PP, 
are gwen by the formulas 
_ Xt 1x, Wit Ye 2 E12, 
ON a ey aarp bean se Mate TTT 
This is proved as in Art. 10. a 


Corollary. The codrdinates (x, y, 2) of the “mud-potnt of 
Pi(21, Yi, 21) and P2(x2, Ye, 22) are 


x=R(xy +X). Y=sYrtYo2), 2=§(2, +2). 


EXAMPLES 


1. Show that the triangle with 
vertices A(7, 3, 4), B(1, 0, 6), 
C(4, 5, — 2) is a right triangle. 

Solution. By Art. 116, the di- 
rection numbers are: 
of AB, 6,3, —2; of BC, —3, —5, 8; 
of CA, — 8, 2, —6. 

The condition a’a +b’/b+c’c=0 
applies to the direction numbers 


of AB and CA. Hence AWS 
90°. Ans. 
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2. Find Z B in the triangle of Example 1. 

Solution. Take positive directions of AB and CB (Art. 115) as in 
the figure. Let a, B, y, and a’, 8’, y’ be their direction angles. Then 
y and y’ are acute. By (II), Art. 115, 


pe healers eeay 
pee SN? Ne pee 
cos a’ = a cos B T? 8Y a 


Hence, by (IV), cos B = 18 + et 16) V2 = 5 V2. B= 45°, Ans, 


PROBLEMS 


1. Show by the length formula that the triangle with vertices (7, 3, 4), 
(1, 0,6), and (4, 5, — 2) is an isosceles right triangle (see example above). 

2. Find the angle at the first vertex given in each of the following 
triangles. The triangle should be drawn in each case. Also the student 
must determine if the angle desired is that between the sides directed 
upward (Art. 115) ov its supplement. 

(a) (2, 1, 4), (8, — 1, 2), (, 0, 6). Ans. 84° 53) 

(b) (2, - 4, De (3, = 2, 0), (4, is? 5, 4). 

(c) (4, 3, ae 4), (— 2; 9; ic 4), (— 2, 38, 2). 

(d) (4, 3, ae 2), (G a7 1, 4), (-— 2, ils ox 4). 

(e) (3, 2; 2), (1, 2, 1); (2, 4, aad is 


8. Determine the nature of each triangle in Problem 2 by the length 
formula. 


4. What kind of quadrilateral has the vertices (5, 5, 2), (7, 5, — 3), 
(3, 2, — 1), (1, 2, 4)? Draw it. 
5. Find the mid-point of and the points which trisect the lines joining 
(a) (8, 2, a 1) and (4, = 2, 6); 
Ans. (33, 0, 23), (33, z, 14), (33, = 2, 32). 
(b) (4, aa 7, 3) and (- 6, 3, aa 5); 
(e)-(4, 3, — 2) and (— 2, 1, — 5); 
(d) (4, 7, — 2) and (3, 5, — 4); 
(e) (8, — 8, 6) and (6, — 4, 6). 


6. By comparing directions and lengths determine the type of figure 
with the following vertices (given in order around the perimeter) : 

(a) (7, 3, er 4), a; 0, cr 6), (4, 5, 2). 

(b) (2, a lp 5), (3, 4, = 2); (6, 2, 2), (8, a; 3, 9). 

(ce) (6, 7, 3), (8, 11, 1), (— 3, 7, 2), (0, 3, 4). 

(d) (— 6, 3, 2), (3, — 2, 4), (5, 7, 3), (— 18, 17, — 1). 

(O)N(25 350) a (4s 5y— 1) (85 Tal) G6; 12) 
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(f) (6, =, 6, 0), (3, ae 4, 4), (2, aah 9, 2); (= 1, = Up 6). 

(g) (8, 2, 2), (1, 2, 1), (2, 4, — 1), (4, 4, 0). 

(h) (2, il; 4), (0, 0, 0), (3, ae if 2)) (5, 0, 6). 

7. Examine each group of points given to determine if they lie on 2. 
straight line. Draw the figure. 

(a) (3, 2, fi), qd, 4, 6), (G = 2, 9). 

(b) (18, 4, 9), (1, 7, 13), (7, 5.5, 11), (5, 6, 112). 

(e) (8, 6, — 2), (7, — 4, 3), (— 1, 16, — 7), (— 5, 25, — 12). 

(d) (2, — 15, — 4), (— 3, — 5, — 9), (8, — 17, aay, (4, —19, — 2). 

8. Find the area of each of the following triangles with the vertices 
given: 


(a) (1, 3, 3), (0, le 0), (4, car 1, 0). Ans. V70. 
(b) (3, ik. 2 (2; oe ie 5), (Gly 0; 2 1D) Ans. 3V19, 


(c) (4, os 4, 2), (9, ee ik 10), (6, 7 UG 8). 

(d) (3, oar 4, 4), (2; a 9; 2), (= 1, aa Ue 6). 

9. If the lines ZL; and Le have direction numbers (0, — 1, 1) and 
(— 1, —1, 0) respectively, find the direction cosines of the line Ls; if it is 
perpendicular to LZ; and makes an angle of 30° with Le. 

10. If one end of a line is (2, — 3, 5) and its mid-point is (4, 2, 3), 
find the codrdinates of the other end. 

11. Show that (0, 0, 0), (0, —1, — 1), (—1, 0, —1), and (— 1, —1, 0) 
are the vertices of a regular tetraedron. ~ 

12. If one end of a line is (6, —1, — 7) anda seta tires fifths of the 
way along it from this end is (3, 2, — 1), find the other end. 

18. If the direction numbers of three lines are (12, — 3, — 4), (4, 12, 3), 
and (3, — 4, 12) respectively, show that the lines are mutually per-’ 
pendicular. 

14. The x-codrdinate of a point on the line joining (2, — 8, 4) and 
(8, 0, 10) is 4. Find the other codrdinates of the point. 


PROBLEMS FOR INDIVIDUAL STUDY OR ASSIGNMENT 


1. If the direction numbers of two lines L; and Lz are, respectively, 
(2, — 3, 4) and (— 1, 2, — 3), find direction numbers for a line perpen- 
dicular to Zi and Lo. 

2. Find the area of A ABC with vertices A(2, 1,4), BO, — 1,92); 
C(5, 0, 6), using the formula, area = 4 AB- AC sin A. 

3. Show that the line joining (2, 3, 4) and (— 1, 2, 6) intersects the line 
joining (1, 2, — 5) and (6, 8, — 18), and find the point of intersection. 

4. Find the codrdinates of the centroid of any triangle. 

Ans. 3 (#1 + %2 +23), 4(yr + Yo + Ys), 3 (21 + 22 + 23). 
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5. Show that the lines joining thé mid-points of the opposite sides of 
any quadrilateral (not necessarily plane) bisect. each other. 


6. The three lines joining the mid-points of opposite edges of a 
tetraedron bisect each other. 


7. In any tetraedron the lines from the vertices to the centroids of 
the opposite faces meet in a point which divides each line in the ratio 
r = 8. (Centroid of the tetraedron.) 


8. The sum of the squares of the diagonals of any quadrilateral is 
twice the sum of the squares of the lines which j Jpn the mid-points of 
the opposite sides. 


9. The sum of the squares of two pairs of opposite edges of a tetra- 
edron is equal to the sum of the squares of the third pair of opposite 
edges increased by four times the square of the line joining the mid- 
points of the third pair. 


120. Loci in space. In solid geometry it is necessary to 
consider two kinds of loci: 

1. The locus of a point in space which satisfies one given 
condition is, in general, a surface. 

Thus the locus of a point at a given distance from a fixed 
point isa sphere. The locus of a point equidistant from two 
fixed points is the plane which is perpendicular to the line 
joining the given points at its mid-point. 

2. The locus of a point in space which satisfies two con- 
ditions is, in general, a curve. For the locus of a point which 
satisfies either condition is a surface, and hence the points 
which satisfy both conditions lie on two surfaces, that 3s, 
on their curve of intersection. 

Thus the locus of a point which is (1) at a given distance r 
from a fixed point P; and (2) equally distant from two 
fixed points Pe and P3 is a circle, namely, the intersection of 
the sphere with center P; and radius r with the plane per- 
pendicular to P2P3 at its mid-point. 

The number of conditions must be counted carefully. Thus, if a 
point is to be equidistant from three fixed points P,, Pz, and Ps, it 


satisfies two conditions, namely, that of being equidistant from F; and 
P, and that of being equidistant from P2 and P3. 


These two kinds of loci must be carefully distinguished. 
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121. Equation of a surface. If any point P which lies ona 
surface is given the codrdinates (x, y, z), then the condi- 
tion which defines the surface as a locus will lead to an 
equation involving the variables x, y, and z. This equation 
is called the equation of the surface, and may be found in 
many cases by a rule analogous to that in Art. 16, as we 
shall see below. 

The equation of a surface is the equation in x, y, and z 
which is satisfied by the codrdinates of every point on the 
surface and by those of no other point. 

The plane is the simplest surface, and this we take up in 
the next chapter. At this point the truth of the following 
statement should be obvious: 


Theorem. The equation of a plane which ts 
parallel to the X Y-plane has the form z = constant ; 
parallel to the YZ-plane has the form x = constant ; 
parallel to the ZX-plane has the form y = constant. 


122. Equations of a curve. If any point P_on a curve is 
given the codrdinates (2, y, 2), then the two conditions which 
define the curve as a locus will lead to two equations in- 
volving the variables x, y, and z. The equation of the sur- 
face defined by each condition separately may be found in 
many cases by a rule analogous to that of Art. 16. The 
two equations considered as simultaneous will be the equa- 
tions of the curve, which is the curve of intersection of the 
surfaces. 

The equations of a curve are two simultaneous equations 
in x, y, and z which are satisfied by the codrdinates of every 
point on the curve and by those of no other point. 

It will appear later that the equations of the same curve 
may have an endless variety of forms. 

The straight line, as the intersection of two planes, 
affords the simplest example of a ‘‘curve” in space (see the 
next chapter). A simple example is provided by the obvious 
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Theorem. The equations of a line which is 
parallel to the x-axis have the form y = constant, z = constant; 
parallel to the y-axis have the form z = constant, x = constant ; 
parallel to the z-axis have the form x = constant, y = constant. 


123. Locus of an equation. The locus of an equation in 
three variables (one or two may be lacking) representing 
coérdinates in space is the surface passing through all points 
whose coordinates satisfy that equation, and no other points. 

Discussion of the equation and construction of the sur- 
face are taken up in a later chapter. 

The locus of two simultaneous equations is the curve of 
intersection of the surfaces defined by the equations taken 


separately. 
PROBLEMS 


1. What are the equations of the coordinate planes? of the codrdi- 
nate axes? 


2. Find the equation of the locus of a point 


(a) 4 units below the XY-plane; 

(b) 5 units to the left of the YZ-plane; 
(c) 3 units in front of the XZ-plane; 

(d) 4 units to the right of the YZ-plane; 
(e) 10 units above the X Y-plane; 

(f) 6 units back of the XZ-plane. 


8. Find the equation of the locus of a point 


(a) at a distance of 6 units from (1, — 1, 3); 
(b) at a distance of 5 units from (38, 0, 4); 
Ans. Sphere x? + y? ++ 22-6x2%—8z=0. 
(ec) equidistant from (2, — 2, 1) and (4, 5, 6); 
(d) equidistant from (4, — 6, -- 8) and (— 2, 7, 9). 
Ans. Plane 6x —138y—172+9=0. 


4. Find the equation of the plane which bisects the line joining the 
given pair of points and is perpendicular to this line. 


(a) (6, 8, 2) and (4, 2, 0). Ans.44%+2y4+42-—29=0. 

(b) (le =O, 0) and (eS 5, = 74. 3). 

(c) (4, — 3, 6) and (2, — 4, 2). Ans.42+2y+82-—37=0. 
/ 


(d) (4, — 5, — 12) and (— 2, 4, 6). 
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5. Find the equation of the sphere 


(a) of radius 4 and center (3, — 4, — 5); 
(b) having the line joining (— 8, 4, 2) and (7, — 2, 6) as a diameter ; 
Ans. x2 +y?+22—-4x4—-—2y—82-17=—0. 

(c) with center (2, 1, 4) and tangent to the YZ-plane; 
(d) with center (8, 2, 7) and passing through (5, — 3, 8); 

Ans. x? +y2? +22 -62%—4y—1424 32=—0. 
(e) of radius 3 and tangent to all three codrdinate planes (eight cases) ; 
(f£) passing through (2, 0, 0), (0, — 4, 0), (0, 0, 4), (8, 0, 0). 


6. Find the equation of the locus of a point 


(a) twice as far from (5, 4, 0) as from (— 4, 3, 4); 
(b) the sum of whose distances from (5, 0, 0) and (— 5, 0, 0) is 20; 
Ans. 3x? +4 y? + 4 22 = 300. 

(ce) the sum of the squares of whose distances from (7, — 5, 9) and 
(5, — 8, 8) is 6; 

(d) whose distance from (— 4, 3, 4) equals its distance from the 
XY-plane; 

(e) whose distance from the x-axis is 4 times its distance from 
(4, aT} 2, 4) ; 

(f£) the sum of whose distances from the codrdinate planes equals its 
distance from the origin. Ans. xy + yz + 2x=0. 


7. Find the equations of the six planes each of which bisects per- 
pendicularly an edge of the tetraedron (4, 8, 0), (2, 5, + 2), (8, 2, 2), 
(5, 1, 2). Do the planes meet in a common point?™.. 


8. Write the equation of the circular cylinder 


(a) of radius 5 with the z-axis for its axis; 
(b) of radius 4 with the y-axis for its axis; 
(ce) of radius 3 with the x-axis for its axis. 


9. Find the equations of the locus of a point equidistant from (1, 3, 8), 
(— 6, — 4, 2), and (8, 2, 1). 


10. Find the equations of the locus of a point if it is 


(a) equidistant from (1, 3, 2) and (0, 0, 1) and also from (8, 0, 8) 
and (0, — 2, 0); 

(b) 3 units from (1, 2, 1) and 2 units from (2, 0, 1); 

(c) 2 units from the x-axis and from the y-axis; 

(d) equidistant from the y-axis, the X Z-plane, and the point (8, 3, 2) ; 

(e) the vertex of an isosceles triangle whose base joins (4, 5, 6) and 
(— 2, —1, 2). 


CHAPTER XIV 
THE PLANE AND THE STRAIGHT LINE IN SPACE 


124, The normal form of the equation of the plane. Let 
ABC be any plane, and let ON be drawn from the origin 
perpendicular to ABC at D. Let the positive direction on 
ON be from O toward 
N, that is, from the 
origin toward the 
plane, and denote 
the directed length 
OD by p and the di- 
rection angles of ON 
by a, B,and y. Then 
the position of any. 
plane is determined 
by given positive val- - 
ues of p, a, B, and y. © 
The plane surface ABC may be defined as the locus of a 
point P which lies on a line perpendicular to ON at D. 

We now prove the 

Theorem. Normal form. The equation of a plane is 
(I) xcosatycosB+zcosy —p=0, 
where p is the perpendicular distance from the origin to the 
plane, and a, B, and y are the direction cosines of that per- 
pendicular. 

Proof. Let P(x, y, z) be any point on the given plane 
ABC. Let a’, B’, y’ be the direction angles of OP, and let 
6= ZPON. Then, by (IV), Art. 117, 


(1) cos@?=cosa cosa’ + cos 6 cos 8’ + cos y cos y’. 
251 
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In the right triangle DOP, OD = p= OP cos 8. Also, by 
(2) Art: 118) 7= OPicos a’,.y — OF cos B72 =/0P cosy: 
Substituting in (1) the values of cos 6, cos a’, etc., we ob- 


tain, after simplifying, the result (1). Q.E.D. 
Corollary. The equation of any plane ts of the first degree in 
x, y, and z. 


The change necessary in the proof when p = 0 offers no 
difficulty, for then @ = 90°, and cos @ in (1) equals zero. 

Special cases. If p = 0, we shall suppose that ON 1s directed 
upward, and hence cos y > 0 since y < $7. If the plane 
passes through OZ, then ON lies in the XY-plane and 
cos y = 0; zn this case we shall suppose ON so directed that 
6 <4 and hence cos 6 >0. Finally, if the plane coin- 
cides with the YZ-plane, the positive direction on ON shall 
be that on OX. 


125. Locus of any equation of the first degree. Reduction 
to the normal form. 

Theorem. The locus of the equation = 
(II) Ax + By + Cz+ D=0, 
is a plane. Pw 

Proof. We shall prove the theorem by showing that (II) 
may be reduced to the normal form (I) by multiplying by a 


proper constant. (Compare Art. 30.) To determine this 
constant, multiply (II) by k, which gives 


(De 2 kAx+kBy+kCz+kD=0. 
Equating corresponding coefficients of (1) ana (I), 
(2) kA=cosa, kB=cosB, kC=cosy, kD=—p. 


<5 


Squaring the first three of equations (2) and adding, 
k?(A? + B2 + C?) = cos?a + cos? B + cos?y = 1. 


(3) + poe ee 
+ VA? + B+ C2 
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From the last of equations (2) we see that the sign of the 
radical must be opposite to that of D in order that 7 shall be 
positive. 

Substituting from (8) in (2), we get 
ee aa cos B — cman Rew Hh aia ooeh 
+V A? + B24 C? +VA24+ B24 C2 


icy ee (pene ok SNe 
+ VA? + B? + C? + VA? + B+ C0? 


We have thus determined values of a, 8, y, and p such 
that (I) and (II) have the same locus. Hence the locus of 
(II) is a plane. Q.E.D. 

Equation (II) is called the general equation of the first 
degree in x, y, and z. The discussion gives the 


cos aA = 


(4) 


Rule to reduce the equation of a plane to the normal form. 

Divide the equation by + V A? + B? + C?, choosing the sign 
of the radical opposite to that of D. 

When D=0, then p= 0, and the sign of the radical 
must be the same 4s that of C, the same as that of B if 
C= D=0, and the same as that of A if B=C=D=0 
(see Art. 124). 

From (4) we have the important 

Theorem. The coefficients of x, y, and z1n the equation of a 
plane are proportional to the direction cosines (or are durection 
numbers) of a line perpendicular to the plane. 

From this theorem and Art. 118 we easily prove the: 
following 

Corollary 1. Two planes whose equations are 

Ax+ Byt+Cz+D=0, A't4+ By4+C24+D'= 
are parallel when and only when the coefficients of x, y, and z 
are proportional, that is. 
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Corollary 2. Two planes are perpendicular when and only 
when the sum of the products of the coefficients of x, y, and z 
is zero, that 1s, 

AA’+ BB’+CC’=0. 

126. Special planes. 

Theorem. A plane whose equation has the form 

Ax + By+ D= 0 is perpendicular to the X Y-plane; 

By+ Cz+ D=0 1s perpendicular to the Y Z-plane ; 

Ax + Cz+ D=0 1s perpendicular to the ZX-plane. 
That is, if one variable is lacking, the plane 1s perpendicular to 
the coordinate plane corresponding to the two remaining 
variables. 

Proof. The direction numbers of a line perpendicular to 
Ax + By+ D=0 are A, B, 0; of a line perpendicular to 
z= 0 they are 0, 0, 1. The sum of their products is zero. 
The proof is similar in the other cases. Q.E.D. 


Corollary. A plane whose equation has the form 
Ax+ D= 0 1s perpendicular to the axis of x; 
By + D=0 is perpendicular to the axis of y; 
Cz + D = 0 ts perpendicular to the axis of z. 


That is, if two variables are lacking, the plane is perpendicular 
to the axis corresponding to the remaining variable. 


For example, the plane Ax + D = 0 is perpendicular to 
both the XY-plane and the ZX-plane, and hence is also per- 
pendicular to their line of intersection. 


127. Intercepts and traces of a plane. In a manner analo- 
gous to the rule in Art. 18, we may state for a plane (or 
any surface) the 


Rule to find the intercepts on the axes of coédrdinates. 
Set each pair of the variables x, y, 2 in turn equal to zero, 
and solve for real values of the remaining variable. 
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The straight lines in which a plane intersects the co- 
ordinate planes are called its traces. The equation of the 
trace on the X Y-plane referred to OX and OY as axes is 
found by substituting z= 0 in the equation of the plane. 
Proceed similarly for the other traces. 

To construct a plane from its equation, find the inter- 
cepts, lay them off on the axes, and connect the points 
thus determined. These lines are the traces. If the inter- 
cepts are zero, plot one or more traces, and proceed as in 
the following 


EXAMPLES 
1. Find the intercepts and traces of the plane 
(1) 2x+2y—z2-6=0, 


and draw the plane. 


Solution. Following the rule and referring to 
the figure, we find the intercepts to be 


OA =3, OB=3, OC=—6. Ans. y 
The traces are 
AB: x2+y—3=0; BC: 2y-—z2-6=0; 
CA: 2x2—z2=6=0. Ans. 
The line DE is drawn parallel to BA to set off part of the plane in the 
first octant. Uf 


aha eee ee-ee 


2. Find the traces, and draw the plane 
(2) x—y—22=0. 
Solution. The traces are 
OA: x—y=0; OB: ¥4+22=0; 
OC: «—-22=0. Ans. 4 


Draw OA and OC and the line CA to display part of the oe in the 


first octant. 
: PROBLEMS 


1. Find the intercepts on the axes and the traces on the codrdinate 
planes of each of the following planes. Construct the figures. 
(a)6x—2y+32-—20=0. (e)8x+2y—62-—10=0. 
(b)x+2y¥+324+12=0. (f)3x-—y+2-—14=0. 
(c)6x2—4y+2-12=0. (g)4y+82+36=0. 
(d)2x2+y—z=0. (h) 5%+82+45=0. 
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2. Find the equations of the following planes and construct them: 
(a)smis= Day 120°98 =. 45°57 = 12097 

. Ans. x —-V2y+z2+10=0. 
(0). 0S Se 5ys (HS Gs, Ges OSs 
(OA va — 90 bi soe Ans. y—2+4V2= 
(d) p=2, a= 60°, B= 45°, y = 120°. 


Sarid eee Ans. 6x2—2y+32+28=0. 


8 3 
eee OSs — £OS 7. 
(f) p= “ae = co B = 
(g) p= 3, Sy cos BK “S Ne 
0) pa en sos cos, Ans. 3x—4y—122=0. 


3. Find the equation of the plane such that the foot of the perpen: 
dicular from the origin to the plane is 


(a) (= 2, ate Dr (c) CG 4, 3, 77 12); 
Ans.2x%+2y—2+9=0. (d) (2, —1, 8); 

(b) Ge 4, 2); (e) (CS Ly 6, 3); 
Ans.x+4y+22—-21=0. (G8)) (Ges Dns) 


4. Reduce the equations of the planes of Problem 1 to normal form. 
Determine in each case the direction cosines of the’ perpendicular drawn 
from the origin and the perpendicular distance from the ren 

Ans. (a) cosa = $, cos 8B =.—¥#, cos ‘Y = p= 28, 

5. Write the equation of the plane which is perpendicular to vine line 

drawn from the origin 


(a) to (4, 5, 3) and passing through (1, 3, 2); 
(b) to (2, — 4, 8) and passing through (8, — 4, — 5). 


6. Write the equation of the plane passing through (1, — 8, 2) and 
perpendicular to the line joining (0, 0, 8) and (1, — 3, — 4). 


7. If the vertex of the right angle of a right triangle is (4, — 2, — 2) 
and another vertex is (8, 1, 1), find the equation of the locus of the third 
vertex. 


8. In each of the following show that the planes are parallel and find 
the perpendicular distance between them: 


(a)ew—y—2z2+5=—0,2x%-—2y—-22-7=0. 

(b) 842—y+224+10=0,3x7-—y+22-7=0. 
(c)6%+2y—82—68=0,624+2y—324+49=0. Ans. 16. 
(d)e7+2y¥+22-—-7=0,382+6y+62—-1=0. 
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9. Examine each pair of planes in each case below for parallel planes 
or perpendicular planes. 


(a) 2%7+3y—2=0, 84—y4-82+2=0,42+6y—224+8-0. 
(b) 2x%—5y+4=—-0,5244+2y—-—8=0,7-—2y=0. 
10. Derive the equation of the plane which 


(a) is perpendicular to the X Y-piane and passes through the points 
(2, —1, 0) and (8, 0, 5); Ans.x-—y—3=0. 

(b) is perpendicular to the YZ-plane with intercepts 5 and — 2, 
respectively, on the y-axis and the z-axis; 

(ec) is parallel to the plane x — 2 y—22—15=0 and 2 units nearer 
the origin. 

11. Find the point of intersection of the planes 


(a)x+2y4+2=0,4x-2y—-—8=0,4x+y4+2-3=0; 
Ans. (2, — 3, 4). 

(b) 8a—5y—424+7=0,644+2y+22-7=0,x+y=5. 

12. Show that the four planes4a2+y+2+4=0,y—524+14=0, 
a+2y—2+38=0,x+y+2—2=0 have a common point. 

13. Find the area of the triangle which the codrdinate planes cut 
from each of the following planes: 

(a)2xe%+2y+2-—12=—0. Ans. 54. 


Hint. Use intercepts and express the volume of the tetraedron bounded by 
the given plane and the codrdinate planes in two ways. 


(b) T2 -Ty+2z2—-6=0. (d)e+5y+7z2—-3=0. 
(ec)22—y—32+12=0. Ans. V3. 


128. The angle between two planes. The plane angle of 
one pair of diedral angles formed by two intersecting 
planes is evidently equal to the angle between the positive 
directions of the lines drawn perpendicular to the planes 
from the origin. That angle is called the angle between the 


planes. L 
Theorem. The angle 0 between the two planes 

Ayx+ Byyt+ Ciz+ Di =0 and Aor + Bey + Coz+ D2 =0 

is given by 


(IIT) cos 9= AA 2 i BiB, a7 C,C, 


ES | 
+ VA,? + B+ C2 x + VA? + By? + Cy? 
the signs of the radicals being chosen as in Art. 125. 
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Proof. The direction cosines of the lines drawn perpen- 
dicular to the planes from the origin are 


Ay os Ag 
8 QQ) =o ————| | 6080255 ese) 
+VA?24+B?+C? + VA2?+ Bo?2+ C2? 

z By Be 
cos By = —— —€—, COS Bo SS 
+VA1?2+ By+C1? + -V Ao?+ Bo? + C2? 

Ci Ce 
QV SS CO SS FS SS SS er 
4 Ay? Bi? + C2 V Ao?+ Bo? + C2? 


The angle @ equals the angle between these lines. Hence, 
by (IV), Art. 117, we have 


cos 0 = cos aj Cos a2 + cos Bi cos Bz + COS Y1 COS Y2. 


Substituting the values of the direction cosines, we obtain 


ain: Q.E.D. 
129. Planes determined by three conditions. The equation 
(1) Ac + By+Cz+D=0-. 


represents, as we know, all planes. The statement of a 
problem to find the equation of a certain plane may be 
such that we are able to write down three homogeneous 
equations in the coefficients A, B, C, D, which we can then 
solve for three coefficients in terms of the fourth. When 
these values are substituted in (1), the fourth coefficient 
will divide out, giving the required equation. 


EXAMPLES 


1. Find the equation of the plane which passes through the point 
P(2, — 7, $) and is parallel to the plane 21 x —12 ¥+ 28z2—84=0. 


Solution. Let the equation of the required plane be 
(2) Ax+By+Cz+D=0. 

Since P; lies on (2), we may substitute x= 2, y= —7,z= 3, giving 
(3) 2A-7B+8C+D=0. 
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Since (2) is parallel to the given plane (Corollary 1, p. 253), 
AN Wey KG 
PAs <=} PX 
Equations (3) and (4) are 
three homogeneous equations 
rn Ala eR (Ch 10» 
Solving (8) and (4) for A, 
B, and D in terms of C, 
A=3C, B=-3C, 
D=—6C. 


Substituting in (2), 
3 Cx —# Cy+Cz—6C=0. 


Clearing of fractions and 
dividing by C, 


2la—12y+282-—168=0. Ans. 


2. To find the equation of a plane passing through three points, sub- 
stitute for x, y, and z in (1) the codrdinates of each of the three points. 
Then three equations involving A, B, C, and D will be obtained, which 
may be solved for three of these coefficients in terms of the fourth. 

It is convenient to write down the equation of a plane passing through 
three given points (21,1, 21), (%2, Y2, 22), (U3, Ys, 23) in the form of a 
determinant. This is 


TY “2 1 
Cee Tee Te |e 
(5) V2. Y2 %2 1 me 


ip OES faye A 


In fact, when (5) is expanded in terms of the elements of the first row, 
an equation of the first degree in x, y, and z results. Hence (5) is the 
equation of a plane. Further, (5) is satisfied when the codrdinates of 
any one of the three given points are substituted for x, y, and z, since 
then two rows become identical. Hence the plane (5) passes through 
the given points. 

The equation (5) may be used also to determine whether four given 
points lie in a plane. 

If we write (5), when expanded, in the form 

Ax + By+Cz+D=0, 


then the coefficients are the determinants of the third order, 


yy & 1 im. fa al ee Oh Ab Mm I 
A=lye 2 1|, B=—|xe ze 1], C=/%e ye 1], D=—|xe2 yo 22). 
y3 2 1 v3 23 1 tz yz 1 1% Y3 23 
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130. The equation of a plane in terms of its intercepts. 


Theorem. If a, b, and ¢ are, respectively, the intercepts of a 
plane on the axes of x, y, and 2, then the equation of the plane ts 


op rug Mae 
dV) at Bee 1. 
Proof. Let the equation of the required plane be 
(1) Ax + By+Cz+ D=0. 


Then we know three points in the plane, namely 
(a0; OFF 2 (0:203.0), 0 0Rc). 
These codrdinates must satisfy (1). Hence 
Aa+D=0, Bb+D=0, Cce+D=0. 


Whence A=—2, B=—?, Ge 


C 


Substituting in (1), dividing by — D, and transposing, we 
obtain (IV). QED. 


™~ 


PROBLEMS 


Ns 


1. Find the equation of the plane which passes through the points 
given. Check the answer. 


(a) (0, 0, 3), (4, 0, 0), (8, 0, 0). 

(b) (2, 3, 0), (— 2, — 8, 4), (0, 6,0). Ans.82+2y+62—12=0. 
(c) (= 4, 0, 6), (8, 2, as 1), (2, 4, 6). 

(d) (4, 2,1), (—1, —2, 2), (0,4, -—5). Ans. 1l2—17y—182+38=0. 
(e) (1, 2, 3), (2, 3, 4), (5, 4, 3). 

(f) @, 1, — 1), (— 2, — 2, 2), (i, — 1, 2). Ans.x1-—3y—22=0. 


2. Find the equation of the plane which passes 


(a) through (2, 1, — 1) and is parallel to the plane77+4y—4z2=0; 
(b) through (8, — 4, 5) and is parallel to the plane3 x —y+2+6=0. 
Ans. (6) 3%-—y+2=18. 


3. Write the equation of the plane whose intercepts are as given, 
and draw the plane. 

(a)'35 45 bs (ce) 2, 4, — 7. (e) a, — 6, —e. 

(b) — 1, —8, 5. (d) 7.0, — 4. (f) 2a,—a,3a 
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4, Write the equation of the plane which passes 
(a) through (2, 1, — 1) and (1, 1, 2) and is perpendicular to the plane 
Ta#+4y—42+30=0; Ans. 12%—-17y+4z2-—3=0. 
(b) through (6, 4, — 1) and (2, 4, 1) and is perpendicular to the plane 
4zu+6y—32-7=0. 
5. Write the equation of the plane passing 
(a) through (7, 0, 8) and perpendicular to each of the planes 
2e—4y+382=—0and7x4+2y+2=14; 
Ans. 10x —19 y —322+26=0. 
(b) through (8, 4, 5) and perpendicular to each of the planes 
2%+3y—-—T7T—0and4x—32=7. 


6. Show that the four points given lie in a plane in each case. 
(a) (— 1, 0, 0), (0, 2, — 8), (2, 10, — 5), (1, 0, — 10). 

(b) (1, 0, —1), (8, 4, — 3), (8, — 2, 6), (2, 2, — 2). 

7. Find the angle between each pair of planes given below. 
(a) 4ea—8y4+52=8,24+3y-2=4. 


(b) 22 —y+2=7,4+y4+22=11. Ans. 60°. 
(ec) 4e—8y+2=6,24%+3y-—52=4. 
(d)x+2y—2=12,4%-2y—22=7. Ans. 97° 49’. 


(e) 8xa—24+12=—0,%4+3y+17=—0. 
(f)x+5y—82=10,24—-—38y+2=10. 
8. Show that the angle given by (III), Art. 128, is equal to the plane 
angle of the diedral angle which does not contain the origin. 


9. Find the vertex and the diedral angles of the triedral angle 
formed by the planesx +y+2=2,4%—y—22-—-4=0,2¢4+y-z=2. 
Ans. Vertex (4, — 4, 2), one diedral angle 120°. 


10. Find the equation of each of the following planes: 

(a) Passes through (0, — 1, 0) and (0, 0, 1) and makes an angle of 
60° with the X Y-plane. Ans. V2a—y+2—-1=0. 

(b) Passes through (0, — 1, 0) and (0, 0, 1) and makes an angle of 
120° with the plane y —-z —2=0. 


For individual study or assignment 


11. The equations of three faces of a parallelepiped are x —4 y =3, 
2xe£-—y+2=838, and 8x+y—22=0, and one vertex is the point 
(3, 7, —2). What are the equations of the other three faces? What 
are the codrdinates of the other vertices? 

12. Find the equation of the plane which passes through the point 
Pi(x1, yi, 21) and is parallel to the plane Aiz + Biy + Ciz + Di = 0. 

Ans. Ai(% — %1) + Bil(y — 1) + Ci(@— a) =0. 
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13. Find the equation of the plane which passes through the origin and 
Pi (a1, ¥%1, 21) and is perpendicular to the plane Aix + Biy + Ciz+ D; = 0. 
Ans. (Bizi — Ciyi)@ + (Citi — Aiti)y + (Ary: — Biti)z = 0. 


14. Find the equation of the plane passing through Pi (a1, y1, 21) and 
P2(x2, y2, 22), and perpendicular to the plane Ax + By+Cz+D=0. 


131. The perpendicular distance from a plane to a point. 
The positive direction on any line perpendicular to a plane 
is assumed to agree with that on the line drawn through the 
origin perpendicular to the plane (Art. 124). Hence the 
perpendicular distance from a plane to the point P is posz- 
tive or negative according as P; and the origin are on opposite 
sides of the plane or not. 


If the plane passes through the origin, the sign of the distance from 
the plane to P; must be determined by the conventions for the special 
eases in Art. 124. 

We now solve the problem: Given the equation of a 
plane and the codrdinates of a point, to find the perpen- 
dicular distance from the plane to the point. (Compare 
Art. 31.) . 


Solution. Let the point be Pi(x1, yi, 21) andsassume that 
the equation of the given plane is in the normal form 
(1) xecosa+yecos B 

+zcosy—p=0. 

Let d equal the required dis- 
tance. 

Through P; pass a plane 
A’B'C’ parallel to the given 
plane ABC. The equation of 
this plane is 

xecosa+ycosB+zcosy 

—(p+d)=0. 

The coordinates of P; satisfy this equation. Substituting 

x = 2X, ete., and solving for d, we obtain 
d= cosa+y,cos8+2 cosy—p. Ans. 
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Hence the perpendicular distance d is the result obtained 
by substituting the codrdinates of the given point for z. y, 
and z in the left-hand member of (1). Whence the 


Rule to find the perpendicular distance d from a given 
plane to a given point. 

Reduce the equation of the plane to the normal form. Place 
d equal to the left-hand member of this equation. 

Substitute the codrdinates of the given point for x, y, and z. 
The result 1s the required distance. 


SXAMPLE 


To find the perpendicular distance from the plane 2x+y—22+8=0 
to the point (— 1, 2, 3). 

Solution. Dividing the equation by — 3 and following the rule, we 
have 

Geet de = 22+ 8 2(— 1) + 2 — 28) +8 _ 
—3 —8 

Hence the required distance is 3 and the given point is on the same 
side of the plane as the origin. Ans. 


2 
— 3. Ans. 


The rule gives for the perpendicular distance d from the 
plane Ar + By +Cz+D=0 
to the point (%1, y1, 21) the result 
(2) ee a ara 
+ VAP + B+ 
the sign of the radical being determined as above (Art. 125). 


PROBLEMS 
1. Find the perpendicular distance from the plane 
(a) 6x2—38y+22—10=0 to the point (4, 2, 10); Ass. 4. 
(b) x +2y—22—12=0 to the point (1, — 2, 3); Ans. — 7. 


(ec) 42+8y+122+6=0 to the point (9, —1, 0); 
(d)2x—5y+32+4=—0 to the point (— 2, 1, 7); 
(e)8x2—4y+4+122+ 26 =0 to the point (1, 5, 9); 
(f)32+4y—122+10=0 to the point (1, 6, 5); 

In each case state the meaning of the algebraic sign of the result. 
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2. Find the lengths of the altitudes of the tetraedron whose vertices 
are (0, 8, 1), (2, — 7, 1), (0, 5, — 4), and (2, 0, 1). Ans. $3 V 29, ete. 

3. Find the volume of the tetraedron whose vertices are the point 
(1, 2, 1) and the points where the plane 3x +4y+22+12=0 inter- 
sects the codrdinate axes. 

4. Find the volumes of the tetraedrons having the following ver- 
tices : 

(a) (3, 4, 0), (4, —1, 0), (1, 2, 0), (6, — 1, 4). Ans. 8. 
(b) (0, 0, 4), (3, 0, 0), (0, 2, 0), (7, 7, 8). 

(c) (4, 0, 0), (0, 4, 0), (0, 0, 4), (7, 3, 2). 

(d) (8, 0, 0), (0, — 2,0), (0, 0, — 1), (8, —1, —1). Ans. 3. 
(e) (Ge 0, 0), (0, il, 0), (0, 0, — 2), (4, = il 3). 

(f) (3, 0, 0), (0, 5, 0), (0, 0, dh il). (3, Fi 4, 0). 

5. Find the equation of the locus of a point whose perpendicular dis- 
tances from the planes 2% —y—22—3=0 and6%+38y+22+4=0 
are equal numerically. 

Ans. Two planes; one is 82%+2y—82-—9=0. 

6. Find the equation of the locus of a point which is three times as far 
from the plane 3 x —6 y —2z2=0 as from the plane2x+y+22=9. 


7. Find the equation of the locus of a point whose distance from the 
planex+y+z2-+12=0 is equal to its distance from the origin. 


8. Find the equation of the locus of a point whose distance from the 
plane x + y = 1 equals its distance from the z-axis:. ©“ 
Ans. (x — y)? +2(%4+ y) —-1=0. 


9. Find the equation of the locus of a point the sum of the squares of 
whose distances from the planes x + y—z—-1=0andx+y+z2+1=0 
is equal to unity. Ans. 2(« + y)? +2 2(2+2)—1=0. 


10. Write the equation of the plane equally inclined to the codrdinate 
planes and at the perpendicular distance p from the origin. 


11. Find the relation between the perpendicular distance p from the 
origin and the intercepts a, 6, ¢ of a plane. 


132. Systems of planes. The equation of a plane which sat- 
isfies two conditions will, in general, contain an arbitrary 
constant, for it takes three conditions to determine a plane. 
Such an equation therefore represents a system of planes. 

Systems of planes are used to find the equation of a plane 
satisfying three conditions in the same manner that sys- 
tems of lines are used to find the equation of a line (Art. 32). 
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Three important systems of planes are the following: 
The system of planes parallel to a given plane 


; Ax+ By+Cz+D=0 
bs represented by 


(V) Ax+ By+ Cz+ k=0, 
where k 1s an arbitrary constant. 


The plane (V) is obviously parallel to the given plane 
(Corollary 1, Art. 125). ; 


The system of planes passing through the line of intersection 
of two given planes 

Aixt+ ByytCiz+D,;=0, Aow+ Boy+ Coz+ D2 =0 
as represented by 
(VI) Ayx+ By + Cyz+ D, + R(Agx + Bey + Cz + Da) =0, 
where k 1s an arbitrary constant. 

Clearly, the codrdinates of any point on the line of inter- 
section will satisfy the equations of both of the given planes, 
and hence will satisfy (VI) also. 

The equation of a system of planes which satisfy a single 


condition must contain two arbitrary constants. One of the 
most important systems of this sort is the following : 


The system of planes passing through a given point 
Pi (21, y1, 21) ts represented by 
(VIZ = AG — x) # BY —y,) + C@— 4) =0. 

Equation (VII) is the equation of a plane which passes 


through P;, for the codrdinates of P; obviously satisfy it 
Again, if ahy plane whose equation is 


Ax + By+Cz+D=0 
passes through P;, then 
Ag + By. + Cu + D=0. 
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Subtracting, we get (VII). Hence (VII) represents all 
planes passing through P1. 

Equation (VII) contains two essential arbitrary con- 
stants, namely, the ratios of any two coefficients to the 
third. 

In the following prublems write down the equation of the 
appropriate system of planes and then determine the un- 
known parameters from the remaining data. 


PROBLEMS 


1. Determine the value of k such that the plane x + ky —-2z2—9=0 
shall 


(a) pass through the point (5, — 4, — 6); Ans. 2. 
(b) be parallel to the plane6%4+2y—12z2=7; 
(ce) be perpendicular to the plane2%+4y+32=3; Ans. 1. 


(d) be 5 units from the origin ; 
(e) make an angle of 45° with the plane27%7—-3y+2=0. 
Ans. —4V70. 


2. Find the equation of the plane which passes through the point 
(8, — 2, — 1) and is parallel to the plane 7x — y —z= 14. - 


3. Find the equation of the plane which passes through the line of 
intersection of the planes 22+ y—4=0andy+2z=0 and 

(a) passes through the point ‘2, —1, —1); Ans. 3% +y—2=6. 

(b) ic perpendicular to the plane 3x7 +2y+32=6. 

4. Find the equations of the planes passing through the line of inter- 
section of the planes2%+y—2=4 anda —y+22=0 which are per- 
pendicular to the coédrdinate planes. 

Ans. 54+y=8,30+2=4,3y—-—52=4. 

5. Find the equation of a plane parallel to 62 +3y+224+21=—0 
and tangent to a sphere of unit radius whose center is the origin. 


6. Find the equation of a plane parallel to6x—2y+32+15=0 
and such that the point (0, — 2, — 1) lies midway between the two planes. 


7. Find the equation of a plane through the point (2, — 3, 0) and 
having the same trace on the XZ-plane asx —3y+724+12=0. 


8. Find the equation of a plane parallel to2x7+y+22+5=—0 and 
forming a tetraedron of unit volume with the three coédrdinate planes. 


9. Find the equation of a plane parallel to52+3y+224+7=0 if 
the sum of its intercepts is 23. 
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For individual study or assignment 


10. Find the equation of a plane parallel to227+6y+32—8=0, 
upon which the area intercepted by the codrdinate planes in the first 
octant is 7. Ans.22+6y+32—-3=0. 


11. Find the equation of a plane parallel to 12x+y+22+5=0 
and such that the entire surface of the tetraedron which it forms with 
the coordinate planes is unity. 


12. Find the equation of a plane having the trace x+3y—2=0 
and forming a tetraedron of volume $ with the codrdinate planes. 


13. Find the equation of a plane passing through the line of inter- 
section of the two planes 6x2+2y+32—6=0and—xr+y+z2+4+1=0 
and forming a tetraedron of volume % with the coérdinate planes. 


14. Show that ++ 2y—-—324+1=-0, 8x+4y—192+5=0, and 
y +52=1 have a common line of intersection. 


15. Find the equation of the plane passing through the line of inter- 
section of 3™+y—2+5=0 and x~y+z2—2=0 and making an 
angle of 45° with the plane y —z=0. 


16. Find the equation of the plane which passes through the line of 
intersection of the planes 


A+ By+Cz2+D,=0 and Aex + Boy + Coz-+ D2 =0 


and through the origin.. = 
Ans. (Ai De — AoD;)x + (BiDe2 == BoD,)y + (C,D2 — C2D,)z =i0) 


17. Find the equations of the planes which pass through the line of 
intersection of the planes 


Ai + By +Cjz+D,=0 and Aor + Boy+ C2z+ D2=0 


and are perpendicular to a coérdinate plane. 
Ans. (Ai Be a AoBi)y ——) (CiAe = C2A\)z + AiDe2 — AzD; = 0, ete. 


18. Find the equation of the plane which passes through the origin 
and Pi(%1, y1, 21) and is perpendicular to Aiz + Biy + CQiz+ Di =0. 
Ans. (Biz: — Ciyi)e + (Citi — Arzi)y + (Ary: — Bini)z = 0. 


133. Generai equations of the straight line. A straight 
line may be regarded as the intersection of any two planes 
which pass through it. The equations of the planes con- 
sidered as simultaneous are the equations of the line of 
intersection. 

The locus of two simultaneous equations of the first 
degree is a straight line unless the planes which are the 
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loci of the separate equations are parallel. Hence we have 
the 


Theorem. The locus of two simultaneous equations of the 
first degree, 


(VIID) jie + By + (z+ Di = 0, 


Aox + Boy + Coz + D2=0, 
is a straight line, unless the coefficients of x, y, and z are 
propertional. 


The direction of a line is known when its direction num- 
bers are kncwn. The method of obtaining them will now 
be illustrated. 


EXAMPLES 


1. Find direction numbers for the line whose equations are 
(1) 8x+2y-2-1=0, 2x%-—y+22-3=0. 


Solution. Let a, b, c be the required direction numbers. 

The coefficients 3, 2, and — 1 in the first plane of (1) are proportional 
to the direction cosines of a perpendicular to that plane. The given 
line lies in this plane. Hence, by Theorem 2, Art. 118, 


™~ 


(2) 38a+2b—c=0. ate 
For the same reason, using the second plane in (1), 
(8) 2a—b+2c=0. 


Solving (2) and (8) for a, b, in terms of ¢, the result is 
TO= Sic, ea —aies 
(4) sie @ = pbs = CH 


That is, 3, — 8, — 7 are direction numbers. Ans. 


2. Find direction numbers a, b, c, for the line 


(5) 2e+y+324+2=—0, 84+y4+82-5=0. 
Solution. Following Example 1, we have to solve the equations 
(6) 2a+6b+8c=0, 3a+6+4+8c=—0. 


Solving, we get a= 0, b= — 3c. 
Hence 0, — 3, 1 are the required direction numbers. Ans. 
The line is parallel to the YZ-plane. 
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To plot a straight line, we need to know one point on it and direction 
numbers. It is easy to find the point in which the line intersects a 
codrdinate plane, called the trace of the line on that plane. For example, 
the values of x and y for the trace on the X Y-plane are found by setting 
z= 0 in the equations of the line and solving for x and y. 


8. Show how to draw the line (1) of Example 1. 

Solution. Setz=0 in (1), giving 3x+2y—1=0,2x%—y—3=0, 
from which x = 1, y=-—1. The trace on the XY-plane is A(1, — 1, 0). 
The direction numbers are 3, — 8, — 7. Hence draw a line through A 
parallel to the line joining the origin and the point (8, — 8, — 7), or 
through A and B(4, — 9, — 7), since the direction numbers of AB are 
8, — 8, —7 (Art. 116). 


4. Find the direction cosines of the line (VIII). 


Solution. The direction cosines cosa, cos B, cosy must satisfy 
Ai cosa-+ B; cos 8B +C,cosy=0, Az cosa+Be2cosB+C2cosy=0, 
by the reasoning of Example 1. 

Solving these equations for the ratios, we have the 


Theorem. If a, 8, and y are the direction angles of the line (VIII), 
then cos a cos B cos y 


Pa oa = CA, ae CA, es A,B,— A 5B. 
The denominators are ail remembered as the three determinants 
of the second order 
B, Ci ; Ci Aj : Ai B, ; 
Bz Ce C2 Ae Ao Be 


formed from the coefficients of x, y, and z in (VIII). 


PROBLEMS 


1. Find one of the traces for each of the following lines and direction 
numbers for the line. Construct the line. 


(a)a+5y4+7z2-3=0,2-—2y4+32-6=—0. 
cos a@ _ cos B _ cos 

ae eae 
(b) 8x—5y—42412=0,6%74+2y+22—12=0. 
(c)6x2—8y+62—-7T=0,38%+2y4y+32+28=0. 
(d)5x2—Ty+8z2-10=0,3%+5y—82+4=0. 
(e)e2+2y=8,24—-—4y=T. Ans. Direction numbers, 0, 0, 1. 
(f)yt2r4,e+y—22=12. 
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2. Find the angles between the following lines, assuming that they are 
directed upward (or in front of the ZX-plane if cos y= 0 (Art. 115), 
or to the right if cos 8 = cos y = 0): 


(a)at+ty—2z=0,y¥y+2=0, andy—y=1,x—-3y+2=0. 
Ans. 60°. 
(b)2a+y—z2=2, x—y+2z2=4, and 427+3y—62=0, 
4x%—3y=2. 
(c)atyt2=5, «—yt+z=38, and y¥+32=4, 3y—52=1. 
Ans. 45°. 
(d)2x—y+22=5,47+2y—-22=4, and 3x—2y—62+49=—0, 
2x+2y-—2=9. 
(e)xa—-2y+2=2,2y-—z2=1, 
and w«—2y+2=2,4-—2y+22=4. Ans. 78° 28’. 
~ (f)eaty—382=6,22—y+32=3, andx+y=—6,227—-—32=5. 
(g)8x2+2y—z2=4, x-—2y—22=5, 
and 52—142=7,2%4+72=19. Ans, 63° 19’. 
(h)6x2—8y+22-T7=0, 2x-—2y—24+12=—0, 
and 2x2+2y—-2=9,6%+4y-—24+12=0. 


3. Show that the lines defined by the following pairs of equations 
are parallel, and construct the lines: 


(a)2y+2=0,38y-—42=7, anddy—22=8,4y¥y+2=44. 
(b)a+t2y—2=7, yt2z-2x=6, and. 3x+6y-—32=8, 
2x2-—y—2=0. i 

(ec) 8a+2=4,y+22=9, and6x—y=7, 8yf6z2=1. 


4. Show that the lines of intersection of each of the following pairs 
of planes meet in a point and are perpendicular: 


(a)xa+2y=1,2y—z=1, andx—y=1,x%—-22=8. 
(b) 4a+y—82424—0,2=5, andxr+y4+3=0,74+2=0. 
(ec) 8a+y—2=1,27—2=2, and2ea—y4+22=4,x-—y4+22=3. 


5. Show that the lines of intersection of x+2y4+32z=3 and 
82+6y+92=20 with 4% —y+2=0 are parallel lines. 


6. Find the point of intersection of the lines 3x —-y —3z—8=0, 
eh Nas EN and x+y—2=0, 6%—6y—32-15=0. 
Ans — 1) = De oh, 


7. Show analytically that the lines of intersection of two parallel 
planes with any third plane are parallel. 


8. Show analytically that the plane y — z= 0 intersects the pianes 
38x2+y—2+5=0 and x—y+2-—2=—0 in parallel lines. 
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134. Various forms of the equations of a straight line. 


Theorem 1. Parametric form. The codrdinates of any point 
P(x, y, 2) on the line through a given point P1(x1, yi, 21) with 
direction angles a, B, and y are given by 
(IX) x=x,+ cosa, y=y,;+¢tcosB, z=2z,+fcosy, 
where t, the parameter, denotes the variable directed length P,P. 

The proof follows immediately from (1), Art. 116, setting 
bt. 


Theorem 2. Symmetric form. The equations of the line 
passing through Pi(*1, yi, %) with direction angles a, B, 
and y have the form 


(X) Sree NE Bag) ee cee 


cosa cosB cosy | 

To obtain (X), solve each of the equations of (IX) for t 
and equate results. 

Corollary. If a, b, and ¢ are direction numbers, then the 
symmetric equations of the line may be written in the form 
Ae Meee ere Ts 

ee Dawe ee 


(XI) 


Theorem 3. Two-point form. The equations of the straight 
line passing through P;(21, yi, 21) and P2(x2, ye, Z2) are 


(XID) anlar had Lge 7S EOE eae Be 
X2—-% Yo-Yo 2g 
Proof. By Art. 116, the denominators in (XII) are direc- 


tion numbers for the line. Hence (XII) follows from (X1I). 
Q.E.D 


The three equal ratios in (X)—(XII) are equivalent to two 
independent equations, each of which represents a plane 
through the line (see the following article). The proof of (X) 
fails when a direction angle is 90°, and also that of (XJ) 
and (XII) in these cases (see Problems 2, 3, pp. 274-275). 
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135. The projecting planes of a line. A plane passing 
through a given line and perpendicular to one of the 
coordinate planes is called 
a projecting plane. 

If the line is perpendicular to 
one of the coérdinate planes, any 
plane containing the line is per- 
pendicular to that plane. In this 
case we speak of but two project- 
ing planes, namely, those drawn 
through the line perpendicular 
to the other codrdinate planes. 

If the line is parallel to one 
of the codrdinate planes, two of 

4 A, 
the projecting planes coincide. 


By (VI), Art. 132, the equation of any plane through the 
line 
(1) 82+2y—z2-1=0, 2x-y+22-3=0 
has the form ; 
8a+2y—z2-1t+k2xex—y4+27-—3)\=0. 
Multiplying out and collecting terms, “<**~ 
(2) (8+2k)e+ QS byte re eh be be 0. 
This plane will be perpendicular to the X Y-plane when 
the coefficient of z equals zero, that is, if k = 4 (Art. 126). 
Writing this value of & in (2) and reducing, 
(8) 4x+Zy—3=0, or 84+3y—-5=0. 
This is therefore the equation of the projecting plane of 
the line (1) on XY, that is, of the plane A BB, A, of the figure. 
Now equation (3) is simply the result obtained by elimi- 
nating z from the equations (1) ; namely, we multiply the first 


of equations (1) by 2 and add it to the second. Hence the 
result : 


To find the equations of the projecting planes of a line, elimi- 
nate x, y, and z in turn from the given equations. 


’ 
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Thus, to finish the example begun, eliminating y from (1), 
we find 77+ 32—7=-0 for the projecting plane on XZ. 
Eliminating x, we get 7 y— 82+ 7=0 for the equation of 
the projecting plane on YZ. 

The forms (X)-(XII) of Art. 1384 give at once the pro- 
jecting planes. For example, in (XI), 


(4) Oa ery LS 
a b 


or b(x — x1) — a(y — yi) = 0, is the projecting plane on XY. 


The projections form. The simultaneous equations 
(XITI) x=mz+p, y=nz+q 
define a line as the intersection of its projecting planes on 
XZ and YZ. Solving each equation for z, and equating 
results, we obtain the symmetric equations, 


ice art) fee all! (ae ee 
(9) m n 1 


Comparing with (XD, Art. 134, we have the 


Theorem. In the projections form (XIII), the line passes 
through (p, q, 0), and m, n, 1 are direction numbers. 


The form (XIII) is often useful. It may be used for any 
line not parallel to the XY-plane. Obviously, two other 
projecting planes also might be employed. 


EXAMPLE 


Reduce the following equations of a line to the symmetric form (XI) : 
a—-2y+2=8, 2x-—3y=138. 
Solution. Find the equations of two projecting planes. The second 


plane is already the projecting plane on XY. Eliminating x, we get 
y —22=-—8. From the two projecting planes thus found, 


(6) 2x2—-8y=18 and y—2z2=—83, 


by solving the first for x and the secord for z, we obtain the projections 


form 
(7) e=Zytif, z—hy+ . 
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Solving each for y and equating results, we get 


Hes ay 
3 $ 
Multiplying all denominators by 2, the result is 
oo¥ 42-8 Ane 
8 Pe 


Comparison with (XI) gives 1 =17, 7 =—0, a= 3, a=3, D=2, 
c=1. Hence the line passes through (1,3, 0, 3), and its direction cosines 
are proportional to 3, 2, 1. Thus we have a second method of finding 
direction numbers for a line. (See examples, p. 268.) 

A remark here is important. In (XI), 21, y1, and 2 are the coérdi- 
nates of any known point on the line. Hence for a given line the numera- 
tors in (XI) may be quite different. For example, putting z= 0 in (6), 
we find x =2, y= — 38. Hence the equations za = ute — = : repre- 
sent the given line also. Notice that in equations (XI) the coefficients 
of x, y, and 2 must be unity. This explains the form of (8). 


PROBLEMS 


1. Find the equations of the projecting planes of each of-the follow- 
ing lines. Write equations for the line in the projections form. | 
(a)2a+y—2=—0,e¢-—yt+22=3. 
; Ans. 542+y=3, 34%+2=3> ae §62+6=0; 
y=—524+3 and z=—32+3. 
(b)2ex+y+2=6,47+8y-22=2. 
(c)2ea+y-—z=le—y+2=2. 
Ans. Line is parallel to YZ. x=1, yo2z—1. 
(d) 8e¢+y—42=10,22%24+2y4+32=10. 
(e)2y¥+382=6,2y—32= 18° 
Ans. Line is parallel toOX. y= 6, z= — 2. 
(f) Waetyt+2=0,424+8y4+22=16. 
(g)x+2=1,x—2z=3. 


2. Prove the following formulas, which replace (X)— co in the 
special cases given. Derive them from (IX). 
(a) When y = 90°, =“ =¥— 4, z= 4, 
cosa cos8 
(b) When ¢= 0, 2=“ = 4 ieee 2=%. 
a 


(ec) When z, = 2, {= = YU, - = 
Lei Ye Yi 
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3. Prove the following fornmiulas, to replace (X)—(XII) (see 
Problem 2). 
(a) When B= y = 90°, y= 1, 2= 21. 
(b) When 6=c=0, y=, 2= 21. 
(c) When m1 = y2, 1 = 22, y= YM, 2= KH. 
4. Derive equations for each of the following lines. In special cases 
use the results of Problems 2 and 3. 
(a) Passes through (3, 4, — 4), with direction angles 60°, 45°, 120°. 
(b) Passes through (1, — 2, 3), with direction angles 45°, 90°, 185°. 
Ans. y= —2,x2+2-4=0. 
(c) Passes through (8, — 2, 1), (2, 8, 4). 
Ans. 54 +y—18=0,32+2-10=0, 
(d) Passes through (8, — 2, 1), (8, — 4, 5). 
(e) Passes through (3, 2, — 1), with direction numbers 0, 1, 0. 
(f) Passes through (1, 4, 6) and (— 1, 4, 6). 
(g) Passes through (0, — 3, 2) and is parallel to the line joining 
(3, 4, — 7) and (2, 7, — 6). Ans. %=—2+2,y=82-9. 
5. Show that the conditions that the three points Pi(a, 41, 21), 
P2(x2, Yo, 22), and P3(x3, y3, 23) should lie on a straight line are 
Lam Li Yor Yuna Z2— 2a 
6. Reduce the equations of the following lines to the symmetric form 
(XI) (see Problems 2, 3, above), and interpret the results. 
(a)4ex+5y+382=3,47-5y4+24+9=0. 
(b) 22 +y¥+5—0,7+32-—5=-0. 2-8 aN 2 
(c)e+2y+6z2=5,38x2—2y—102=7. Ans. & oe 
(d)8x2+y—22=0,6¢%—-—3y+424+9=0. es a 
(e)2e2+y+22=7,¢7+38y+62=11. Ans, a =p eae. 
(f)3e-—8y+2=4,4"%-—6y—-—2=5. 
7%. Find equations of the line through the point (— 2, 4, 0) which is 


parallel to the line Zaut? 2-4. Ans. %=—42-2, y=32+4+4. 
8. Show that thelines@ +2 -¥+3 2-1, ng 243 ua 248 
are perpendicular. 6 <M 
9. Find the angle between the lines 4=3 = uot = oe and 
ot2 = uot =4, if both are directed upward. Ans. 120°. 


10. Find equations for each of the following lines: : 
(a) Passing through (— 1, 2, 6) and parallel to the line x= 2 2 — 3, 
y=—32-5. 
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(b) Passing through (— 1, 2, 6) and perpendicular to and intersecting 
the x-axis. 
(c) Passing through the origin and perpendicular to each of the lines 
r=22-—4,4y=-—-242,andy=27+5,2=22—-8. 
(d) Passing through (0, 2, 0) and at right angles to the line x= =z, 
y = 22, and the y-axis. 
(e) Perpendicular to each of the lines y=—2%+6, z=22-11, 
and #=22+10, y=22+ 8, at their point of intersection. 
11. Find the parametric equations of the line passing through the 
point (2, 3, 4) whose direction cosines are proportional to 1, — 4, and 2. 
12. Construct the lines whose parametric equations are 
(a)w=2+2ty=44+44,2=64+2¢; 
(b)a=—3+7t,y=6—-—$1,2—4+ 31. 
13. Find the distance, measured along the line whose equations are 
e=2—7,t, y= 44+431,z=——38 + 7, bt, from the point (2, 4, —3) to 
the intersection of the line with the plane 42+ y—22=16. Ans. 3}. 


136. Relative positions of a line and a plane. If the equa- 
tions of the line LZ have the projections form (XIII), Art. 135. 
we may determine if L lies in a given plane as follows: 
Substitute the values of x and y in the equation of the plane. | 
Then if the result is true for all values of>z, Dae line lies in 
the plane. 

We next easily prove the = 


Theorem. A line L whose direction Fie Bs ay are a, b, and 
e and the plane Ax + By+ Cz+ D=O are 
(a) parallel when and only when 


(1) Aa+ Bb+Cc=0; 
(b) perpendicular when and only when 

2 Gales Sr 

©) a OC 


Proof. The direction numbers of a perpendicular Lz to the 
plane are A, B, and C. 

The line LZ and the plane are parallel when and only when 
Land L2 are perpendicular, that is, when and only when 
(1) holds. 
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The line L and the plane are perpendicular when and only 
when L and Lz are parallel, that is, when and only when 
(2) holds. Q.E.D. 


Equation (1) holds, of course, when L lies in the plane. 


PROBLEMS 


1. Show that the line ate =Yt4_2 is parallel to the plane 
4x—2y—22=9. 
2. Show that the line Z=—4 = 
3x—2ytTz2=8. 3 
8. Show that 
(a) thelinex=z+4, y=22+8 lies in the plane2x+3y—8z—-17=0; 
(b) the line? = U2 —2— 3 jios in the plane2z +2y+22—6=0, 
4. Find equations for each of the following lines: 
(a) Passing through (2, —3, 4) and perpendicular to the plane 
8x—yt2z2=4. Ans.cx=—3y—-—7,2=—-—2y-2. 
(b) Passing through (—1, 3, 2) and perpendicular to the plane 
e—382=4. 
(c) Passing through (0, 2, 4) and parallel to each of the planes 
PE22=1),7—32=27. 
(d) Passing through (1, — 2, 3) and parallel to each of the planes 
2e-—y=4,r+y-2=4. 
5. Find the equation of each of the following planes: 
(a) Passing through (1, 2, —3) and perpendicular to the line 
382—y=4,y+22=5. Ans. 2x+6y—32-—23=0. 
(b) Passing through (— 4, 0, 1) and perpendicular to the line whose 
equations arex+y—42=0,y—z2=2. 
(c) Passing through (8, 6, — 12) and parallel to each of the lines 
r+3y—1=0,38y+2-—2=0,andz=2274+1,y=8. 
Ans. 2x+8y—z2-—386=0. 
(d) Determined by the intersecting lines r=22+1, y=32+2, 
and2x2=—2-—-2,3y=2+6. 
(e) Passing through the line x+22—4=0, 3y—z2+8=0 and 
parallel to the linex=y +4, z=y— 6. 
Py : Ans. 2%4—-9y+72-—32=0. 
(f) Determined by the point (2, 3, — 4) and the line 


is perpendicular to the plane 
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(g) Determined by the parallel lines, 


=“— — >» 


6. Find equations for the lines determined as follows: 

(a) Lying in the plane x + 3 y —z+4=0 and perpendicular to the 
line x= 22+3, y=2z at the point where this line meets the plane. 

Ans. 3x+5y+7=0,47+524+1=0. 

(b) Passing through (4, 2, — 3), parallel to the planex + y+z2—10=0, 
and perpendicular to the linex +2y—z=5, z= 10. 

(c) Perpendicular to the line 347+2y—z2=8, x—3y+1=0 at 
the point where it meets the plane 2% —y+z—3=0. 

(d) Passing through (2, 5, — 8), perpendicular to the line from the 
origin to this point, and parallel to the plane2x—3y+16=0. 


PROBLEMS FOR INDIVIDUAL STUDY OR ASSIGNMENT 


1. Find the perpendicular distance from (8, 4, —6) to the line 
382—-2y+7=0,2y+2-38=0. 

2. The line from A(38, — 7, 5) with direction numbers 4, 1, 8, meets 
the plane 2x2+3y—z2+7=0 at B. Find the length AB. 


8. Derive equations for the following lines, each of which passes 
through Pi(%1, yi, 21): 

(a) Parallel to the line x = mz+a, y= nz - 0. - 

(b) Perpendicular to each of the lines x= Fe bes nh, Y= mz + bi, 
and 2 = M22 + do, y = Noe + be. 

(ec) Perpendicular to the plane Ax + By + Cz + D=0. 

(d) Parallel to each of the planes Aix + Biy+Ciz+D,;=0 and 
Aox + Boy => Coz + Dx; 


4, Find the equation of the plane passing through Pi(a1, y1, 21) and 
perpendicular to the line x= mz+ p, y= nz+q. 
5. Prove that when the lines of Problem 3 (b) lie in a plane, 


ms 


(a4 — a2) (m as N2) — (b; = be) (m — M2). 


6. Find the angle 6 between the line 2—7! = ¥— 4% — 2— 41 and the 
plane Ax + By + Cz + D=0. & & 
Ans. sin @= De AG BbeECG fatirerucy” 

V A2 + B2 + C2" V a2 + b2 + C2 


Hint. The angle between a line and a plane is the acute angle between the 
line and its orthogonal projection on the plane. This angle equals 4 3 ™ increased 
or decreased by the angle between the line and the normal to the plane. 
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7. Find the equation of the plane passing through P3(x3, yz, 23) and 
parallel to each of the lines 


Ans. (bi¢2 — bee1) (a — x3) + (Cid2 — Geer) (y — ys) 
+ (ayb2 = d2by) (z ies 23) = 05 


8. Find the condition that the plane Aix + Biy + Cyz + Di =0 should 
be parallel to the line whose equations are Aox + Boy 4- Cor + Do = 0, 
A3e + B3sy + Csz + D3 = 0. 
Ans. Ai(BoC3 a B3C2) = Bi (C2A3 = C3A2) ap Ci(A2Bs — A3Bo) ==), 
9. Find the equation of the plane determined by the point P; (x1, 1, 21) 
and the line Aix + By + Ciz + Dy, = 0, Aot + Boy + C22 + De = (i). 
ns. (Aca + Boy + C221 + Dz) (Aix + By + Cz + Dy;) 
= (Ami + Bry + Ciazi + Di) (Ace + Boy + Coz + Do). 
10. Find the equation of the plane determined by the intersecting 
OP EN ERA a aah ee a 
ay by C1 a2 be C2 
ms. (b1¢2 — b2e1)(% — a1) + (€1d2 — C201) (y — 1) 
oF (aibe — dob) (2 = 21) =U), 


11. Find the equation of the plane determined by the parallel lines 


lines 


Ans. [(y — Ye)e — (#1 — 22)b] x + [(21 — 22)a — (a1 — xe)ely 
+ [(a1 — 22)b — (yi — Y2)alz + (yiz2 — yoei)a 
+ (#12 — 22%1)b + (t1y2 — tayi)e = 0. 


12. Find the conditions that the line x = mz+a, y=nz+ 6 should 
lie in the plane Ax + By+Cz+D=0. 
Ans. Aa+ Bb+D=0, Am+ Bn+C=6. 


1 


13. Find the equation of the plane passing through the line 2= 1 


—Y¥—% —2—4% and parallel to the line ~ 
by C1 a2 be C2 


Ans. (bic2 — baci) (a — %1) + (1d2 — C201) (y — 1) 
+ (dibs — deb) (2 — a1) = 0. 


14. Find the equation of the plane determined by Pi(x1, y1, 2) and 
the line through Po(x2, y2, 22) with direction numbers a, }, c. 


CHAPTER XV 
SPECIAL SURFACES 


187. The sphere. In this chapter we shall consider spheres, 
cylinders, and cones (surfaces considered in elementary 
geometry), and also quadric surfaces. 


97 ee 


In analytic geometry the terms “sphere,’’ “‘ cylinder,” and “cone” 
are usually used to denote the spherical surface, cylindrical surface, and 
conical surface of elementary geometry, and not the solids bounded 
wholly or in part by such surfaces. 


Theorem. The equation of the sphere with center (h, k, 1) 
and radius r is : 

(1) (&— WP + Y— BP + DP =P. 

Proof. Let P(x, y, z) be any point on the sphere, and 
denote the center of the sphere by C. Then, by definition, 
PE =. Substituting the value of PC given by the length 
formula, and squaring, we obtain (I). *.. Q.E.D. 

When (J) is multiplied out, it is 

x2 + y? + 22-—2he—-Q2ky—2le+h?+k?+)2—71r?=0; 
that is, it is in the form 
(1) e?e+y?+24+Gr+ Ay+iz+K=0. 

The question now is, What is the locus of an equation of 
this form? (Compare Art. 35.) 

To answer this, collect the terms thus: 

(x? + Gx) + (y? + Hy) + (2? + Iz) = aay 

Completing the squares within the parentheses, we obtain 

(@+3G)?+yt+eH)+@+3I? 
= 7(G?+ H?+ 1?—4K). 
280 
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The right-hand member may be positive, zero, or nega- 
tive. Hence, comparing with (I), we see that the locus is a 
sphere, or a point sphere (r = 0), or there is no locus. 

The presence of the four constants, G, H, J, K, in (1) 
indicates that a sphere is determined by four conditions 
(compare Art. 36). To find the equation of a sphere satis- 
fying given conditions, we use (I) or (1), as may be more 
convenient. 

If (1) is used, we have to find h, k, l, and r. If (1) is used, 
we need four equations in G, H, J, K, and we find the values 
of these constants by solving the equations. 


EXAMPLE 


What is the locus of the equation 7? + y2 +22?-22+3y+1=0? 
Solution. Collecting terms, 
(@@—24)+(y?+3y)+22=-1. 
Completing the squares, 
(a? —2e+1)+(y?+3y¥+3)+2=-14+1+42, 
or (@—1)?+(y+ 3)? +22 = 3. 
The locus is a sphere ofradius 3 and center (1, — 3, 0). Ans. 


PROBLEMS 


1. Determine the nature of the loci of the following equations and 
find the center and radius if the locus is a sphere, or the codrdinates of 
the center if the locus is a point sphere. 

(a) v?+y2?+4+224+4x4—62=—0. 

(b) w% +y2?+22-444+2y-—5=—0. 

(ec) 2+ y2?+22 -x+4y+10=0. 

(d) a2 + y2 +22 -12y+62=5. 

(e) v2? + y2+22-—44+6y+824+29=0. 

(f) e+ y2+2242274+2y4y+42=0. 

2. Find the equation of the locus of a point 

(a) whose distance from (0, 3, — 2) is 3; 

(b) whose distance from (— 2, 4, 0) is V5; 

(ce) whose distance from (— 8, 2, 1) is 4; 

Ans. oe +y2+22+62—-4y—-—22-2=0. 

(d) whose distance from (— 1, 3, 2) is V8. 
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3. Find the equation of the sphere 


(a) having the line joining (3, 0, 4) and (4, 6, 0) as a radius and the 
first point as center; 

(b) having the line joining (8, 0, 7) and (— 2, 1, 1) as a diameter; 

Ans. v2 +y24+22-—a—-—y—824+1=0. 

(c) whose center is (2, — 2,1) and which is tangent to the XZ-plane; 

Ans. x? +y2+22-44+4y—224+5=-0. 

(d) passing through the four points (2, 0, 0), (0, 4, 0), (0, 0, — 4), and 

(— 8, 0, 0). 


4. Prove that the locus of a point satisfying the condition given 
below is in every case a sphere, and find the radius and center. 


(a) Its distance from (7, 1, 3) is twice its distance from (— #, — 2,3). 
Ans. h= —4,k = —8,1=1,r=43V141. 
(b) Its distance from (— 3, 4, 5) is four times its distance from the 
origin. 
(ec) The sum of the squares of its distances from (4, — 5, 1) and 
(0, 2, — 4) is 64. 
(d) The sum of the squares of its perpendicular distances from three 
planes x +y+2=5, 2%-—3y—22-1=0,3%4—2y4+32=6 is 5. 


5. Find the equation of a sphere which 


(a) is concentric with x? + y? ++ 22 -—6%+4z2—36=0_and passes 
through (2, 5, — 7); Ans, 2? + y2 +22 —6%+42=38. 
(b) has the center (4, — 4, 3) and is tangent to fone Plane whose equa- 
tion is8%74+2y—z2=7; 
(c) has its center in the XZ-plane and passes through the three 
points (1, 0, 2), (1, 8,1), (— 3, 0,0); Ans. a2 + y2+22?-—2274+62=15. 
(d) has its center on the z-axis and passes through (8, 4, 0) and 
(—2; 3; 5): Ans. 572+ 5 yy? +522 —1382=— 125. 
(e) passes through (1, 5, — 3) and (— 3, 0, 0) with conve: on the line 
8x+y4¥y4+2=0,7+2y47y4+1=—0; 
Ans. Qu? +94? 49282 84 P4264 E76 oe 188 2. 
(f) passes through (2, 2, 0), (0,2, 2), and (2, 0,2) and has the radius 5. 


6. Find the equation of the tangent plane to each of the following 
spheres at the given point: 


(a) x? + y2? + 22 —14=0, at (3, — 2, 1). 

(b) a? + y2? +22 -627+42—36=0, at (1, 6, — 5). 
Ans.2%—6y+32+49=0. 

(c) 2+ y?+22-424—2y4+62=0, at (0, 0, —6). 

(d) x2?+ y2+22-—-22%4+62=—15, at (1, 5, —3). 
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7. Given two spheres, A: xv? ++y2+22—-62+8y—102+41=0, 
and B: 2+ y?+22+62+2y—62+10=0. Find the equation of 
a third sphere if 

(a) the line joining the centers of A and B is a diameter; 

(b) it has the same center as A and is tangent to B (two cases) ; 

Its center lies on the line passing through the centers of A and B, and 

(c) it is tangent to both A and B (four cases) ; 

(d) its center is on B and it is tangent to A (four cases). 


8. Find the equations of the planes which are tangent to the sphere 
y+ y?+22?-10x%+5y—22-—24=0 at the points where it inter- 
sects the coordinate axes. 

9. Find the equation of a sphere inscribed in the tetraedron formed 
by any four of the following planes: 


144x%+5y—22—-168=0, 10%+11ly+22+ 88=0, 
144%7—5y7y4+22+28=0, 2x—y—22+12=—0, 
10x—1ly+22+338=0, 2ea—y+22+8=0. 


10. Find the equation of the smallest sphere tangent to the two 


here: 
eP ; vw +y2?+22-2e-—6y4+1-0, 


e+yrt+2+6e+2y—42+5=0. 
Ans. v2 +y? +22 4+24—-—2y—22+3=0. 
138. Cylinders. A surface generated by a straight line 
which moves parallel to itself and intersects a given curve 
is called a cylinder. The curve is called the directrix. We 
now consider equations whose loci are cylinders. 


EXAMPLES 


1. Find the equation of a circular cylinder, with radius r, whose axis 
is the z-axis. 

Solution. Let P(x, y, z) be any point on 
the cylinder. Then, in the figure, OA = z, 
AB=y, BP =z. If CP is perpendicular 
to OZ, then the condition that P lies on 
the cylinder is : 

(1) CH= OB. 

But OB = Vz? + y?._ Hence the equa- 
tion desired is 
(2) wtyor?, Ans. 

Note that the circle 72+ y2=r? in the 
XY-plane is the directrix of the cylinder. 


“ 
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2. Determine the nature of the surface whose equation is y? —-47=0 


Solution. If M(a, b) is 
any point on the parabola 

—4xz=0in the X Y-plane, 
then every point on the line 
drawn through M parallel 
to OZ will lie on the given 
surface. For b?-—4a=0, 
since M is on the pa- 
rabola. Hence the coor- 
dinates (a, b, z), where z 
has any value, satisfy the 
equation of thesurface. The 
locus is therefore a cylinder 
with directrix the parabola 

—4x2=0 in the XY-plane and with elements parallel. to OZ. Ans. 


These examples lead at once to the 


Theorem. The locus of an equation in which one variable 
is lacking 1s a cylinder whose elements are parallel to the axis 
along which that variable 1s measured. The given equation 
considered as a plane locus in the corresponding coordinate 
plane represents the dorectrix. Se 


189. Cones. The surface generated by<a Straight line 
turning around one of its points and intersecting a given 
curve is called a cone. 

EXAMPLE 


Determine the nature of the surface whose equation is 
16 272+ y2-—22=0. 
Solution. Let Pi(11, y1, 21) be a point on a section of the surface 
made by the plane z =k. Then 
(1) 16m?+y2-—“a2=0, ack. 


Now the origin O lies on the surface. We shall show that the line 
OP, lies entirely on the surface and hence that the surface is a cone. 


The direction cosines of OP, are ae Yi, and =, where pi = OP. 
P1 1 
Hence the codrdinates of any point on OP, are, by (IX), Art. 134, 


(2) eat yo 2a}. 
Pi Pi Aa 
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Substituting these values of x, y; and z in the left-hand member of 
the given equation, we obtain 


2 
(3) i (6 %1? + yi? — 27). 
p1° 


But from the first of equations (1) the 
expression in the parenthesis in (3) equals 
zero. Hence the product in (8) also van- 
ishes for any value of t. This means that 
every point (x, y, 2) on the line (2) lies on 
the surface, that is, the entire line lies on 
the surface. Hence the surface is a cone 
whose vertex is the origin. Ans. 


The same proof will apply to 
any equation in x, y, z in which 
all the terms are of the same de- 
gree. Such an equation is said to | 
be homogeneous in x, y, and z. 
Hence the 


Theorem. The locus of an equa- 
tion which 1s homogeneous in the 
variables x, y, and z is a cone whose 
vertex is the origin. 


In the figure for the above example, the cone is cut 
by the plane z= 8. The equations of the curve of inter- 
section of the cone 1627+ y?—z2?=0 with this plane 
are obviously 

z2=8 1627+ y?—64=0. 


The curve is an ellipse and is plotted in the plane z = 8, 
using oblique codrdinates. 

To construct the locus of the equation of a cone, find the 
equations of the curve of intersection of the cone with a 
suitably chosen plane parallel to one of the codrdinate 
planes, construct this plane curve, and then draw the ele- 
ments from the points on this curve to the vertex of the 
cone. 
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PROBLEMS 
1. Determine the nature of the following surfaces and construct tnem: 
(a) «2 +22?= 16. BAG) et Bia 
(b) x2 + y2=42. (g) y2 +22 —2az=0. 
(ec) y2+422=16. (h) y2 —222=0. 
(d) x2 -—y2—z22=0. (i) wv —4y?+622=0. 
(e) y?+taz+yz=0. (j) x? — 22 = 25. 


2. Find the equation of the locus of a point satisfying the condition 
given. Determine the nature of the locus and draw the figure. 
(a) The square of its distance from the z-axis equals twice its dis- 
tance from the YZ-plane. Ans. x? + y? —2x=0. 
(b) Its distance from the z-axis is three times its distance from the 
X Y-plane. 
(c) It is equidistant from the point (4, 0, 0) and the X Y-plane. 
Ans. x? +y?—82x+16=0. 
(d) It is equidistant from the X Y-plane and the z-axis. 
Ans. x? + y?—22=0. 
(e) It is four times as far from the y-axis as from the z-axis. 
(f) The sum of its distances from the three codrdinate planes is equal 
to its distance from the origin. 
(g) It is equidistant from the point (0, 0, 5) and the x-axis. 
Ans. x? —102+25=0. 
(h) The product of the sum and difference of its. distances from the 
XY- and the XZ-planes is four times the square of its distance from the 
YZ-plane. eS 
3. Find the equation of the cone whose vertex is the origin and whose 
elements cut the circle y2 + 22=4,x=1. 
4. Find the equation of the cone with the origin as a vertex whose 
elements cut the ellipse 2 72 +322=6, y=1. 
Ans. 2474+322-—6y?=0. 


For individual study or assignment 


5. A point moves so that the difference between the squares of its dis- 
tances from two intersecting perpendicular lines is constant. What is 
the locus? 


6. What is the locus of a point equidistant from a plane.and a line 
perpendicular to the plane? 


7. What is the locus of a point which moves so that the ratio of its 
distances from two perpendicular intersecting lines is constant? 


8. A point moves so that its distance from a fixed point is always 
equal to its distance from a fixed line. What is the locus? 
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9. The sum of the distances of a, point from three mutually perpen- 
dicular planes is equal to half its distance from their common point of 
intersection. What is the locus? 


140. Discussion of the equation of a surface. Some prop- 
erties of a surface can be determined by methods analogous 
to those in Art. 18. 


1. Intercepts on the axes of codrdinates. 


Rule to find the intercepts of a surface. 
Set each pair of variables in turn equal to zero and solve 
for real values of the third. 


2. Traces on the coordinate planes. 


The curves in which a surface intersects the codrdinate 
planes are called its traces. 


Rule to find the traces. 

The equations of the traces of a surface are obtained by suc- 
cessively setting x = 0, y = 0, and z = 0 in the equation of the 
surface. 


e: 


3. Symmetry. 


Theorem. Jf an equation 1s unaffected by changing the 
sign of one variable, the locus is symmetric with respect to the 
codrdinate plane from which that variable 1s measured. 

If an equation is unaffected by changing the signs of two 
variables, the locus is symmetric with respect to the axis along 
which the third variable 1s measured. 

If an equation 1s unaffected by changing the signs of all 
three variables, the locus 1s symmetric with respect to the origin. 


The definition of symmetry and the proof are analogous 
to those of Art. 18. 


4. Sections by planes parallel to the codrdinate planes. 


The general appearance of a surface is determined by con- 
sidering the curves in which it is cut by systems of planes 
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parallel to a codrdinate plane. This also enables us to deter- 
mine whether the surface is closed or recedes to infinity. 

The examples below illustrate the method. 

To discuss the equation of a surface, find (1) the intercepts 
and (2) the traces, examine (3) the question of symmetry 
and (4) the nature of plane sections lying in planes parallel 
to a codrdinate plane. 


EXAMPLE 


Determine the nature of the curve in which the plane z = 4 inter- 
sects the surface whose equation is y? + 22=4 2. 


Solution. The equations of the curve are, by definition (Art. 122), 
(1) Op ee Seay Rea 


Eliminate z by substituting from the second equation in the first. 
This gives 
(2) y2—4x2%+16=0, 2=4. 


Equations (2) are also equations of the curve and define it as the 
curve of intersection of the parabolic cylinder y2 -42x+16=0 and 
the plane z= 4. 

For every set of values of 
(a, y, 2) which satisfy both of 
equations (1) will evidently 
satisfy both of equations (2), 
and conversely. 


If we take as axes in the 
plane z = 4 the lines O’X’ 
and O’Y’ in which the 
plane cuts the ZX-plane 
and the YZ-plane respec- 
tively, then the equation 
of the curve when referred 
to these axes is the first of 
equations (2), namely, 
(8) y?—4x2%+16=0. 


The locus of (3) is a parabola. The vertex, in the plane z = 4, is the 
point (4,0); alsop=2. Ans. 

In plotting the locus of (3) in the plane X’O’Y’ the values of x and y 
‘must be laid off parallel to O’X' and O’Y’ respectively, as in plotting 
oblique codrdinates (Art. 7). 
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From the preceding example we may state the 


Rule to determine the nature of the curve in which a plane 
parallel to one of the codrdinate planes cuts a given surface. 

Eliminate the variable occurring in the equation of the plane 
from the equations of the plane and surface. The result is the 
equation of the curve referred to the lines in which the given 
plane cuts the other two codrdinate planes as axes. Discuss 
this curve by the methods of plane analytic geometry. 


EXAMPLE 
Discuss the locus of the equation 
(4) y? + 22? =4 o. 


Solution. 1. The intercept on each axis is zero. 


2. The traces are, respectively, the point circle y2 + 22 = 0 and the 
parabolas 22=42 and 
ye=4 oe. 

8. The surface is sym- 
metric with respect to the 
XY-plane, the ZX-plane, 
and the z-axis. 

4. Putting « =k in the 
equation (4), we obtainthe 
equation of the section in 
that plane, namely, 

y2+22=4k, y, 
This curve isa circle whose 
center is on the x-axis and 
whose radius is 2V<& if ~ 
k > 0, but there is no locus 
if k <0. Hence the surface lies entirely to the right of the YZ-plane. 
If k increases from zero to infinity, the radius of the circle increases 
from zero to infinity while the plane x =k recedes from the YZ-plane. 
In the figure the circles are plotted in the planes x = 4 and x = 10. 

The intersection with a plane z=k or y =k’, parallel to the XY- or 
the ZX-plane, is seen to be a parabola whose equation is 


y2=4x2—k? or 2 =424—-—k’?, 
These parabolas have the same value of p, namely, p = 2, and their 


vertices recede from the YZ- or the ZX-plane as k or k’ increases 
numerically. 
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PROBLEMS 


1. Plot carefully the curve of intersection of the given surface and 
given plane. (a) 42? + y2 —82=0, 2=2. 
(b) #2 +3 y?+422= 45, 2=3. 
(c) 22+342+422=—45,7=3. 
(d) #2+3y2?—422=9,2=38. 
(e) v2? +3 y?—422=16,7=2. 
2. Discuss the equation of each of the following surfaces. Plot the 
traces. 


(a) w2+4y2?4+922?= 36. (e) x? — y? +22 = 25. 

(b) a? +4 y?= 82. (f)  —y2?-—422=8. 

(ec) v2 + y? + 22 = 25. (g) v2 +9 y2—-—922=0. 

(d) 22+ 7ay=0. (h) ey —4=0. 

8. Discuss and draw the locus of each of the following equations: 
(a) v2 +4y?=82. (f) yw +22-—424+8=0. 

(b) 7 ++427=8y. (g) #2 +4y2?—16x2=0. 

(ec) a2 +4y2+922=100. (h) «2 — y2 —22-1=0. 

(d) x2? —9 y27=102. (i) w? + y2 —2 24 =0. 

(e) #2 +4 y2? — 22 = 25, (j) yw+22—x2-4=0. 


141. Quadric surfaces. This name is given to a class of 
surfaces which play much the same réle in space as conic 
sections in the plane. The sphere, the cylinder of Art. 138, 
and the cone of Art. 189 (quadric cone) are special cases. 
We examine here in order other surfaces in this class. A 
general discussion is given below. 

The ae are of say form 


(1) = 2 . a + = =1 (central quadrics) ; 
(2) = ae v= = aCZ i te quaarics). 
142. The apna = shen r+4 a= =1. If all the signs in (1), 


Art. 141, are es, the locus is called an ellipsoid. A dis- 
cussion bE its equation gives us the following properties: 
1. The intercepts on the axes are, respectively, 


t=ta y=+tdb, z=+¢e. 
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The lines AA’ = 2a, BB’ = 2 4b CC’ = 2¢ are called the 
principal axes of the ellipsoid (see figure below). 

2. The traces on the principal planes are the ellipses 
ABA'B’', BCB’C’, and ACA’C’, whose equations are 


x2, y2 yr, ee 2 A 
wat pe pealegas Rup ap eae 


3. The surface is symmetric with respect to each codr- 
dinate plane, each axis, and the origin. These planes of 
symmetry are called the principal planes of the ellipsoid. 

4. The equation of the section in a plane parallel to the 
X Y-plane, z= k, is 
GQ5+6=1-5 or 8 
Fe-k) Een) 

The locus of this equation is an ellipse. If k increases 
from 0 to ¢, or decreases from 0 to — ¢, the plane recedes 
from the X Y-plane, and the axes of the ellipse decrease from 
2a and 2b, respec- 
tively, to 0, when 
the ellipse degener- 
ates into a point. If 
k>cork < —c, there 
isno locus. Hence the 
ellipsoid lies entirely 
between the planes 
z=+¢e. 

In like manner the 
sections parallel to the YZ- ae and the ZX-plane are 
ellipses whose axes decrease as the planes recede. Hence the 
ellipsoid lies entirely between the planes «=+a and y=+b. 
The ellipsoid is therefore a closed surface. (See Plate I.) 

If a=), the section (1) is a circle for values of k such 
*hat —c< k <c, and hence the ellipsoid is now an “‘ellip- 
soid of revolution” whose axis is the z-axis. The surface is 
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generated by revolving the trace on XZ about OZ. If 
b=corc =a, the surface is an ellipsoid of revolution whose 
axis is the x-axis or the y-axis. 

If a = b =¢, the ellipsoid is a sphere, for its equation may 
be written in the form x? + y? + 2? = a?. 


: 2 2 2 
143. The hyperboloid of one sheet ahs —* =1, If two 
a (5 


of the signs in (1), Art. 141, are positive and one is nega- 
tive, the locus is called a hyperbo- 
loid of one sheet. Consider first the 
equation 


(Ly pr eee 


A discussion of this equation 
‘ gives us the following properties : 
1. The intercepts on the z-axis 
and the y-axis are, respectively, 


e=+ a Y= i b, 
but are imaginary for the z-axis. 


2. The traces on the codrdinate 
planes are the conics 


of which the first is the ellipse whose axes are AA‘ = 2 a and 
BB’ = 2, and the others are the hyperbolas whose trans- 
verse axes are BB’ and AA’ respectively. 

3. The surface is symmetric with respect to each coordi- 
nate plane, each axis, and the origin. 

4. The equation of the section in a plane parallel to the 
X Y-plane, z= k, is 


2 2 2 2 2 
@) S+Ba145 oo G40" = 1, 
Slr + ht) S(c? +k?) 


soluadvaAy) IVALNAD 


sjooys OM} JO projoqiedAy yooys ouo Jo projoqiedA prosdryq 


J SIvIg 


10 tN esas 
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The locus of this equation is an ellipse. If k increases from 
0 to oo, or decreases from 0 to — «, the plane recedes from 
the XY-plane, and the axes of the ellipse increase in- 
definitely from 2a and 2b respectively. Hence the sur- 
face recedes indefinitely from the X Y-plane and from the 
Z-axis. 

In like manner the sections formed by the planes x = k’ 
and y = k”’ are seen to be hyperbolas. As k’ and k”’ increase 
numerically, the axes of the hyperbolas decrease, and when 
k’ =+a or k’’=+5, the hyperbolas degenerate into inter- 
secting lines. As k’ and k”’ increase beyond this point, the 
directions of the transverse and conjugate axes are inter- 
changed, and the lengths of these axes increase indefinitely. 
(See Plate I opposite page 292.) 

The hyperboloid (1), which does not intersect OZ, is said 
to ‘‘lie along the z-axis.” 

The equations 
(8) mE +S =1, = e+ E+e=1 ih 

a? 6 
are the equations of hyperboloids of one sheet which lie along 
the y-axis and the x-axis respectively. 

If a=), the hyperboloid (1) is a surface of revolution 
whose axis is the z-axis, because the section (2) becomes a 
circle. The hyperboloids (8) will be hyperboloids of revolu- 
tion if a =c and b =c respectively. 

144. The hyperboloid of two sheets = = au = ol eon y 
one of the signs in (1), Art. 141, is ade the locus is 
called a hyperbolozd of two sheets. Gonider first the equation 


(1) --¢-5- 


1. The intercepts on the x-axis are x = +a, but there are 
none on the y-axis and the z-axis. 
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2. The traces on the XY-plane and the XZ-plane are, 
respectively, the hyperbolas 


which have the same transverse axis AA’ = 2a, but there 
is no trace on the Y Z-plane. 
3. The surface is symmetric with respect to each coodrdi- 
nate plane, each axis, and the origin. 
4, The equation of the section in a plane parallel to the 
YZ-plane, x = k, is 
bE epee, or sheet Us ripe ae Ss =1. 


2 
\ (ea?) Sik? — a) 


This equation has no locusif—a<k<a. Ifk=-+a, the 
locus is a point ellipse, and as k increases from a to ©, or 
decreases from — a to — 00, the locus is an ellipse mare 
axes increase sncenn italy: . 
Hence the surface consists of 
two sheets which recede in- 
definitely from the Y Z-plane 
and from the x-axis. 

In like manner the sections formed by all planes parallel 
to the X Y-plane and the ZX-plane are hyperbolas whose 
axes increase indefinitely as their planes recede from the 
coordinate planes. (See Plate I opposite page 292.) 

The hyperboloid (1) is said to “‘lie along the z-axis.” 

The equations 


ae? , y2 22 _ x2 2 22 __ 
CET SED ae Ga 


are the equations of hyperboloids of two sheets which lie 
along the y-axis and the z-axis respectively. 

If b=c, or c=a, or a= b, the hyperboloids (1) and (2) 
are hyperboloids of revolution. 
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PROBLEMS 


1. Discuss, construct, and name the locus of each of the following 


equations: ; 


(a) v2 + 4 y? + 9 22 = 36. (n) 9x? —16 y?2+422= 64. 
(b) «2 + 4 y2 —9 22= 86. (i) w—4y249224+ 36=0. 
(c) x2 —4 y? —9 22 = 36. (j)40?+4y2+22=16. 
(d) 422+ 9 y2? —9 22= 36. (k) 2+ y2?-92—=1. 

(e) w% —y2—22=—1], (1) a +4 y2—22=16. 

(f{) 9%? —4 y2 — 22 = 36. (m) 4 42 + 16 y? — 22= 64. 
(g) 9”? + y2? — 2? = 36. (n) w—8y24222=—16. 


2. Assuming that the equation of a central quadric surface is 
Ax? + By? + Cz22+D=0, 


find its equation if it passes through the given points. Name the 
surface. 


(a) (2, —1, 1), (—3, 0,0), 2, —1,-—2). Ans. x2? +4y242?=9, 
(b) eS ik 5, 4), (S the 1 2) (8, =, 10). 
(ec) (4, —2, —1), (0, 1, — 8), (8, 5, 2). 
(Qe AY). V5, — 2, 4), (0,0) 2 
Ans. x? + y2? —2224+8=0. 


8. Find the equation of the locus of a point whose distance from 
the point (1, 0, 0) is half its perpendicular distance from the plane 
x=4. Discuss, name, and draw the locus. 

Ans. 3”2+4y2+4 22? —12=0. 


4. Find the equation of the locus of a point if its distance from 
(0, — 4, 0) is twice its perpendicular distance from the plane y + 1 =0. 
Discuss, construct, and name the surface. 


5. Assuming the equation of Problem 2, find the equation of the 
quadric surface passing through (2, 1, 3) and the curve whose equa- 
tions are 

(a)z2=4,3822?+y?-9=0; ~ Ans. 212? +7y?+42? —127=0. 

(b) z= 4, x? + y2 —25=0. 

6. A point moves so that the sum of the squares of its distances from 


two intersecting perpendicular lines in space is constant. Prove that 
the locus is an ellipsoid of inn 


145. The elliptic paraboloid 4 y, = 2cz. If the coefficient 


of y? in (2), Art. 141, is nonitive the locus is called an elliptic 
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paraboloid. A discussion of its equation gives us the following 
properties : 

1. The intercepts are all zero. 

2. The traces on the codrdinate planes are, respectively, 
the conics 


of which the first is a point ellipse and the other two 
parabolas. 

3. The surface is symmetric 
with respect to the YZ-plane, 
the ZX-plane, and the z-axis. 

4, The equation of the sec- 
tion in a plane parallel to the 
XY-plane, z= k, is 


x? nba 
OF -Barek 7 2 bck — : : 

The curve is an ellipse if c and k have the same sign, 
but there is no locus if ¢ and k have opposite signs. 
Hence, if ¢ is positive, the surface lies entirely above the 
XY-plane. If k increases from 0 to , the plane recedes 
from the X Y-plane and the axes of the ellipse increase in- 
definitely. Hence the surface recedes indefinitely from the 
X Y-plane and from the z-axis. 

In like manner the sections parallel to the YZ-plane and 
the ZX-plane are parabolas whose vertices recede from the 
X Y-plane as their planes recede from the codrdinate planes. 
(See Plate II opposite page 298.) 

The paraboloid is said to “lie along the z-axis.” 

The loci of the equations 


2 2 
(1) P+o=2ar, 5+ 5=2by, 
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are elliptic paraboloids which lie along the x-axis and the 
y-axis respectively. 

If a=b, the first surface considered is a paraboloid of 
revolution whose axis is the z-axis; and if b=c anda=c, 
the paraboloids (1) are surfaces of revolution whose axes are, 
respectively, the x-axis and the y-axis. 

An elliptic paraboloid lies along the axis corresponding to 
the term of the first degree in its equation, and in the posi- 
tive or negative direction of the axis according as that term 
is positive or negative. 


2 2 
146. The hyperbolic paraboloid = = 5 =2cz. If the coeffi- 


cient of y? in (2), Art. 141, is negative, the locus is called a 
hyperbole parabolord. 

1. The intercepts are all zero. 

2. The traces on the codrdinate planes are, respectively, 
the conics 


of which the first is a pair of intersecting lines and the other 
two are parabolas. 
3. The surface is symmetric with respect to the Y Z-plane, 
the ZX-plane, and the z-axis. 
4. The equation of the sec- 
tion in a plane parallel to the 
XY-plane, z= k, is 


i ei Pia 
Br a ee 
x2 2 


or 


dO DS PR ea a | 
2a2ck 2 b2ck 


The locus is a hyperbola. If c is positive, the transverse 
axis of the hyperbola is parallel to the z-axis or y-axis ac- 
cording as k is positive or negative. If k increases from 0 
to oo, or decreases from 0 to — oo, the plane recedes from 


298 NEW ANALYTIC GEOMETRY 


the X Y-plane, and the axes of the hyperbolas increase in- 
definitely. Hence the surface recedes indefinitely from the 
XY-plane and the z-axis. The surface has approximately 
the shape of a saddle. 

In like manner the sections parallel to the other coér- 
dinate planes are parabolas whose vertices recede from the 
X Y-plane as their planes recede from the coérdinate planes. 
(See Plate II on the opposite page.) 

The surface is said to ‘‘lie along the z-axis.” 

The loci of the equations 

2 g2 2 g2 

aa ee oie oo ag = Oe, 
are hyperbolic paraboloids lying along the y-axis and the 
x-axis respectively. A hyperbolic paraboloid lies along the 
axis which corresponds to the first-degree term in its 
equation. 

A plane of symmetry of a quadric is called a principal 
plane. Each paraboloid has two principal planes; each 
central quadric, three. Axes of symmetry.are called prin- 
cipal axes. A paraboloid possesses one such axis; a central 
quadric, three. The existence of a center of symmetry for 
a central quadric explains the designation “central quadric.”’ 


PROBLEMS 
1. Discuss, construct, and name the following surfaces: 
(a) e+ y2=42. (h) #2 — y2-—2=0. 
(b) y27—22?=6 2. (i) 2y?+322+22=0. 
(ce) y27—422=162. (j) y27-222-42=0. 
(d) 22 +2=82. ; Pen ee ek 
(e) 342 +22-4y=0. Saar ta a: 
(f) y? —227—42=0. ee 
(g) 942-422 = 288 2. cand a aa: 


2. Taking the equation of a noncentral quadric surface in the form 
Ax? + By? + Cz=0, find its equation if the surface passes through the 
points given. Name the surface 


a 


Puats II 


Elliptic Paraboloid ° Hyperbolic Paraboloid 


NONCENTRAL QUADRICS 


Hyperboloid of one sheet Hyperbolic Paraboloid 


RULED QUADRICS 
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(a)°, 0,450; 2, 1). Ans. 422+ y2-—42=0. 
(b) as 0, 1b). (0, 2; a Ibe 
(ce) G1, 2, 1), (2, 1, 1). 


3. Using the formula of Problem 2, find the equation of the parabo- 
loid passing through the curve whose equations are z = 4, 2 x? + y2=4, 


PROBLEMS FOR INDIVIDUAL STUDY OR ASSIGNMENT 


1. Prove that the parabolas obtained by cutting (1) an elliptic pa- 
raboloid or (2) a hyperbolic paraboloid by planes parallel to one of the 
principal planes are congruent. 


= il, OS) SS Gy wl Vain 


é 2 y? 22 
2. The equation ae + nope P 


k is a parameter, represents a system of central quadrics. What values 
of & are excluded? For what values of k is the quadric an ellipsoid? a 
hyperboloid of one sheet? a hyperboloid of two sheets? 


8. Show that the traces of the quadrics in Problem 2 on each co- 
ordinate plane are confocal conics (see example, Art. 55). 


2 
4. The equation —— +—¥ _=2¢z, in which k is a parameter, 
a—k b?—k 


represents a system of noncentral quadrics. For what values of k is 
the quadric an elliptic paraboloid? a hyperbolic paraboloid? 


5. How may a paraboloid be generated by moving a parabola? (See 
Problem 1.) 

6. In Problem 2, show that the surface, an ellipsoid, becomes more 
and more flat as k increases and approaches c?. Clear the equation of 
fractions and show that the limiting surface when k = c? is the interior 
of an ellipse in the XY-plane. What is the equation of this ellipse? 


CHAPTER XVI 


SUPPLEMENTARY TOPICS IN THE GEOMETRY 
OF SPACE 


In this chapter are assembled important topics, some or 
all of which may well be included if time permits. 


147. Surfaces of revolution. The surface generated by 
revolving a curve about a line lying in its plane is called a 
surface of revolution. 

Familiar examples are afforded by the sphere, the right 
circular cylinder, and the right circular cone. 


EXAMPLE 


Find the equation of the surface of revolution generated by revolv- 
ing the ellipse x2 + 4 y2 -12x7=0, z=0, about the x*axis. 

Solution. Let P(x, y, z) . 
be any point on the sur- 
face. Pass a plane through 
P and OX which cuts the 
surface along the ellipse in 
one position. In this plane 
draw OY’ perpendicular to 
OX. Referred to OX and 
OY’ as axes, the equation 
of the ellipse is evidently 


(1) v2 4+4y'2—124%=0. 
But from the right A PAB we get 
y’2 = y? + 22. 


Substituting in (1), 
(2) v?4+4y?4+422-122¢=0. Ans. 
This equation expresses the relation which any point on the surface 


must satisfy, and it is therefore the equation of the surface. 
300 
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The method of the solution enables us to state the 


Rule to find the equation of the surface generated by re- 
volving a curve in one of the codrdinate planes about one of the 
axes in that plane. 

Substitute in the equation of the curve the square root of the 
sum of the squares of the two variables not measured along the 
axis of revolution for that one of these two variables which 
occurs in the equation of the curve. 


The line about which the given curve is revolved is called 
the axis of the surface. Sections of the surface by planes 
perpendicular to its axis are obviously circles whose centers 
lie on the axis. 

If the sections of a surface by all planes perpendicular to 
one of the coérdinate axes are circles whose centers lie on 
that axis, then the surface is evidently a surface of revolu- 
tion whose axis is this codrdinate axis. This enables us to 
determine whether or not a given surface is a surface of 
revolution whose axis is one of the codrdinate axes. 


PROBLEMS 


1. Find the equation of the surface of revolution generated by revolv- 
ing the given curve lying in a codrdinate plane about the given axis, and 
name and construct the surface. 


(a) 42 —y=2, x-axis. 
(b) x2 + 4 2? = 16, z-axis. Ans. x? + y?+422= 16. 
(c) 922 +4 y? = 36, y-axis. 
(d) 922 —4 y? = 36, x-axis; y-axis. 
(e) y2 = 8 &, x-axis. ; Ans. y2+22=82. 
(f) 222 —4 2? =1, its transverse axis; its conjugate axis. 
(g) x? = y, y-axis. 
(h) 2”2?=4 — y, y-axis. 
(i) xz = 8, z-axis. 
(j) y=sin @, x-axis. 
(k) a? +4y?—42=0, x-axis; y-axis; r= 2. 
(1) zy = a about its asymptotes. 
Ans. y?(x2 + 2?) =a?; 2?(y? + 2?) = a?, 
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2. Find the equation of the surface of revolution generated by re- 
volving the given curve about the axis indicated. Name and construct 


the surface. 
(a) ie, Sy ae z-axis. Ans. A paraboloid of BO TU Ma eP+y= ae pe. 


2 
(b) 5 +E = 1, waxis. Ans. © -+ pee q = 
(ec) : — i = 1, y-axis. 
a 


(d) ve = = 1, x-axis. 
az 6? 


3. Find the equation of and construct the surface formed by revolv- 
ing the curve z = e” about (1) the x-axis; (2) the z-axis. 


4. Verify analytically that a sphere is generated by revolving a circle 
about a diameter. 


5. Find the equation of the surface of revolution generated by re- 
volving the circle x? + y? —2 hx + h? — r? =0 about the y-axis. Dis- 
cuss the surface when h>r, h=r, andh<r. 

Ans. (4? + y? + 22 + h? — 12)? = 4 h? (x? 4+ 2?). 

When kh > the surface is called an anchor ring or torus. 


6. Find the equations of the cylinders of revolution whose axes are 
the codrdinate axes and whose radii equal r. \ 


7. Find the equations of the cones of revolution whose axes are the 
coordinate axes and whose elements make an angle of @ with the axis of 
revolution. 

Ans. y? + 227 =x? tan? o; 22 +27 = y? tan2p; x? + y? = 2? tan? ¢. 


8. Show that the following loci are surfaces of revolution: 


(a) yw+22=42, (e) xz? + xy? = 3. 
(b) a2? —4 y? + 22=0. (f) (w? + 22%)y=4a2(2a—y). 
(ce) 4227 4+4y? —22=16. (g) v2 + y? + ge? + ey? -—2+3=0. 


(d) 7-4 y?+22?-—3y=0. (h) x2 + y2 + 22 —-2y4+1=0. 
(i) y2 +22 + wy? + xz? -8 =0. 


9. A point moves so that its perpendicular distance from a fixed 
plane is in a constant ratio to its distance from a fixed point. Show that 
the locus is a surface of revolution. 


10. A point moves so that its perpendicular distance from a fixed 
line is in a constant ratio to its distance from a fixed point on that line. 
Prove analytically that the locus is a cone of revolution. What values 
of the ratio are excluded? 


SUPPLEMENTARY TOPICS 303 


148. Ruled surfaces. A surface generated by a moving 
straight line is called a ruled surface. If the equations of a 
straight line involve an arbitrary constant, then they repre- 
sent a system of lines which form a ruled surface. If we 
eliminate the parameter from the equations of the line, the 
result will be the equation of the ruled surface. 

For if (a1, yi, 21) satisfy the given equations for some value 
of the parameter, they will satisfy the equation obtained by 
eliminating the parameter; that is, the codrdinates of 

every point on every line of the system satisfy that equation. 

Cylinders and cones are the simplest ruled surfaces. 


EXAMPLES 


1. Find the equation of the surface generated by the system of lines 


whose equations are 1 
x+y=kz, 2 = ae 


Solution. We may eliminate k from these equations of the line by 
multiplying them. This gives 
(1) SF gt y? = 2?, 
This is the equation of a cone (Art. 1389) whose vertex is the origin. As 
the sections made by the planes x = k are circles, it is a cone of revolu- 
tion whose axis is the x-axis. 

We may verify that the given lines lie on the surface (1) for all values 
of k as follows: 

Solving the equations of the lines for x and y in terms of z, we get 


1 1 1 1 
=3(k+7)2 y=3(k-7)% 
Substituting in (1), 


i eet | Bde Nr plese} 
i(# +34) AG i)? 22, 


This equation is true for all values of k and z, as is seen by removing 
the parentheses. Hence every point on any line of the system lies on 
(1), since its coordinates satisfy (1). 


2. Determine the nature of the surface 22 —3 2x + 8u=0. 
Solution. The intersection of the surface with the plane z = k is the 


cht Hi 
straight line kBB—S8kxe+8y=0, z=k. 
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Hence the surface is the ruled surface generated by this line as k 
varies. To construct the surface consider the intersections with the 
planes x=0 and x=8. 
Their equations are, re- 
spectively, 


210} 
8yt+2=0, 
and i fe 


8y—242+2=0. 


Joining the points on 
these curves which have 
the same value of z gives 
the lines generating the 
surface. 


+ AGN 
Cd 


Yp ie 
The method used in eae 
Example 2 is adapted 


to the determination 
and construction of ruled surfaces. An examination of the 
equation of such a surface will suggest a system of planes 
whose intersections with the surface are a system of lines, 
as illustrated in Problem 1 on page 305.) ..*s 


149. Ruled quadrics. Rectilinear generators. The equa- 
tion of the hyperboloid of one sheet (Art. 143) may be writ- 
ten in the form 


@) atch eat 


As this equation is the result of eliminating k from the 
equations of the system of lines 


the hyperboloid is a ruled surface. Equation (1) is also the 
result of eliminating k from the equations of the system of 


i 
ines £4 2—K(1-%), ramet) 
Pere ‘ GME b 
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and the hyperboloid may therefore be regarded in two ways 
as a ruled surface. (See Plate II, opposite page 298.) 

In like manner the hyperbolic paraboloid (Art. 146) con- 
tains the two systems of lines 


and 


These lines are calzed the rectilanear generators of these 
surfaces. Hence the 

Theorem. The hyperboloid of one sheet and the hyperbolic 
paraboloid have two systems of rectilinear generators; that 1s, 
they may be regarded in two ways as ruled surfaces. 


The two systems of generators are shown in Plate II. 


PROBLEMS 


1. Show that the following areruled surfaces with rectilinear generators 
parallel to one of the codrdinate planes. Find equations for the rectilinear 
generators, and construct the surfaces by means of these equations. 


(a) xy = 2. (e) ey= y? —32z. 
(b) yz = x + 22, (f) ey—27?+2=0. 
(ce) y= a + yz. (g) az —2? +y=0. 
(d) xy + xz = y. (h) 2? = y2\z +1). 


2. Find two systems of rectilinear generators for each of the following 
quadric surfaces. Draw the surfaces, using the equations of one system 
of generators. 


(a) w2—22-—y24+41=0. (d) y2—4224+22=0. 
(b) x? + yz—-1=0. (e) v2? -—4y2=42. 
(c) 9x2 +4 y? — 36 2? = 36. (f) 22 + y2 —yz-1=0. 


3. Find the equations of the ruled surfaces whose generators are the 
following. Construct the surfaces. 

(a)x+22e+k1—y)=—0,k(a#—22)+1+y=0. 

Ans. x? + y?—422=1, 
(b)2a+y—8k=0,k2xe4—y)—2=0. 
(e)xa+2ky+42=—4k, kx -—2y—4ke=—4, 
(d)5—x—ky=0,k(5+ 2) —y=0. 
(e)y—4k=0, ky—x=0. 
({)32—4y=kz,k(82+4y) =z. 
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For individual study or assignment 
4. Show that every rectilinear generator of the hyperbolic parabo- 
loid = — W* — 2 cz is parallel to one of the planes Z44¥—09, 
G20 Gy alo) 


5. Prove that the projections of the rectilinear generators of (1) the 
hyperboloid of one sheet, (2) the hyperbolic paraboloid, on a principal 
plane are tangent to the traces of the surface on that plane. 


6. A plane passed through the center and a generator of a hyper- 
boloid of one sheet intersects the surface in a second generator which is 
parallel to the first. 

7. Show that two rectilinear generators of (1) a hyperbolic pa- 
raboloid and (2) a hyperboloid of one sheet pass through each point 
of the surface. 

8. If a plane passes through a rectilinear generator of a quadric, 
show that it will also pass through a second generator, and that these 
generators do not belong to the same system. 


9. The equation of the hyperboloid of one sheet may be written in 


2 io 2 5 A ° : 
the form Fe — S =i1— By treating this equation as in Art. 149, we 


obtain the equations of two systems of lines on the surface. Show that 
these systems of lines are identical with those already obtained. 
oe 


150. Cylinders with elements oblique to ‘the axes. The 
student should not infer from the statement of -Art. 138 
that the equations of all cylinders lack one variable. In 
case the elements are not parallel to an axis of codrdinates, 
all three variables will appear in the equation. This is 
illustrated by the following 


EXAMPLE 


Determine the nature of the locus of 
w+2e+2=1 — y?, 
Solution. The surface is obviously a ruled surface with rectilinear 
generators eee ee Vik. 
These equations define a system of parallel lines, for the direction 
numbers are — 1, 0, 1, and are independent of k. That is, the lines are 


parallel to the line joining the point (— 1, 0, 1) to the origin. We con- 
clude, then, that the surface is a cylinder. Ans. 
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To construct the surface, draw one of its traces and pass lines through 
points on it having the above direction. The trace in the YZ-plane is 
the circle y2+22=1; in the 
XY-plane, the circle x? + y2=1. 

Hither of these circles may 
be used as directrix. 

It is evident that in order to 
prove that a surface is cylindri- 
cal it is only necessary to show 
that it is a ruled surface whose 
generators are parallel lines. 


151. The projecting cyl- 
inders of a curve. The 
cylinders whose elements 
intersect a given curve and 
are parallel to one of the 
coordinate axes are called 
projecting cylonders of the curve. The equations may be 
found by eliminating in turn each of the variables x, y, and 
z from the equations of the curve. For if we eliminate z, for 
example, the result, by Art. 188, is the equation of a cylin- 
der with elements parallel to the z-axis. Also, this cylinder 
passes through the curve, since values of x, y, and z which 
satisfy the two equations of the curve satisfy an equation 
obtained from them by eliminating one variable. 


In general, the equations of a curve may be replaced by any two inde- 
pendent equations to which they are equivalent, that is, by two inde- 
pendent equations which are derived by combining the given equations. 
This amounts to stating that a curve is defined by the simultaneous 
equations of any two surfaces passing through it. 


The equations of two of the projecting cylinders may con- 
veniently be used as the equations of the curve. Hence the 
problem of constructing the original curve reduces to that of 
constructing the curve of intersection of two cylinders whose 
elements are parallel to the codrdinate axes. The method is 
illustrated in the following examples. 
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EXAMPLES 
1. Construct the curve of intersection of the two cylinders 
x2+y2?—2y=0, yr?+e—-4=0. 


Solution. Draw the trace of each cylinder on the codrdinate plane 
to which its elements are perpendicular (Fig. 1). Then consider a plane 
perpendicular to the codrdinate axis to which the elements of neither 
cylinder are parallel. In this case such a plane is y=k. Let this plane 
intersect the y-axis at the point K. It will intersect the traces at the 


J 


ai Za 


Fic. 1 Fig. 2 


points A, B, C, and D. Through each of these points will pass an ele- 
ment of the corresponding cylinder, all four elements lying in this plane. 
The points of intersection H, fF, G, and H of these elements are points 
on the curve of intersection of the two cylinders. By taking several 
positions of the plane y=k, we obtain a sufficient Beas of points 
to construct the entire curve as shown in Fig. 2. 


2. Find the equations of the projecting cylinders of the curve whose 
equations are 
2yr2+2+4r¢r—42z, y2+32?-—827= 122, 


and construct the curve. (See also the example on page 312 for a second 
solution). 
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Solution. Eliminating x, y, and z in turn, we obtain the equations 
of the projecting cylinders 


yite=42, 2—Aev=4z, y?+4e=0. 


The figure shows the first and third of these cylinders, intersecting 
in the original curve, constructed by the method explained in the pre- 
vious example. 

It is usually wise to deduce the equations of all three of the projecting 
cylinders, for it may be that two of them are distinguished for sim- 
plicity and hence are most convenient to construct. 

For a straight line the ‘“‘projecting cylinders” 
planes. 


are the projecting 


PROBLEMS 


1. Prove that the following surfaces are cylinders. Discuss the equa- 
tions and construct the surfaces. 


(a)a—y2+2=0. (e) v2? +2ay+ y2?=42. 

(b) xz + yz—-1=0. (f) y2 -—2y2+22=—4—-— 2, 

(c) y¥—2x2—32=0. (g) e279 -4ay+4y2=—2z-1. 
(d) y¥2 —4(a +2) +8=—0. (h) 22 +9 y?+422-—12 yz=4. 


2. Show that the following surfaces are cylinders. Construct the 
surfaces. 4 

(a) (@+z)(y+z2) =4. (c) (n+ y)? + (x — 2)? =a?. 

(b) (w@ +2)? =y+z. (d) (y¥+z2— a)? + (x — 2)? =a?, 

8. Construct the curve of intersection of each of the following pairs 


of surfaces: (a) x2 + y2? = 36,y—z=0. 


(b) x2 + y2 —4x=0, x? +22-4=—0. 
(ec) #2+422—-—82=0,¢+y—-1=0. 
(d) y¥27—42=0, x—-—2-4=0. 
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4, Find the equations of the projecting cylinders of the following 
curves and construct the curve as the intersection of two of these 
cylinders : 

(a) w2 + y2 + 22 = 25,02 +4 y? —22=0. 

(b) 22 +4 y?—22=16,477?+y2+2=4, 

(ce) 2 +y2=424, 27+ y2-4r=0. 

(d) #2? +2 y?+422=32,77+4y?=—4z2. 

(e) x27 -10y—52-—25=0, 277 4+2y?+52+10y—25=0. 

(f) 724+2y?+42—-4=0,2277+5y?+122-—8=0. 

(g) y2— 2? 4+2224+7y—72=—0, x? —22-Ty+36=0. 

(h) 24? 4+ y2? —92=—0, y?+92—72=0. 

(i) w+ y? —2z-1=0, 2? —y?—-z24+1=0. 


5. In Problem 1 (f) show that the rectilinear generators are also 
given by y—z2—kx —2k=0, k(y—z) —2+2=0. Prove that these 
equations define a system of parallel lines. Study Problem 1 (h) with 
the same end in view. 


For individual study or assignment 


6. Show that the planes of the two systems 42% + 122=k intersect 
the ellipsoid 9 ~? + 25 y? + 169 z2 = 100 in circles. 


7. Show that the plane 3%+y<—10 is tangent to the cylinder 
x? + y?—10=0. Write the equations of the element along ‘which the 
plane touches the cylinder. ~~ 


8. Construct the following surfaces and shade that Vert of the first 
intercepted by the second : 


(a) 2? +4 y? +9 2? = 36, eee ee 
(b) 2? + y2? +22 = 64, 2? + y2-—82=0. 
(ec) 422+ y2—-42=0, 2724+ 4 y?—22=0. 


9. Construct and describe the solids bounded by the surfaces 


(a) 2? +4? = 02, z= mn, z= 0; 
(b) «2 + y? = az, x? + y2=2 az, 2=0. 


10. A point moves so that its distance from a fixed point is always 
equal to its distance from a fixed line. Prove that the locus is a para- 
bolie cylinder. 


11. A point moves so that the difference between the squares of its 
distances from two intersecting perpendicular lines is constant. Prove 
that the locus is a hyperbolic cylinder. 


12. A point moves so that the sum of its distances from two planes is 
equal to the square of its distance from a third plane. The three plares 
are mutually perpendicular. Prove that the locus is a cylinder. 


» 
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13. A’ point moves so that the sum of its distances from two planes is 
equal to the square root of its distance from a third plane. Prove that 
the locus is a parabolic cylinder when the three planes are SOOM) 
perpendicular. 


152. Parametric equations of curves in space. If the co- 
ordinates x, y, and z of a point P in space are functions 
of a variable (parameter), then the locus of P is a curve 
(compare Art. 92). 


For example, if 
(1) e=ih?, y=1—-24 2=3#+2, 


where ¢ is a variable (parameter), then the locus of (x, y, 2) is a curve in 
space. This curve may be drawn by assuming values for t, computing 
x, y, and z, plotting the points, and then joining these points in order 
by a continuous curve. Equations (1) are called the parametric equations 
of the curve. 

The equations of the projecting cylinders of the curve, the locus of (1), 
result when the parameter ¢ is eliminated from each pair of the equa- 
tions. Thus, taking the first two, 


(2) g=oit?, yo1—2t, 
we find, from the second,.4 = 4(1 — y) and, substituting in the first, 
(3) 4xn=3(1—y)?, or (y—1)?-162=0, 


and the locus lies on this parabolic cylinder. 
Similarly, eliminating ¢ from the first and third equations of (1), 


e2=i??, 2=38+42, 
we obtain the cubic cylinder 
(4) (2 — 2)? = 576 x3. 
Hence the curve (1) is the curve of intersection of the cylinders (8) 
and (4). 
In some cases it is convenient to find the equations of a 
curve in space by using a parameter. 


EXAMPLE 


Equations of the helix. A point moves on a right circular cylinder in 
such a manner that the distance it moves parallel to the axis varies 
directly as the angle it turns through around the axis. Find the equa- 
tions of the locus. 
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Solution. Choose the axes of codrdinates so that the equation of the 
cylinder is 
(5) x + y? =a, 
as in the figure. 

Let Po on OX be one position of the moving point, and P any other 
position. Then, by definition, the distance NP (= z) varies as the angle 
XON (=6); that is, z=b@, where bisa 
constant. Furthermore, from the figure, 

x=OM=ON cos 0=a cos 8, 
y= MN =ON sin 0= asin 0. 

Hence the equations of the helix are 
(6) w=aecos@; youasind, 7=—6} 
where @ is a parameter. Ans. 


Eliminating @ from the first two of 
equations (6), we obtain (5), as we 
should. 


Given the equations of the projecting cylinders, to find para- 
metric equations for the curve. It was shown in Art. 94 that 
an indefinite number of parametric equations could be ob- 
tained for the same plane curve. The same statement holds 
for space curves, as illustrated in the following 


EXAMPLE 


Find parametric equations for the curve 
2y+2+4¢=42, y2+3822-—8x= 122. 
Solution. The projecting cylinders are (see Example 2, Art. 151), 


(7) YPre=A42, 2—Ara=Az, yt4e=0. 
If we assume y = 2 ¢, then the last equation will give x = — t?. From 
either of the other two cylinders we find 
2=2+2V1 —-#?. 
Hence the given curve is the locus of 
(8) r=—??, y=2t, 2=—242V1-—-2. Ans. 


The curve may now be drawn from these equations. 

Other parametric equations result when we set one of the codrdinates 
in (7) equal to some other function of a parameter. The aim is, of course, 
to find simple parametric equations. The method adopted must depend 
upon the given problem. 
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PROBLEMS 


1. Find simple parametric equations for the curve of intersection of 
each pair of the surfaces given. Plot the curve from the parametric 
equations. 


(a) y¥27—42=0,424+22=0. Ans. 2=—it, y=2t,2=8. 
(b) x? —924+36=0, 22+ y2?-—36=—0. 

(ec) x? + y2? —25=0, 324 —22=0 

(d) x27 + y2?—2y=0, y2+22—-4=0. 

(e) 2 + y? —25=0, v2 +22 -—25=0. 
(f)2y2+24+427—-—42=0,y2+3822-—82—122=0. 


2. Check each curve constructed in Problems 3 and 4 of Art. 154 
by finding parametric equations and plotting the locus from them. 


CHAPTER XVII 


TRANSFORMATION OF COORDINATES. DIFFERENT 
SYSTEMS OF COORDINATES 


158. Translation of the axes. Formulas applicable to space, 
entirely analogous to those established in Chapter VII ‘for 
the plane, are derived 
as explained below. 


Theorem. The equa- 
tions for translating the 
axes to a new origin 


O’(h, k, l) are 
x=x'+h, 

(I) y=y'+k, 
z=2'+1. 5 


Proof. Let the coordinates of any point before and after 
the translation of the axes be (x, y, z) and (x’, y’, 2’) re- 
spectively. In the figure, OM =h, OS =z, O’S’=2z’. But 
OS=OM+ MS=OM+0’S’. Hence x=2x’+h. The 
proof is similar for the other formulas. Q.E.D. 


154. Rotation of the axes. Simple formulas for rotation 
arise if two of the axes are rotated about the third. For 
example, when the axes OX and OY are turned through an 
angle @ about the z-axis, the z-codrdinate of any point P 
does not change, and the new x- and y-coérdinates are given 
by formulas (II), Art. 61. Hence the 


Theorem. The equations for rotating the axes about the 
z-axis through an angle 0 are 
(II) x=x'cos@—y'siné, y=x'sin@+y'cos@, z=2"'. 
314 
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Similar formulas result when the axes are rotated about 
the x-axis or the y-axis. 

If the axes are rotated about the origin into a new position 
O-X’Y’Z', and if the codrdinates of any point P before and 
after the rotation are, respec- 
tively, (x, y, 2) and (x’, y’, 2’), we 
have the 

Theorem. If Q1, Bi, V1, Q2, Ba, 
V2, and az, Bs, Y3, are, respectively, 
the direction angles of the three 
mutually perpendicular lines OX’, 
OY’, and OZ’, then the equations 
for rotating the axes into the posi- 
tion O-X'Y’Z’ are 

x=x'cosa,+y'cos a, + 2' cos az, 
(III) y=x'cos B, + y' cos B, + 2' cos B3, 
z=x'cosy,+y! cosy, + 2' cos Y3. 

Proof. Let ZXOP=6. Refer OX and OP to the new 
axes OX’, OY’, OZ’. The direction angles of OX are a, a2, 
a3. Let those of OP be a’, B’, y’. Then, by (IV), Art. 117, 

cos 8 = cosa’ cos a; + cos B’ cos a2 + COS Y’ COS a3. 
Multiplying both members by p= OP, and remembering 
that pcos9=2x, pcosa’=x2’', pcosp’=y’, pcosy’=2z', 
we have the first formula in (III). The others are proved in 
the same way. Q.E.D. 


The direction cosines of OX’, OY’, and OZ’ obviously satisfy the six 
equations 


cos?a; + cos? B, + cos? y1 = 1, 
COS Q1 COS A + cos 8; cos Bz + cos ¥1 COS Y2 = 0, 
COS? 2 + cos? Bz + cos? y2— 1, 
COS Az COS 3 + cos Bz cos B3 + COs Y2 cos y3 = 0, 
cos?a3 + cos? B3 + cos? y3 = 1, 
COS G3 COS A, + cos B3 cos 81 + COs Y3 COS Y1 = 0. 


Hence only three of the nine constants in (III) are independent. 
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Theorem. The degree of an equation 1s unchanged by a 
transformation of codrdinates. 


This may be shown by reasoning as in Art. 68. 


PROBLEMS 


1. Transform the following equations by translating the axes to the 
point indicated in each case. Name the surface. 

(a) v2 +y2—44%+2y—42+1=0; (2, —1,-1). 

Ans. w+ y2—42=0. 

(b) 422 +9 y? — 36 22 —16x%—18 y + 216 z— 885 = 0; (2, 1, 3). 

(c) 242-5 y? —322 +202 —4z—46=0; (—5, 0, §). 

(d) a? + y2-—422-44—y—4z2—-8=0; (2,3, —4). 

2. Derive the equations for rotating the axes through an angle 0 
about (1) the x-axis; (2) the y-axis. 

38. Show that the following equations may be transformed into the 
given answers by translating the axes or by rotating them about one 
of the codrdinate axes (see Arts. 58, 64). Name the surface and describe 
its relation to the original axes. 

(a) a + y2—22-6x2-—8y+102=0. Ans. 22+ y? —22=(0. 

(b) 3”? —8ay+3y2—5224+5=0. Ans. 2? —Ty?+522=5. 

(ec) y2+422-16%—-—6y+162+9=0. Ans..y2+422=16 2. 

(d) 2”? -—5 y?-—522-—6yz2=—0. Ans, «12? —4 y2—22=0. 

(e) 9x42 — 25 y2 + 16 22 —242n —80x%—-—602=0. ~~ ‘ 

Ans. x2? —y2=4 2, 

4. Reduce each of the following by transformation to one of the 
standard forms (1) or (2) of Art. 141 for a quadric. 

(a) 2? +4y?+622?—824+8y=0. (d) 2?+32y+49?+2?-62=0. 

(b) a? ++ 2y+ y?+22?-—3=—0. (e) e+ y?+6y—62—18=0. 

(c) 3 y?-—5y2+322-82=0. (f) x?@+ay+y?—227+52x=0. 

5. Transform the equation 

§274+8y?+522-4y2+8er+4aey—4e+2y+42=0 


by rotating the axes 2 a position in which their direction cosines are, 
Pip 9 
respectively, 3» 3> q; 139 (ore 2, 2; 2,-4,—-3. Ans. 827 +3y2=22 


6. Transform the equation 
5 aw? —2 y? +11 22412 ey +12 y¥—16=—0 


by rotation about the x-axis so that the y’-axis has direction cosines 
(0, V3, 3). 
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7. Transform 


52? +5 y2? +2224 2ey-4y2+4224+62x-—6y—122=0 
by rotating the axes so that the new direction cosines are — 4, 2, 2; 
3, — 3,33 — BB — 3 ; 

8. Transform x? + 2 y? + 622-242 —2y+182+9=0 by rotating 
the axes to the position in which their direction numbers are 2, — 1, —1; 
ORs alii dad 

9. Show that the xy-term may always be removed from the equation 
Ax? + By? + Cz? + Fry + K = 0 by a rotation about the z-axis. 

10. If (x, y, 2) and (w#’, y’, 2’) are, respectively, the codrdinates of a 
point before and after a rotation of the axes, show that 


x2 + y2 4 22 = y/2 4+ y’2 + 2/2, 

11. Reduce by transformation of codrdinates each of the following to 
a standard form (Art. 141) and determine the type of paraboloid it 
represents : 

(a) c= cys (c) +2 y?-—6x4%+4y4+324+11=0. 

(b) 2 =a? + wy + y?. (d) 227-38 y?—42%4+22-—6y+1=0. 

12. A point is equidistant from a fixed plane and a fixed point. Show 
that the locus is an elliptic paraboloid of revolution. 

13. A point is equidistant from two nonintersecting perpendicular 
lines. Show that the locus is a hyperbolic paraboloid. 


155. The locus of an equation of the second degree in x, y, 
and z, of which the most general form is 
(1) Ax?+ By?+ Cz?+ Dyz+Ezre+ Fxyt+ Ge+ Hy+i[z+K=0, 
is called a quadric surface or conicoid. We may learn some- 
thing of the nature of such a surface by taking cross sections. 
We first obtain 

Theorem 1. The intersection of a quadric with any plane 
is @ conic or a degenerate conic. 

Proof. By a transformation of coédrdinates any plane may 
be made the XY-plane, z=0. Referred to any axes, the 
equation of a quadric has the form (1) (by last theorem, 
Art. 154). Hence the equation of the curve of intersection 
referred to axes in its own plane, z = 0, is of the form 


Ax? + Fry + By? + Gx+ Hy+ K=0, 
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and the locus is therefore a conic’or a degenerate conic, by 
Art. 63. Q.E.D. 

As already pointed out in Art. 54, the parabola, ellipse, 
and hyperbola were originally studied as conic sections, — 
plane sections of a conical surface of revolution. Such a 
surface is generated by a straight line revolving about an 
intersecting axis, and consists of two sheets (or nappes). 
From the preceding theorem and by intuition the truth of 
the following statement is manifest: 


Corollary. The section of a cone of revolution by a plane is 
an ellipse when the plane cuts all the elements of one sheet; 
a parabola when the plane cuts all the elements of one sheet 
except one element to which it 1s parallel; a hyperbola when 
the plane cuts the elements of both sheets. 


For sections of a quadric by a set of parallel planes the 
following result is important : 


Theorem 2. The sections of a quadric with a system of 
parallel planes are conics of the same species. 


Proof. Reasoning as in Theorem 1, we need only consider 
sections in a system of planes z=k. Putting z=k in (1), 
the equation of the section in this plane is 


(2) Ax? + Fry + By? + D’'x + E’y+ G’=0, 


in which D’, E’, G’, only are functions of k. Hence the 
discriminant, F2 — 4 AB, is independent of k. Then the 
theorem follows by Art. 63. Q.E.D. 

The meaning of the theorem is this: A set of parallel 
sections will all be ellipses, or all hyperbolas, or all parabolas, 
the exceptional cases (Art. 63) under each species being 
included. 


156. Simplification of the general equation of the second 
degree in three variables. It is shown in more advanced 
treatises that if equation (1) is transformed by rotating 
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the axes, the new axes may be so chosen that the terms in 
yz, zx, and xy drop out. Hence (1) reduces to the form 
A’x? + Bly? + CC’? 4+ Ga+ Hy4+1'2+ K’=0. 

If we transform this equation by translating the axes, it 
is easy to show that the new axes may be so chosen that 
the transformed equation will have one of the two forms 
(1) Ax? + B'y? + C2 + K" =0, 

(2) A’? + B’y? + I’2=0. 

Note the difference in (1) and (2). In (1) all the squares 
and no first powers are represented, in (2) only two squares 
and the first power of the other variable. 

If all the coefficients in (1) and (2) are different from 
zero, they may, with a change in notation, be written, 
respectively, in the forms 


2 2 2 
(3) ee aes re npetaes 
2: 2 


Equations (3) and (4) have been discussed in Arts. 142- 
146. The loci are the general quadric surfaces. 

If one or more of the coefficients in (1) or (2) are zero, the 
locus is called a degenerate quadric. 

Special cases are readily disposed of by means of former 
results. 

If K’’ =0, the locus of (1) is a cone (theorem, Art. 139) 
unless the signs of A’’, B’’, and C” are the same, in which 
ease the locus is a point, namely, the origin. 

If one of the coefficients A’’, B’’, or C” is zero, the locus 
of (1) is a cylinder whose elements are parallel to one of the 
axes and whose directrix is a conic of the elliptic or hyper- 
bolic type. If also K’’ = 0, the locus will be a pair of in- 
tersecting planes, or the equation will be satisfied only by all 
points on one of the axes of codrdinates. 
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If two of the coefficients A’’, B’’, and C”’ are zero, the 
locus of (1) is a pair of parallel planes (coincident if K’’ = 0) 
or there is no locus. 

If one of the coefficients in (2) is zero, the locus is a cylin- 
der whose directrix is a parabola, or a pair of intersecting 
planes, or the z-axis. If two of the coefficients are zero, the 
locus is a pair of coincident planes. (A’’ and B”’ cannot be 
zero simultaneously, as the equation would cease to be of 
the second degree.) 


PROBLEMS 
1. Name each of the following degenerate quadrics: 
(a) 9 v2? — 86 y2 +422=0. (e) 4 y? —25=0. 
(b) 1622-4 y2—22=0. Gy) 3.y2EEi 32 —10) 
(c)4”?+22-—16=0. (g) 8y?+252=0. 
(d) y2 —9 22 4+-36=—0. (h) 22 +16=0. 


2. Show by transformation of codrdinates that the following quad- 
rics are degenerate: 

(a) v7 — y?+22-624+9=0. 
(b) #2 +4 y2?—22-224+8y+5=0. 
(c) +4? +2 t2¢—2y +4z2+6=0. -.2 
(d) a? +y?-2224+2y4+4z2-1=0. _ ~~ 
(e) x? + yz=0. ; 
(ids ton popsicle Rete ee I 1 
(g) 3a? -—6ary+e2—2y2+12%—6y74+324+6=0. 


157. Polar coordinates. The 
line OP drawn from the origin 
to any point P is called the 
radius vector of P. The radius 
vector p, and the direction an- 
gles of OP, namely, a, B, and jy, 
are called the polar coérdinates 
OVP: 


These numbers are not all independ- 
ent, since a, 6, and y satisfy (I), Art. 114. If two are known, the third 
may then be found, but all three are retained for the sake of symmetry. 
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Theorem. The relations between rectangular and polar 
coordinates are 


(IV) x=pcosa, y=pcosf, z=pcosy. 


Obviously : 
Q) Px gee 2", 
which expresses the radius vector in terms of x, y, and z. 


158. Spherical coédrdinates. The ra- Z 

dius vector p of a point P, theangle@ | 

between OP and the z-axis, and the 

angle @ between the projection of 

OP on the X Y-plane and the z-axis 

are called the spherical codrdinates 

of P. @ is called the colatitude and 

¢ the longitude. The spherical coér- 

dinates of P are written (p, 0, ¢). ™ 
From the figure, pipe eee o. 


OM = psin 6; 
also “ 24=0M cos ¢, 
y = OM sin ¢. 


Hence we have the 


Theorem. The relations between rectangular and spherical 
coérdinates are 


(V) x=psin@cos?, y=psinOésin¢?, z=pcosé. 


Other relations may be obtained by solving (V) for p, 6, 
and ¢. 


159. Cylindrical coérdinates. - The dis- 
tance z of a point P(x, y, z) from the 
XY-plane and the polar coérdinates 
(r, @) of its projection (x, y, 0) on the 
XY-plane are called the cylindrical co- 
ordinates of P. The cylindrical coérdi- 
nates of P are written (r, ¢, z). 
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Theorem. The relations between rectangular and cylindrical 
coérdinates are 


(VI) x=rcos¢?, y=rsing, z=z. 


_ Other relations may be obtained by solving (VI) for 
‘rand ¢. 
PROBLEMS 


1. Find the polar and the spherical codrdinates of 
(a) (0, 2, 0); (b) (3, 4, 12) ; (c) c 2, 2, oa IDF 
2. Plot the points whose spherical coérdinates are 
(@) (2, 902; 60°): ©) G, 12077902) SF (En) tS 521202): 


3. Find the rectangular codrdinates of the points in Problem 2. 


4. Plot the point with the cylindrical codrdinates (4, 45°, 6). What 
are its rectangular codrdinates? 


5. What is meant by the “locus of an equation” in the polar coérdi- 
nates p, a, B, and y? in the spherical codrdinates p, 0, and @? in the 
cylindrical codrdinates r, ¢, and 2? 


6. How may the intercepts of a surface on the rectangular axes be 
found if its equation in polar coérdinates is given?~ if its ; equation in 
spherical coordinates is given? if its equation in cylindrical codrdinates 
is given? aes 


7. Transform the following equations into polar coérdinates : 


(a) 22 + y? + 22=25. Ans. p= 5s 
(b) x2 + y2 —22=0. Ans. y=in. 
(ec) 2%? —y? —22=0, Ans. a= arc cos 43. 


(d) x2? -—y?+22=0. 


8. Transform the following equations into spherical codrdinates : 


(a) v2? +y?+22=16. ANS apie 
(b)2x2+3y=0. Ans. @ = are tan (— 
(ec) 82?43 y2=7 22, Ans. 6 = arc tan $ oT 


(d) x? —y2+22=0. 
(e) 72+ y2—422=0. 


9. Transform the following equations into cylindrical coérdinates: 


He se Ney Ans. @ = arc tan 5, 
x+y? =4, ANSHik=a5 
(c) a? + y2-—22=0, 
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10. Describe the locus of each of the following equations: 


Polar coérdinates. (a) p=constant. (b) a= constant. 

Spherical codrdinates. (a) p=constant. (b) 6 = constant. 
(c) ¢ = constant. 

Cylindrical codrdinates. (a) r= constant. (b) ¢ = constant. 


11. The point P(a, 6, c) is the point of intersection of the three 
mutually perpendicular planes x—a, y=b, z=c. By the aid of the 
preceding problem describe three surfaces which intersect at P when 
P has , 

(a) the spherical codrdinates (p1, 61, $1) ; 

(b) the cylindrical coérdinates (ri, d1, 21). 

12. Show that the square of the distance r between two points whose 
polar codrdinates are (pi, a1, 61, Yi) and (p2, a2, Be, Y2) is 
r2 = pi? + p22 — 2 pip2(cos a COs M2 + cos fi cos Bz + cos ¥1 COs Y2). 

13. Find the general equation of a sphere in polar coérdinates. 

Ans. p? + p(cosa+H cos6 +I cosy) +K=0. 
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INDEX 


Abscissa, 6 

Algebraic curve, 33 

Amplitude, 174 

Anchor ring, 302 

Angle, eccentric, 94, 193; vectorial, 
148 

Arch, parabolic, 88 

Asymptotes, 39, 102 

Auxiliary circle, 94 

Axis, major, 92; minor, 92; trans- 
verse, 98; conjugate, 98 

Axis of parabola, 85 


Cardioid, 158, 161, 162 

Catenary, 170 

Center, instantaneous, 196 

Center of conic, 92, 98 : 

Central quadric, 290, 298 ~ 

Cirele, point, 72 

Cissoid of Diocles, 
198 

Cocked hat, 43 

Colatitude, 321 

Compound-interest curve, 169 

Compound-interest law, 221 

Conchoid of Nicomedes, 153, 162 

Confocal conics, 106 

Conicoid, 317 

Conjugate diameters, 202 

Coordinates, oblique, 7 

Cubical parabola, 35 

Curtate cycloid, 195 

Cycloid, 187, 191 


43, 190, 195, 


Degenerate ellipse, 122 
Degenerate hyperbola, 122 
Degenerate parabola, 122 
Degenerate quadric, 319 
Director circle, 198 
Directrix, 85, 159, 283 


Eccentricity, 98, 99 
Ellipse, point, 95 
Epicycloid, 194 
Exponential curves, 167 


Focal radii of conics, 143, 145 
Focus, 85, 92, 159 

Folium of Descartes, 189 
Four-leaved rose, 155 


Helix, 311 

Hyperbolic spiral, 165 

Hypocycloid, 192; of three cusps, 
185; of four cusps, 190, 193 


Intercepts, 32 
Involute of a circle, 195 


Latus rectum, 86, 93 

Lemniscate of Bernoulli, 48, 153, 198 
Limacon of Pascal, 48, 158, 163, 199 
Lituus, 165 

Logarithmic curves, 167 

Longitude, 321 


Maximum value of a function, 208 
Minimum value of a function, 209 


Octant, 236 
Ordinate, 6 


Parabola, cubical, 35; semicubical, 
184 

Parabolic spiral, 164 

Parameter, 64, 184 

Period of sine curves, 172, 173 

Point circle, 72 

Point of contact, 133 

Polar axis, 148 

Pole, 148 


825 


326 


Principal axes, 291, 298 
Principal planes, 291, 298 
Probability curve, 170 
Prolate cycloid, 195 


Radian, 2 

Radius vector, 148, 320 

Reciprocal spiral, 165 

Rose, three-leaved, 154, 155; four- 
leaved, 155; eight-leaved, 155 


Semicubical parabola, 184 

Spiral, parabolic, 164; hyperbolic or 
reciprocal, 165; logarithmic or equi- 
angular, 165 
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Spiral of Archimedes, 164 

Strophoid, 48, 199 

Symmetry, 33 

System of logarithms, common, 166; 
natural, 166 


Torus, 302 
Traces of a surface, 287 
Triangle problems, 69 


‘Vertex of a conic, 85 


Whispering gallery, 144 
Witch of Agnesi, 194 
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